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STRUCTURE ARISING FROM INDUCTION AND JACQUET
MODULES OF REPRESENTATIONS OF CLASSICAL p-ADIC GROUPS

MARKO TADIC

INTRODUCTION

Jacquet modules are very useful in the study of parabolically induced representations
of reductive groups over a p-adic field F' (we shall assume char F' # 2 in this paper). It is
very hard to describe explicitly the structure of Jacquet modules of parabolically induced
representations, particularly in the most interesting cases. There exists a description of
factors of certain filtrations on them. That description was done by J. Bernstein and A. V.
Zelevinsky in [BZ2], and by W. Casselman in [C]. In the case of general linear groups, the
functor of parabolic induction and the Jacquet functor induce a structure of Z-graded
Hopf algebra on the sum R of Grothendieck groups of categories of smooth representations
of GL(n, F')’s of finite length, n > 0 ([Z1]). The multiplication m : R x R — R is
defined using parabolic induction, while the comultiplication m* : R — R ® R is defined
in terms of Jacquet modules. The most interesting part of the structure is the property
that m* : R — R® R is a ring homomorphism (Hopf axiom). This enables one to compute
composition series of parabolically induced representations in a very simple way. It is
interesting to note that the existence of this strong structure did not have serious impact
on the development of the representation theory of GL(n, F'). One of the reasons for that
may lay in the fact that for GL(n, F) there existed a very powerful theory of Gelfand-
Kazhdan derivatives, and the main results of [Z1] were obtained using them. Nevertheless,
A.V. Zelevinsky showed in [Z2] that some interesting parts of the representation theory of
GL(n) over a finite field can be obtained as a structure theory of such Hopf algebra (defined
in this setting). Besides that, one of the main tools for the study of representation theory
of GL(n) over a central division F-algebra in [T1] is such Hopf algebra structure (in this
situation are not available Gelfand-Kazhdan derivatives). It is natural to ask does some
structure of this kind exist for other (simple split) classical p-adic groups. Since Levi factors
of classical groups are isomorphic to direct products of general linear groups and smaller
groups from the same series, one can expect for such structure to have some relation with
R (if it exists).

In the third section we define the direct sum of Grothendieck groups R(S), which
corresponds either to the series Sp(n, F'), n > 0, or SO(2n + 1, F'), n > 0, in a similar way
as R was defined for general linear groups. The action x of R on R(S) is defined using
the parabolic induction. In this way R(S) becomes Z-graded R-module. We can make
R(S) a Z-graded comodule over R. The comodule structure map p* : R(S) — R® R(S)
is again defined using the Jacquet modules, similarly as in the case of GL(n, F). It is not
hard to see that R(S) is not a Hopf module over R (see Remark 7.3). In this paper we

Typeset by ApS-TEX



2 MARKO TADIC

determine the structure of R(S) over R (as we shall see, this structure is not far from the
structure of Hopf module).

We shall now briefly describe this structure. First we need one definition. Let H be a
Hopf algebra with comultiplication m* : H — H ® H. Suppose that M is a module and a
comodule over ‘H. Let u* : H — 'H ® M be the comodule structure map. Suppose that

V:H—-HQH

is a ring homomorphism. Note that H ® H acts in an obvious way on H ® M. Define
‘H-module structure on H ® M by h'.(h ® m) = ¥(h')(h ® m). Then we shall say that
‘H ® M has a H-module structure with respect to ¥. We shall say that M is a W-Hopf
module if p* is a homomorphism of H-modules, where we consider on H® M the H-module
structure with respect to ¥ (for ¥ = m*, we get the usual Hopf module).

We return now to R and R(S). The contragredient functor defines an automorphism
~: R — R in a natural way. Let s: R® R — R ® R be the homomorphism defined by
s(> ;i ®yi) = >,y ® x;. Consider the composition

M*=(m®l)o(~@m*)osom™": R— R®R

(here 1 denotes the identity mapping). Then:

Theorem. R(S) is a M*-Hopf module over R.

The natural action of R ® R on R ® R(S) will be also denoted by x. Let m be an
irreducible smooth representation of GL(n,F') and let o be a similar representation of
Sp(m, F') or SO(2m + 1, F'). Then the mail claim of the above theorem is that

pr(mxo) = M () x p* (o).

The above formula connects the module and the comodule structures on R(S). This is a
combinatorial formula which enables one to obtain, in a simple manner, factors of filtrations
of Jacquet modules of parabolically induced representations.

We expect that for other series of classical p-adic (not necessarily split) groups, we shall
have also structures of W-Hopf modules, with the same or a very similar ¥ to the above
one. We also expect that the calculation which we do in this paper will be possible to use
for other series of groups (particularly for those ones which have the same Weyl groups as
symplectic groups).

At this point, let us explain a connection of this paper with an observation of J. Bern-
stein, P. Deligne and D. Kazhdan. In section 6.3 of [BDK], they noted that it would be
interesting to study more thoroughly the combinatorial structure coming from composition
of parabolic induction and Jacquet modules (they noted that such structures have some
relation with Hopf algebras). For the simple split classical groups of type B,, and C,, we
solved at least a part of the problem: such structure is a M*-Hopf module over the Hopf
algebra R. It seems that it is natural to look for an answer to the above problem in settings
of groups of the same type.

Our interest for the investigation of the structure of R(S) is motivated by possible
applications to the representation theory of classical p-adic groups. In comparison with
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the well understood representation theory of general linear groups, representation theory
for other classical groups is very poorly understood. Using the structure of R(.S), one can
apply the representation theory of general linear groups in the representation theory of
the other classical groups. An example of such use of this structure in the representation
theory of the other classical groups, for the questions of reducibility of parabolically induced
representations, can be found in [T6] and [J]. Our methods based on the structure of R(S)
provide a tool for settling such questions relatively simply. This structure can be also
applied to the problem of construction of non-cuspidal square integrable representations
of classical groups (see [T4] and [T5]).

Now we shall give more information about the content of this paper, section by section.
In the first section, we recall of a general result of J. Bernstein and A. V. Zelevinsky in
([BZ2]), and also of W. Casselman ([C]). The second section recalls some general notation
from the setting of the general linear groups. The main reference is [Z1]. The third section
contains the basic facts regarding module and comodule structures for symplectic groups.
The paper [T3] may be helpful for additional information regarding this structure. The
fourth section is the technical heart of this paper. In this section the necessary calcula-
tions in the Weyl group are done. The complete structure for Sp(n, F') and GSp(n, F)) is
described in the fifth section. That section also contains the proof of the combinatorial
formula. The sixth section describes what the structure is in the case of SO(2n + 1, F).
The relation with Hopf modules is studied in the seventh section.

Some results of this paper were announced in [T2]. This work was finished during the
author’s stay in Gottingen as a guest of SFB 170. We want to thank to SFB 170 for
their kind hospitality and support. We are also thankful to C. Jantzen who has read the
previous version of this paper and gave us a number of useful comments.

1. A GENERAL RESULT ON FACTORS OF SOME FILTRATIONS OF JACQUET MODULES

In this section we shall recall of the Geometric Lemma of J.N. Bernstein and A.V.
Zelevinsky from [BZ2]. The same result was obtained independently by W. Casselman in
[C]. In this section we shall briefly present that result. For more details one should consult
papers [BZ2] and [C]. Our presentation is based on Casselman’s paper.

Let F' be a non-archimedean local field. Let G denote the group of rational points of
a connected reductive group defined over the field F. Fix a maximal split torus A in G.
Let P be a minimal parabolic subgroup of G which contains A. Denote by 3 the set of
(reduced) roots of G relative to A. The choice of P, determines a basis A of X. It
also determines a set of positive roots in 3. The Weyl group W of ¥ is a quotient of the
normalizer of A in G by the centralizer of A in G. For © C A let Pg be the standard
parabolic subgroup of G determined by ©. The unipotent radical of Pg is denoted by
Ng. Let Ag be the connected component of N,coKer(a). The centralizer of Ag in G is
denoted by Mg. Then, Pg = MgNg is a Levi decomposition of Pg.

The group W acts on A by conjugation. For a € A set

W ={weW;wa>0} and “W={weW;w 'a>0}.

Recall that w € W acts on a character x by (wy)(a) = x(w™ta). Clearly (W<)~1 = W.
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For subsets €2, 21, Q5 of the set of simple roots put

W/Wol = 0. W2, [Wo\W]= 0 “W, [Wo,\W/Wa,] = [Wa,\W] N [W/Wa,].

ac

as was done in [C]. Clearly [Wo, \W/Wq,]™" = [Wa, \W/Wa,].

Let P be a parabolic subgroup of G. Suppose that P = M N is a Levi decomposition
of P. Let o be a smooth admissible representation of M. We denote by Ind%(c) the
parabolically induced representation of G by ¢ from P. The induction that we consider is
normalized; it induces the unitarizable representations to the unitarizable ones.

Let m be a smooth representation of G. Take a parabolic subgroup P = M N of G. Set
V(N) = spanc{m(n)v —v;n € N,v € V}. Define Viy = V/V(N). Then there is a natural
quotient action of M on V. Let p be the modular function of P. We consider the action
of M on Vx which is the quotient action twisted by 5;1/ ?. This representation of M is
denoted by 7ar,c(m). The representation ry; ¢ () is called the Jacquet module of m with
respect to P.

Let P = MN be a parabolic subgroup of G. Suppose that o is a smooth rep-
resentation of M. For x € G, x7'o denotes the representation of x~'Max which is

given by the formula (z7'o)(z71mz) = o(m), for m € M. We can say also that

(x7to)(m') = o(zm/z™Y), m' € =Mz,

We can state now the result of J.N. Bernstein, A.V. Zelevinsky (Geometric Lemma in
[BZ2]) and W. Casselman (Proposition 6.3.3 of [C]). Let ©,Q2 C A. Let o be a smooth
admissible representation of Mg. Then one can enumerate elements wy,ws,... ,w,, of

[Wo\W/Wq] in a such way that there exists a filtration
{0}=1Cn C...C7p = 'r’MQ,G(IndICE(9 (0))

of rarg,¢(Indg, (o)) such that for 1 <i <m,

~ M, -
Ti/Ti—l = IndwlepemeQ (w l(rM@an,Me (0)))

Note that w™!Pgw N Mq is a parabolic subgroup in Mqg. One can take the subgroup
M,,-19nq for a Levi factor of that parabolic subgroup.

There is a canonical map from the objects of the category of all smooth representations
of finite length of G, into the Grothendieck group of this category. This map is called
semi-simplification, and we denote it by s.s.. There is a natural cone of positive elements
in the above Grothendieck group (image of s.s.). Therefore, we have a natural partial order
< on such a group.

2. GENERAL LINEAR GROUP

Let F' denote a non-archimedean local field. We shall briefly recall of some of the stan-
dard notation of the representation theory of p-adic general linear groups in this section. We
shall mainly follow the notation introduced by J.N. Bernstein and A.V. Zelevinsky in [BZ2]
and [Z1]. The proofs of the results which will be quoted in this section can be found there.
All representations that we consider in this paper will be smooth and admissible.
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The minimal parabolic subgroup of GL(n, F'), which consists of all upper triangular
matrices in GL(n, F'), will be fixed.

Let m1 be an admissible representation of GL(n, F'), and let o be an admissible repre-
sentation of GL(ng, F'). Denote by m; X ma the representation of GL(n; + ng, F') which is
parabolically induced by m; ® 75 from the standard parabolic subgroup whose Levi factor
is naturally isomorphic to GL(ny, F') x GL(ng2, F'). A simple but very useful fact is that
m1 X (Mo X m3) = (71 X M) X w3 where 7; denotes an admissible representation of GL(n;, F'),
forv=1,2,3.

The Grothendieck group of the category of smooth representations of GL(n, F') of finite
length is denoted by R,, (the canonical mapping from the category to R, was denoted
by s.s.). Set R = 6>90 R,,. Equivalence classes of irreducible smooth representations of

GL(n, F) form a Z-basis of R,. One defines a multiplication in R in a following way.
Let i = Y1, a;m;, ry = Z;nzl b;j7;, where m; and 7; are (classes of) irreducible
smooth representations, and let a;,b; € Z. The product r; X ro is by definition r1 x 7o =
D1 2ojey aibj s.s.(m x 7;). In this way R becomes a commutative associative graded
ring. The induced mapping RQ R — R, >, m ®1; — Y, m X 7; is denoted by m.

Let 7 be a smooth representation of finite length of GL(n, F'). Take an ordered partition
a = (ny,...,n) of n. There is a standard parabolic subgroup P, of GL(n, F') whose Levi
factor M, is naturally isomorphic to GL(n1, F) x ... x GL(ng, F') The Jacquet module
of m with respect to P, is denoted by 74 (,)(7). One may consider in a natural way
8.8.(Ta,(n)(T)) € Rpy ® ... ® Ry, . Set

m*(m) = Z 88T (k,n—k),(n) (7)) €E R® R.
k=0

One extends m* Z-linearly to all of R.

Recall that H is a Hopf algebra if there are algebra and coalgebra structures on H
(see [Sw]| for these definitions), such that the comultiplication map H — H ® H is a ring
homomorphism. We shall say that a Hopf algebra H is graded, if H is Z,-graded as an
abelian group, and if the multiplication and the comultiplication maps are Z-graded. We
shall deal in this paper only with Hopf algebras over Z.

With the multiplication m and the comultiplication m*, R is a graded Hopf algebra
([21).

For g € GL(n, F) we denote by ‘g (resp. Tg) the transposed matrix of g (resp. the
transposed matrix of g with respect to the second diagonal). If 7 is a representation
of GL(n, F), then "7~! denotes the representation g — 7("g~!). We denote by 7 the
(smooth) contragredient representation of 7. If m is irreducible, then by Theorem 2. of
[GK] we have "~ ! = 7.

The center of GL(n, F') is identified with F'* in a standard way. Therefore, each charac-
ter of the center will also be considered as a character of F'*, and conversely, each character
of F* will also be considered as a character of the center.

3. Groups Sp(n, F) AND GSP(n, F)

In the rest of this paper we fix a local non-archimedean field of characteristic different
from two.
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Consider the n x n matrix

00 ... 01
00 ... 10
10 ... O

Denote it by J,,. The identity matrix is denoted by I,,. For a 2n x 2n matrix S with entries
in F', set

X 0 —Jun| ¢ 0 Jn
=L sl )
as it was done in [F]. Note that *(5152) = *.S3 *51.

The group Sp(n, F') (resp. GSp(n, F')) consists of all 2n X 2n matrices over F' which
satisfy *SS = Iy, (resp *SS € F*Iy,). We define Sp(0, F) to be the trivial group, and we
define GSp(0, F') to be F'*. We shall think of these two groups as groups of 0 x 0 matrices,
formally.

For S € GSp(n, F'), we denote by 1(S) the element of the field F' which satisfies *.S.S =
Y (S)Iay,. Clearly, ¢ : GSp(n, F)) — F* is a homomorphism. The kernel of ¥ is Sp(n, F').
We have the following semidirect product decomposition

_ I, 0 | %
GSp(n, F') = Sp(n, F) x {[ 0 )\In:| iANEFR }

We identify characters of F'* with characters of GSp(n, F') using .

We fix the maximal split torus Ap in Sp(n, F') (resp. GSp(n, F')) which consists of all
diagonal matrices in Sp(n, F') (resp. GSp(n, F')). The minimal parabolic subgroup Ppyin,
consisting of all upper triangular matrices in Sp(n, F') (resp. GSp(n, F)), is fixed.

We define a : (F*)" — Ag, (z1,...,2,) = diag(z1,... ,2n, 2, ... ,27"). in the case
of Sp(n, F'). This is an isomorphism of (F*)™ onto Ay. In the case of GSp(n, F'), we define
a: (F*)" x F* — Ay,

diag(z1,... ,xn) 0
(@1, Tn, @) = 0 wdiag(x,; b, ... 27
This is now an isomorphism of (F'*)™ x F* onto Aj.

The Weyl groups defined by above tori in Sp(n, F') and GSp(n, F’) are naturally isomor-
phic. These groups are denoted by W.

The simple roots in Sp(n, F') determined by Py, are

2
n

ai(a(zy,...,zy)) = xixi;ll, 1<i<n—-1, apla(zy,... ,x,)) = x
The simple roots in GSp(n, F') are

a;(a(xy,... ,zp,x)) = xia:;rll, 1<i<n-—1, apla(zy,... z,,)) = 222"
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The sets of simple roots are denoted by A.
The standard parabolic subgroups of Sp(n, F') and GSp(n, F') are parameterized by sub-
sets of A. We shall explain another parameterization of the standard parabolic subgroups.
If Xq,---, X} are p; X p; matrices, then the quasi diagonal (p; +---+pg) X (p1+---+pk)
matrix which has on the quasi diagonal matrices Xy, --- , X, will be denoted by

q'diag <X17 T 7Xk)

Take an ordered partition & = (nq,...,ny) into positive integers of some non-negative
integer m < n. If m = 0, then the only partition will be denoted by ¢ or (0). Let

Ma = {q'dlag(gla 7gk;h7 Tgk_lv"' > Tgl_l)agz S GL(nzaF)7h S Sp(n_m7F)}

Now, P, = M,Npnin is a standard parabolic subgroup of Sp(n, F'). It corresponds to the
subset {a1,..., @ }\{@n,s @ny4nos -+ » ¥yt +n, t- The unipotent radical of P, will be
denoted by N,.

One obtains the standard parabolic subgroups P, of GSp(n, F') (resp. their Levi factors
M,,) by multiplying the standard parabolic subgroups in Sp(n, F') (resp. multiplying their

Levi factors) with the subgroup
I, 0 | %
HO )\In],)\eF }

In the case of GSp(n, F'), we have that M, is the set of all

q-diag (g1, , gk, by V(h) Tgp -, w(h) Tgrt)

where g; € GL(n;, F),h € GSp(n — m, F'). Note that in the case of Sp(n, F'), M, is natu-
rally isomorphic to GL(n1, F) X ... x GL(ng, F') X Sp(n —m, F'). In the case of GSp(n, F),
M., is naturally isomorphic to GL(ny, F) x ... x GL(ng, F) x GSp(n —m, F).

Two parabolic subgroups P, and Pg are associate if and only if o and 3 are partitions
of the same number, and if they are equal as unordered partitions.

Sometimes, we shall attach to an ordered partition of m < n into o = (nq,... ,nk) into
non-negative integers, the parabolic subgroup P, = M,N, by the same formulas. We
shall get the same objects if we remove all zeros from « and apply the previous definition.

Let 7 be an admissible representations of Sp(n, F') (resp. GSp(n, F')). Let m be an
admissible representation of GL(m, F'). We denote by 7 x o the parabolically induced
representation of Sp(n+m, I') (resp. GSp(n+m, F)) from P,y of T®c. Here 7 ® 0 maps

g 0 0 g O 0
0 h O (resp. |0 h 0 )
00 7gt 0 0 (h)g!

to m(g) ® o(h). The following simple proposition can be proved directly. For more details
one can also consult [T3].
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Proposition 3.1. (i) Suppose that 7, m and my are admissible representations of groups
GL(n, F), GL(ny, F) and GL(ns, F') respectively. Let o be an admissible representation
of Sp(n, F') or GSp(m, F). Then m % (my X 0) = (m X m2) X o and (m X 0)~ = T X 4.

(ii) For an admissible representation m of GL(n, F'), for an admissible representation o
of GSp(m, F'), and for a character x of F* we have x(m X o) =7 x (xo). O

The Grothendieck group of the category of all finite length smooth representations of
Sp(n, F') (resp. GSp(n, F')) is denoted by R,,(S) (resp. R,(G)). Set

R(S)= @ Ru(S), R(G)= @ Ru(G).

We shall now introduce a multiplication x : R X R(S) — R(S) (resp. x : R x R(G) —
R(G)). For an irreducible smooth representation 7 from R and for an irreducible smooth
representation o from R(S) (resp. R(G)), we put m X 0 = s.s.(m x ). We extend X
Z-bilinearly to R x R(S) (resp. R x R(G)).

In a natural way, one defines the contragredient involution ~ on R, R(S) and R(G).

Proposition 3.2. (i) With the multiplication x, R(S) is a Z-graded module over R.
One hasmx o = 7 X o, form € R0 € R(S).

(ii) With the multiplication x, R(G) is a Z4-graded module over R. We have m x o =
T X wgro, for 0 € R(G) and for an irreducible representation m of GL(n, F') whose central
character is denoted by w,. U

It is easy to prove the last proposition directly, using [BZ2] or [C]. One can also consult
[T3] for more details.

We denote by p : R® R(S) — R(S), (resp.u : R® R(G) — R(G)), the Z-bilinear
mapping which satisfies pu(m ® o) = s.s.(m x o), where 7 € R, 0 € R(S) (resp. 0 € R(G)).

Let o be a smooth representation of Sp(n, F') of finite-length. Let a = (nq,... ,n) be
an ordered partition of a non-negative integer m < n. The Jacquet module of ¢ for P, is
denoted by s, (0y(0). Since M, is naturally isomorphic to

GL(n1, F) x GL(ng, F) x ... x GL(ng, F) x Sp(n —m, F),

we may consider 8.5.(54,(0)(0)) € Rny @ ... Ry, @ Ry (S). We define a Z-linear mapping
w*: R(S) — R® R(S). It is defined on the basis of irreducible smooth representations by

n

pi(e) =Y 5.5.(s(0),00)(0)).

k=0

The mapping p* is Z-graded. It is coassociative, i.e., the following diagram commutes
R(S) “% R® R(S)
Wl 11

R®R(S) &' R Re R(S).

One defines p* : R(G) — R ® R(G) by the same formula as for R(S). Again, p* is
Z4-graded. It is also coassociative.
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4. CALCULATIONS IN THE ROOT SYSTEM, THE CASE OF (),

Before we go to the computation of the Jacquet modules, we will do some preliminary
computations in the Weyl group. First we shall describe the Weyl group in more detail.

The group of permutations of {1,2,... ,n} is denoted by Sym(n). We define an action
of p € Sym(n) on the standard maximal torus Ay in Sp(n, F') by

pa(ry, ..., Tn) = a(Tp-1(1), ... , Tp-1(n))
In the case of GSp(n, F'), the action is given by
pa(ry, ..., Ty, 1) = a(Tp-1(1),- - Tp-1(n),T)-
We define an action of € = (¢;) € {£1}" on Ay in the case of Sp(n, F') by
ea(xy, ... ,xy) = a(z], ..., z5).
In the case of GSp(n, F') we define

ea(xy,. .. xp,x) = a(xtae(=V/2 | gingp(1men)/2 )

We identify the Weyl group W with the group of transformations that W induces on
Ap acting by conjugation, and also we identify Sym(n) and {£+1}" with the groups of
transformations of Ag. Then {£1}",Sym(n) C W. Also W = {£1}" x Sym(n), and

pler, ... ,en)p_l = (Ep71(1), . 7€p*1(n)) .
Therefore [per, ... e,)]  =p! (€p-1(1)s- -+ »€p-1(n)) and
[(er- - en)pl ™ = (&pays- - Epim) P

We consider the simple roots a4, ... , a, determined by the standard minimal parabolic
subgroup. An element w € W acts on a character x by (wy)(a) = x(w™ta).
Now we consider the case of Sp(n, F'). Introduce the characters a} of Ay, given by

* .
a; a(xy,...,xn) — 1<t <n.

* __ *
Then ea} = (a]

)%, pa;i = ay;. Thus
(pe) (ai) = (ap))®-
Note that o; = af(a},;)™, 1<i<n—1,and o, = (a})?. The positive roots are
a;f‘(a;f)_l, 1<i<j<n, aja;, 1<i<j<n, (af)?, 1 <i<n.
Recall that W% = {w € W;wa; > 0}. From the above formulas, we have (pe)(a,,) =
(@}(,,y)*. This implies that (pe)(an) > 0 if and only if €, = 1. Thus

W = {pe € W;e, =1}.

Let 1 <@ <n—1. Then (pe)(a;) = (pe)(a}(aj,,)™") = (ap(2)) (ap ;1 q)) . From the
list of positive roots we obtain directly
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Lemma 4.1. (a) W% = {pe € W;¢, =1}
(b) For 1 <i<mn—1, W% is a disjoint union of the following three sets:
(i) {pe e W; € =e11=1,p(i) <p(i+1)};
(ii)) {pe e W; € =1,€;41 = —1};
(iii) {pe € W; € =€ip1=—1, p(1) >p(i+1)}. O

Recall that “W = {w e Wiw tay > 0} . We get also in a completely analogous way

Lemma 4.2. (a) “"W = {pe € W;e,-1(,) = 1}
(b) For 1 <i<mn-—1,*W is a disjoint union of the following three sets:

(i) {pe € W;  epriiy = Grgirny = 1, p (1) <p~ (i + D}
(11) {pe € W; €p1(i) = Lep-13ir1) = —1}; . .
(iii) {pe € W: €p-1(i) = €p-1541) = =1, p~'(4) >p~ (¢ +1)}. O

The same results hold for GSp(n, F').
Recall that [Wo\W] = QQ W, for Q C A.

Lemma 4.3. Let 1 <7 <n and let 0 < j <i. Denote by X; the set of all pe € W such
that the following six conditions are satisfied

(1) €Ep—1(k) = 1, for 1 < k < _j,’

(Sll% Epfl(k) = —1, fOI‘j +1 S k S i,'
(iv) p~' (k1) > p~(k), for j +1 < ky < kg <;
(v)

)

€p—1(k) = 1, fori+1 <k <mn;

Then [WA\{%}\W] = U X

7
o<j<i 7

Proof. Let pe € [Wa\(a,3)\W] = N *%W.If i < n, then (a) of Lemma 4.2 implies that

J#1

€p—1(n) = 1. Further, (b) of Lemma 4.2 implies €,-1(;41) = €p-1(i42) = ... = €p-1(n) = L.
By (b) of Lemma 4.2, we have p™'(i + 1) < p7'(i +2) < ... < p~'(n). Thus -1 =
1, for i+1<k<nandp (k) <pl(ks), for i+1<ky <ky<n.Note that
if 7+ = n, the above condition is empty. Therefore, pe € [WA\{%}\W} also satisfies the
above condition.

Choose the greatest j € {0,1,... i} such that €,-1¢;y = 1 (if there does not exist such
a j, then one takes j = 0). In the same way as before we conclude from (b) of Lemma
4.2 that e,y =1, for 1<k < jand p (k) < pH(ka), for 1<k <ky<j.
Certainly €,-14) = —1, for j+ 1 < k < i. Then by (b) of Lemma 4.2, we have
p~ (k1) > pt(ks), for j+1<ks <ky <i.Thuspe€ X; where 0 < j < n. This proves

the inclusion [Way (a3 \W] C OgLngi X

We shall now prove the other inclusion. Let j € {0,1,...,7} and let pe € X; Take
¢ # 4. Then it is enough to prove that pe € ““W. We consider several possibilities.

Suppose that 1 < ¢ < j — 1. Then conditions (i) and (ii) of Lemma 4.3 imply that
pe €* W. More precisely, pe is in the set (i) of (b) of Lemma 4.2.
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Now take £ = j. Then €,-1(s) = 1 by condition (i) of Lemma 4.3 Since ¢ # i we have
that j < i. Now €,-1(441) = —1 by condition (iii) of the Lemma. Therefore pe € W.
This pe is in the set (ii) of (b) of Lemma 4.2.

Now suppose that j+1 < ¢ < i— 1. Then conditions (iii) and (iv) of the Lemma imply
pe € *W. In particular, pe is in the set (iii) of (b) of Lemma 4.2.

It remains to consider the case ¢ > i. If ¢ < n, then conditions (v) and (vi) of the
Lemma imply that pe € “W. The element pe is in the set (i) of (b) of Lemma 4.2. If
¢ = n, then i < n. By condition (v) of the Lemma, we have that pe € *W. O

Recall that [W/Wgq| = QQWO‘, for @ C A. Using the relation [VI/’A\{%}\I/I/]f1 =

[W/ WA\{%}} , one obtains from Lemma 4.3 the following

Lemma 4.4. Let 1 < ¢ <n and let 0 < j < i. Denote by Yf the set of all pe € W such
that the following six conditions are satisfied

(i) ex =1, for 1 <k < j;

1) (/{31)<p(k2) for1 < ki <ky <y;

ii) e = —1, for j+ 1<k <i;

iv) p(k1) > p(kz), for j +1 < ki <k <74;
(v) eg=1,fori+1<k<n;

(vi) p(k1) <p(k2) fori+ 1<k <ky<n.

Then [W/Wa\tai}) = U Yi O

0<5<4

Let 71 and i5 be an integers which satisfy 1 < iy,io < n. Take an integer d such that
0 < d < min{iy,i2}. Suppose that an integer k satisfies

max{0, (i1 + iz —n) — d} < k < min{iy, iz} —d.

We now define a permutation p, (d, k) by the following formula:

91,12
7, for 1 <5<k
j+i —k, for E+1<j<iy—d;
(dk)“m(): (21+Z2—d+1)—j, for Zg—d—l—lSjSZQ,
j—i2—|—]€, for ZQ—|—1§j§21+22—d—]€,
7, for 11+i—d—k+1<75<n.

For a graphical illustration of p,(d, k);, i, see the last page of the paper. The conditions
on d and k imply that p = p,(d, k);, i, is well defined. Either the above drawing, or a
simple direct computation implies p,,(d, k)zl iy = Pn(d K)iy i, -
For £ > 0, set 1x = 1,1,...,1 and -1y = —1,—1,...,—1. We define the following
< y N _

-

k times k times

element of W: ¢, (d, k)i, iy = Pn(d, k)iy.in(Lig—d, —1ds In_iy)-

Lemma 4.5. Let i1,i2 € {1,2,... ,n}. Suppose that integers j; and jo satisfy 1 < j; <
11 and 1 < jo < 1o. We have

(i) Ifiy — j1 # i92 — ja, then Xﬁ HY}? = o.
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(ii) Suppose that iy — j1 = i2 —j2. Denote this number by d. Then 0 < d < min{iy,is}.
The set X;! NY;? = X', NY;> , consists of all q,(d, k)i, i, with k an integer
which satisfies max{0, (i1 +i2 —n) —d} < k < min{iq, iz} — d.

Proof. Take pe € W. Then pe € X;i N in; if and only if the following twelve conditions
are satisfied:

(1) Ep—l(g) = 1, for 1 < l < jl;

2) p_l(fl) < p_l(fg), for 1 < /1 <ty < jq;

3) €Ep—1(0) = —1, for jl +1<70< 11;

4) pH(ly) > p~ (L), for j1 +1 <y < Ly <iy;
5) 71(5):1,f0ri1+1§€§n;

6) p 1(51) < p_l(ﬁg), for iy +1 <ty <ty < nj
7) eg =1, for 1 <1< jo;

8) p 21) <p(€2), for 1 </t <ty < J2;

9) Eg:—l, fOer—FlSES’iQ;

0) p(l1) > p(La), for jo +1 < €y < by <ig;

1) eg=1,foris +1</{¢<m;

(12) p(41) < p(€a), foris +1 < 4y < ly < n.

Suppose that there exists pe € Xﬁ N Y]l; The number of —1’s which appear in € must
be i1 — 71 by (1), (3) and (5). This number is is — jo by (7), (9) and (11). Therefore
X NY2 # ¢ implies iy — ji = iy — jo. This proves (i).

Now, suppose that i; — j;3 = iy — jo = d. Clearly, 0 < d < min{iy,is}. Let pe €
X]’i N Yﬁ..Take an integer k such that 0 < k& < min{j1,j2} = min{iy,i2} — d, and such
that k is maximal with the property p(¢) = ¢ for all 1 < /¢ < k. If p(1) # 1, then one takes
k=0.

From (7), (9) and (11) we see that € = (1i,—d, —1d,1n—i,). We shall prove that k& >
i1 +i2 —n —d and p = p,(d, k)i, i, This will imply that pe = ¢, (d, k)

From (3) and (9), and also (1), (5), (7), (11), we see that

11,02"

PG 1< E< i) ={ljs+1 <0<}

This implies {¢;j1 + 1 < ¢ <i1} =p({{;j2 + 1 < ¢ <'is}). By (10), p is order-reversing as
a mapping p: {f;jo+1 <l <iy} — {l;j1 +1 < € <iy}. Since iy — jo = i1 — j1, we obtain
directly that p(£) =iy +jo+1—4, jo+1 </ <o, ie,

p(é):i1+i2—d+1—€, 22—d+1§€§22

We already know that p(¢) = ¢, for 1 </ <k.

We are now going to prove that p(¢{) = ¢ +i; — k for k+1 < ¢ < iy —d. It is enough to
consider only the case k + 1 < i5 — d. We shall assume it.

First, we claim that p({{;k +1 < ¢ < iy —d}) C {l;i1 + 1 < £ < n}. We already know
that p({(;1 <l <k})={41<¢<k} and

p({lis —d+1 <l <iz})={l;i1 —d+1<L<ir}.
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Thus p({l;k+1 <l <io—d}) C{lk+1<l<ip—d}U{l;i1+1<l<n}.If k=1 —d,
then the above relation implies our claim. It remains to consider the case k < i1 — d.
Suppose that our claim does not hold in that situation. Then k 4+ 1 < p(¢y) < i3 — d for
some ¢y which satisfies k + 1 < ¢y < iy —d. Since p(¢1) < p(¢3) for 1 < ¢ < ly <iy—d by
(8), we must have kK + 1 < p(k 4+ 1) < i3 — d. By the choice of k, p(k + 1) # k + 1. Then
clearly p~1(k + 1) # k + 1. This implies k + 1 < p(k + 1) and k + 1 < p~(k + 1). Since
k+1,p(k+1) € {61 < <i—d}, (2) implies p~(k + 1) < k + 1. This contradiction
proves our claim.

We shall now use that p({f;k+1 < { <iy—d}) C{li1+1 <l <n}. Ifk <iy—d,
then the above relation implies io —d —k —1 < n —14; — 1, so that i1 +is —d —n < k.
If £ > iy —d, then k = i5 — d and the above inequality is obvious. Therefore, the above
inequality holds in general.

Since p is monotone on {{;k + 1 < ¢ < iy — d} by (8), we have

(io —d)— (k+1) <p(ia —d) —p(k+1).
Since p~! is monotone on {f;i; + 1 < £ < n} by (6), we have
plis —d) = p(k +1) <p~H(p(iz — d)) —p~ (p(k + 1)) = (iz —d) — (k + 1).

Thus (is —d) — (k+1) = p(is —d) — p(k+1). Again using that p is monotone on {{;k+1 <
¢ <y —d}, one obtains p({l;k+ 1 <€ <iy—d}) ={lp(k+1) <l <p(ia —d)}.

We now claim that p(k + 1) = i; + 1. Suppose that p(k + 1) # 47 + 1. This implies
i1 + 1 < p(k + 1). Condition (6) implies p~'(i1 + 1) < k + 1. But we know that for
¢ <k, p(¢) =¢£. Thus p~1(iy +1) =4, + 1, and further i; + 1 < k + 1, i.e., i; < k. This
contradicts the assumption & < min {ji,j2} = min {i1,i2} — d which we had on k. Thus
p(k+ 1) =i + 1. Since we have

p{lGE+1<l<is—d})={Lplk+1) <Ll<plis —d)}

and p is monotone on this set, we have that p(¢{) = ¢ +i; — k, for k+1 < ¢ <y — d.

We are now going to prove that p(¢) = ¢ —is + k for io + 1 <€ <y +iy—d—k. It is
enough to consider the case when is +1 <141 +is —d —k,ie, k+1<1i —d.

Consider now p~'({¢;k + 1 < ¢ <i; — d}). Since p and p~! are bijective, we have

p  ({Gk+1<0<iy—d}) C{liz+1<0<n}.

Since p~! is monotone on {¢;k + 1 < ¢ <i; — d} by (2) and p is monotone on {/;k + 1 <
¢ <y —d} by (12), we obtain that p~!(i; —d) —p~}(k+1) = (i1 — d) — (k + 1), as before.
Suppose that p~1(k + 1) # iy + 1. Since p~! is bijective, we have io +1 < p~1(k + 1).
Condition (12) implies p(iz + 1) < k + 1. The choice of k implies p(iz + 1) = iz + 1. Thus
io < k. This contradicts the choice of k. Thus, we have proved that p~!(k + 1) = iy + 1.

We can now conclude that p=1(¢) = ¢ + iy — k, for k+ 1 < £ < iy — d. Therefore
p(l) =0 —ig+ k,foris+1<0<iy+iy—d—k.

Since p is bijective, we have

p({liy +is—d—k+1<0<n})={lii;+is—d—k+1<¢<n}
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By (6), p is monotone on this set. Thus, p(¢) = ¢ for iy +io —d —k+1 < ¢ < n. This
finishes the proof that p = p,(d, k)i, i-
It remains to prove now that g, (d, k)i, i, € Xfll_d ﬂYZ-Z;_d when 0 < d < min{iy,i2} and

max{0, (i; + iz — n) —d} < k <min{iy, iz} — d.

Taking into account that iy —j; = i — jo = d, one sees from the definition of ¢, (d, k)i, 4,
directly that conditions (7)-(12) are satisfied. In the same way one sees that conditions
(1)-(6) are satisfied. O

Let us recall that for 1,Q2 C A, [Wq,\W/Waq,| = [Wao, \W|N [W/Wa,].
Proposition 4.6. Let iy, is € {1,2,... ,n}. The set [WA\{QH}\W/WA\{%Q}] consists of
all q,(d, k);, i, where d, k are integers which satisfy 0 < d < min{i;,i2} and

max{0, (iy +i2 — n) —d} < k < min{iy,is} — d.
Proof. From Lemmas 4.3, 4.4 and 4.5 we have [WA\{ail}\W/WA\{ai2}:| =

WA\{ail}\W] N [W/WA\{%}} =( U X;i) N ( U,' in;) -

0<j1<41

U U Xiinyl2) = U Xboony®= ).
0<ji<in 0<ja<ia (K5 NY37) 0<d<min {i1,i»} (Xil-aNYi"d)

Now, (b) of Lemma 4.5 implies the proposition. [
Lemma 4.7. Fixiy,is € {1,2,...,n}. Suppose that integers d,d’',d" and k, k', k" satisfy
the following conditions 0 < d,d’,d" < min{iy,is},

max{0, (i1 + iz —n) —d} < k < min{iy, iz} —d,

max{0, (i1 + iz —n) —d'} <k’ < min{iy, iz} — d',

max{0, (i1 + iz —n) —d"} < k" < min{iy, iz} —d".

(1) If gn(d' K )i, iy = qn(d" K" )i, iy, then d' =d" and k' =Ek".
(ii) (pn(d’ k)ilﬂé)_l = pn(d’ k‘.)iZ:il
( d? k)i1,i2)_1 = qn(dv k)iz,h

Proof. (i) Suppose g, (d', k)i, iy = gn(d”,k");, i,. Recall that
qn(d, )iy iy = Pn(dy )iy ip (Lig—a, —1a, In—i,)-
Thus d is the number of —1’s in (13,4, —1d,1n—i,). This implies d’ = d”. Therefore

pn(d' K )iy iy = Pn(d' k"), iy- The definition of p,(d, k);, i, (also see the proof of Lemma
4.5) implies that k£ is the maximal integer which satisfies 0 < k < min{iy,i2} — d and
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pn(d, k)i, i, (¢) = € for all 1 < ¢ < k. This implies &' = k”. Thus, if we fix n,i; and iq,
then ¢, (d, k)i, i, € W completely determines d and k.
(ii) The relation follows directly either from the definition of p,,(d, k);, i,, or from the
graphical interpretation of p,,(d, k), 4,-
(ili) Note that (gn(d, k)i, )" € [WA\{aiQ}\W/WA\{ail}] . Thus (gn(d, k)i, i)' =
qn(d1,k1)iyi, by Lemma 4.6, where 0 < dy < min{i;,i2} and

max{0, (i1 +i2 —n) —di1} < k1 < min{iy, iz} — d;.

Since d; is the number of —1’s , and since ¢, (d, k);, 4, and its inverse have the same number
—1’s, we have d = dy. Thus, by the proof of Lemma 4.5 we have

(gn(d, k)il,ig)_l =p(1i;—a, —1a, 1n_i,)

Note that p = (p,(d, k)i, 4,) . At this point we may apply (ii). This finishes the proof of
(ii).

Another possibility is to note that k£ is the maximal integer which satisfies 0 < k£ <
min{i1, iz} — d and (pn(d, k)i, 4,) "1 (¢) =€, 1 < € < k. This implies (¢, (d, k)i .iy) "+ =
(gn(d, k)iy.iy ). From this we also get another proof of (ii). O

Lemma 4.8. Let i1,i2 € {1,...,n}. Suppose that d and k are integers which satisfy
0 <d < min {iy,i2} and max{0, (i1 + is —n) —d} < k < min{iy, iz} — d. Then

(A\{ag, }) Ngnld, k)iy iy (A\{ i, }) = A\{aw; £ € {k, i1 — d,i1,01 +d2 —d — k}\{0}}.

Proof. 1t is easy to get from the conditions on d and k that
nggzl—dgzlgzl—i—m—d—kgn

We need to calculate when g, (d, k);, i, (o) € A\{ey, } if 1 <7 <n and r # iy. If this is
the case, we need to find what g, (d, k), 4, (c,) is. We consider several cases.

(i) Suppose that 1 <r <k — 1. Note that in this case r # iy. Also r # i;. Since r < n,
we have q,,(d, k)i, ip () = pn(d, k)i, i (Lig—d, —1d, 1n—i;)(a)/a;, ). Since k < iy —d and
P41 < K, We have gu(d, k)i, 53 (@) = puld, k)i iy (4707 51) = a2 /07 = at.

The conclusion of (i) is that for any & as in the lemma {a,;1 <r <k —1} C A\{a;,}
and gu(d, B)iy iy ({031 < 7 < = 1}) = {ans 1 <7 < k— 1} C A\{a, )

(ii) Suppose that r = k. We need to assume that r # iy, i.e., k < is.

Consider first the case of k < iz —d. Then k < n and we have ¢, (d, k)i, i, (ar) =

Pr(d,k)iy i (Lig—a, —1a, In—iy)(ar/aj 1) = Pn(d, k)i, iy (ag/ag. ) = ai/ai 4.

If aj/aj ., € A, then 41 = k. But then g¢,(d, k), i, (ax) = ax = a;, and this is not in

A\{av, }-

Now consider the case when k = is — d. Since r = k # i9, we have d > 1. Thus k < n.
Therefore qn(d7 k)ihiz (ak) = pn(d, k.>i1,i2 (1i2—d7 —14, 1n—iz)(a2/az+1) =

pn(d7 k)ilyiQ (a/;:‘a/z+1) = aza;n(dJC)il,iz (k+1)
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This is never in A.
The conclusion of (ii) is that for any k as in the lemma, k£ > 1 and oy € A\{a;,} we

have ¢5,(d, k)i, i, (o) & A\{o, }.
(iii) Assume k+1<r <iy—d— 1.
Now r # iy and r < n. Further, we have g, (d, k)i, i, (a) =

pn(d’ k)ihiz (1i2—d? _ld? 1n—i2)(ai/a:+1) = pn(d7 k)i1,i2 (ai/a’;—i—l) = Qpti;—k-

Since 1 < r — k, we have o4, # o, -
The conclusion of (iii) is that {a,;k+1<r <is —d—1} C A\{wy,} and

n(d,k)iyis({ar k+1 <71 <ig—d—1}) ={apir+1 <l <iy+is—d—k—1} C A\{w, }.
(iv) Suppose that r = i3 — d. Since r # i, we have d > 1. Thus r < n. Now,
Gn(d, k)i, in (Qiy—a) = pald, k)i, iy (ai,—qa7, —qi1) = (a5, _qpi,—ai,) & A

The conclusion is that i —d > 1 and «;,—q € A\{a,} imply ¢, (d, k)i, in (iy—a) ¢

A\{a, }-

(v) Consider the case when io —d + 1 < r < iy — 1. Clearly, r # i and r < n. Now

qn(da k)il,ig (aT) = pn(d7 k)il,iQ ((ai)_la:ﬁ—kl) = air+i1+i2—d+1atr+i1+i2—d = Oy +ip—r—d-

Note that io —r —d < — 1. Thus ¢,(d, k)i, i, (o) € A\{a, }.
The conclusion of (v) is that {a,;is —d+1<r <iys—1} C A\{w;,} and

qn(d, k)ihiz({ar;ig — d+ 1 S r g ig — 1}) = {Oég;’il — d—l— 1 S ¢ S il — 1} g A\{a“}

(vi) The next case is io + 1 < r < 43 +i3 —d — k — 1, since r # iy. Note that
11 +10 —d—k <n. Thus r < n. Now,

QH(dv k)ihiz (aT) = pn(d7 k)ihiz (a:i/a’;ﬁ—kl) = Opr—jy+k-

Note that » — 7:2 + k S il —d —1. Thus Qr_jotk 75 (077
The conclusion of (vi) is that {a;ie +1<r <i;+is—d—k—1} C A\{w,} and

an(d, k)iy in({ario+1<r<ig+ia—d—k—1}) =
{apk+1<0<i;—d—1} C A\{ay,}.
(vii) Let 7 =41 + i — d — k. Note that in general is < i1 +is —d — k. Since r # iy, we
assume i +1 <47 + 49 —d — k.

We consider two cases.
Suppose r < n. Now g, (d, k)i, ip (Qiy+ig—d—k) =

pn(d’ k‘.)ilziQ (a"j.‘1+i2*d*k‘/a;iﬁ»zéfd*kﬁ*l) = a:ilfd/a’?1+i27d7k‘+1'
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From k < iy —d we get that i1 —d < iy +io—d—k+1. Thus, az‘l_d/OL;‘lJﬂ-z_d_,{:Jrl € A implies
i1+ig—d—k+1 =1i1—d+1,ie. io—k = 0. But since k < min {i1,i2}—d, we have k < iy —d,
i.e. d <ip—k. Since d > 0, we have that d = 0. Now ¢,,(d, k)i, i, (0tiy +iy—d—k) = @, . Note
that this is not in A\{ay, }.

We now consider the case r = n. Then i; + io — d — kK = n. Since r # iy, we assume
12 < n. Now since 15 < n, we have

C]n(d, k)il7i2 (an) = qn(da k')ilyiz((a;’;)2) = (pn(d= k)il,’bé (a’:kl))2

Since iy +1 < n = i1 + iy — d — k, we have g,(d, k)i, 45,(0n) = (a},_;)?. Thus, to have
qn(d, k)i, iy (an) € A, we must have i; —d = n. Now iy + i3 —d — k = n implies iy = k.
Since k < iy —d and d > 0, we know d = 0. Since d > 0, we know d = 0. But then i, =n
and we have gu(d, k)i, i, (an) = (a3)? = an & A\{as, }

The conclusion in (vii) is that i1 +i2 —d — k > 0 and o, 4i,—a—k € A\{ai,} imply
qn(da k)h,iz (ai1+i2—d—k) ¢ A\{az1}

(viii) It remains to consider the case of i1 +io —d—k+1 <r <n.Since k <i; —d, k <
iog —d, we have i1 +1 < r and 9 + 1 < r. Thus o, # o, and o, # «;,.

One considers now two cases. The first oneisi; +is—d—k+1 <r <n—1. The second
one is i1 + i —d —k+ 1 <r =n. In both cases one gets directly ¢, (d, k)i, i, (@r) = .

The conclusion of (viii) is that {a,;i1 +i2 —d—k+1 <7 <n} C A\{w;, } and

n(d, )iy in({ariii+io—d—k+1 <r <n})={ay;i1+ic—d—k+1 <r <n} C A\{a;, }.

We can finish the proof now. Recall that 0 < k < i1 —d < i3 <11 4+i0—d—k < n.
From (i), (vi), (v), (iii) and (viii), we get that

A\{ag; b € {kyin = dyin,ia +i2 —d = k}\{0}} © (A\{ei, }) N gn(d, k)i in (A\{ai, }).

Note that in (i)-(viil) we have examined all o, € A\{a, }. Since in cases (ii), (iv) and (vii)
we do not get elements in A\{«;, }, we have actually an identity

A\{ay; € € {kyi1 — d, i1, i1 + i —d — k}\{0}} = (A\{evi, }) N gn(d, k)iy in (A\{evip }). O

5. JACQUET MODULES OF INDUCED REPRESENTATIONS, THE CASE OF (),

A positive integer n will be fixed in this section. Let i; € {1,2,...,n}. Suppose
that 7 is an admissible representation of GL(i1, F) and suppose that o is an admissible
representation of GSp(n — i1, F).

Take io € {1,2,... ,n}. Let d and k be an integers which satisfy

0 < d <min {i1,i2} and max{0, (i; +iz —n) — d} < k < min{iy, iz} —d.
By Lemma 4.8

(A\{ai, }) N gn(d, k)iy i (A\{ i, }) = A\{au; £ € {k,i1 — d, i1, 01 +i2 —d — k}\{0}}.
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By Lemmas 4.7 and 4.8 we have (q,,(d, k)i, .i,) " (A\{vi; }) N (A\{i, }) =
n(d; k)iy,i, (A\{ov, }) N (A\{evi, }) = A\{ay; € € {k,i2 — d, iz, iy + i — d — E}\{0}}.

Let w = qn(d, k)i, i, Then, note that
w (q'diag(917925937g47h7 d](h) Tg4_15 @b(h) ng—l, 7/)( ) 92 ) dj( )T _1) )w_l =

a-diag (g1, 94, ¥(h) "g5 '5 9o by W(R)Tg5 ", g3, W(h) Tgrt, w(h) Tor )

for g1 € GL(k,F),g2 € GL(i2 — d, F),g3 € GL(d,F),g94 € GL(i; —d — k,F) and h €
GSp(n — iy — i +d + k, F'). It is now easy to prove

Lemma 5.1. Let 5.5.(7 (i, —d—k,d), (i) (7)) = D, Wfl) ® 7T§2) ® 7rz-(3), and let
(S(’Lz d—k), (o) Z 7T( ) 0.

Set © = A\{ay, }, @ = A\{w,} and w = ¢, (d, k)i, i,- Then

s.s.(Indy p v (0N (Pt o Mo (T © 0)))) =
Z Z ﬁgl) X 7r](.4) X 7?2(3) ® 7r§2) X (u)ﬂ_gg)a'j) =
i J
Z Z 7r§1) X 7?,53) X 7rj(-4) ®7T§2) (w = O'] Z Z ~(3) 7ri >< 7'('](-4) ®7r§2) X (wﬂ_(s)(fj).
( J

Proof. We have S.5.(7' Mg o, Mo (TR0)) = (3, 772(1) ®7T§2) ®7r§3))® (225 7r§4) ®o0;). Further,
by previous calculations w1 (7 @ M @ T3 @ Ty R ) = T @ T4 @ T3 @ Ty @ wr,0. We need
now to induce from w™'Pow N Mq to Mq. Recall that a Levi factor of w™!'Pgw N Mg
is MH, where II=w1ONQ = A\{ay;? € {k, iy — d,iz,i1 +ia —d — k}\{0}}. Thus

$(Idl? o (07 (Ptgnanate (180)) = ;2w xalV xwP @nl 1 (w_e0).
The other equalities in the lemma follow from the commutativity of R. [J

Let m; be an irreducible smooth representation of GL(n;, F') for i = 1,2,3,4. Let o be
an irreducible smooth representation of GSp(m, F'). Set

(T @M @ 73) X (Mg @ 0) =71 X My X g @ T3 X Wy, 0.

One extends x to a Z-bilinear mapping x : (R® R® R) x (R® R(G)) - R® R(G). Let
s: R® R — R® R be the homomorphism determined by s(r; ® r2) = re @ r1, 71,72 € R.
Now, we have the following



INDUCTION AND JACQUET MODULES 19

Theorem 5.2. Let m be an admissible representation of GL(i1, F') of finite length and let
o be an admissible representation of GSp(n — i1, F) of finite length. Set

M =(1l®m")osom™.
Then
i (0 ) = I () 3 ().
Proof. We write in R ® R, m*(w) = 221:0( Ja “ a(q) ® B(“ q)) € Z o Rq ® Ry, _q.
Further s om* () = Zf]l:o ( ;:qzl ﬁyl_Q) ® Ozg-Q)). Write

ur(4,9)

q
(q) Z Z (q) )M @ ( 5(!1) (a=r)) Z R, ® Ry,

r=

Now D () = Zil Ja 7 Zur(m) 5(%1 q) ® (v (Q))(T) <5§q))gq—r). Introduce a

q=0 7=1 u
new index ¢ =11 — g + r. Then we have

i1 Ja  ur(4,9)
m*(ﬂ') _ Z ( Z Z Z 6 (i1—q) ® (Q))(r) ® ((53((1))5;1_”))
=0 g<q<ini<r<g, 7T T
t1—q+r=~¢
Write (o) = Y0 ot (Svry n @ o P ) € T Ry ® Riiy—p(G). We have
CEVICE SRS > or Yy
" ocizin 0%pen—iy, 0<e<irO<r<q,’ -
l+p=m i1 —q+r=~_

(ﬁjgzl—q))N % (7](‘(]))79) « Tlgp) ® (55“1))&(1—7”) v wﬁj(il_q)aq()n—il_p)) e Z R @ Rp—m(Q).
m=0
A term of the above sum corresponding to m is denoted by A,,. Consider 1 < iy < n.
Now

ur(4,q)  Up
Aw= ) 2. 22 22
€7pa u=
0<0<i1,0<p<m—iq, OSqul,OSTSq,
l+p=is i1 —gqtr=_

(37707 % () %P @ (30) x g -o ol
Since { =iy —pand r=¢+q— i3 =iy —p+ q — i1, we have

Uig—ptq—iy (jrq) VUp

An= ) 2 XI > X
b, = u=1 v=1
nggn_i17 0<q<11,

0<ia—p<ii  0<ia—p+q—i1<gq
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(/6‘;7:17(1))’“ < (7§Q))212_p+q_i1) > 7-510) ® (5§q))&p+i1—iz) “ wﬁ(.iliq)agn—h—p)_
J

Introduce a new index d = 71 —q. Then, the conditions on ¢ are equivalent to the conditions
0 <d<1i; and d < i3 — p. Therefore,

Jig—d  Uig—p—d(fi1—d) v,

4i, = 2 2 2

pad7 u=1 v=1
0<p<n—iy1,0<is—p<iy,
0<d<i1,d<iz—p

(357 % ()P 7P (8T o)

Jiy—d  Wig—p—a(di1—d) vy

= 2. 2 IR DD

d, P ) j=1
0<d<i; 0<p<n—i1,0<iz—p<iy,
- p<iz—d

(B7) X (T ) a6 xwg o,
We introduce a new index k =15 — p — d, i.e., p =15 — d — k. Now, the relations
0<d<i, 0<p<n—i, 0<ia—p<iy, p<ix—d
are equivalent to the relations
0<d<i, 0<is—k—d<n—14, 0<d+k<i, io—d—k<is—d.
We can rewrite the last relations as
0<d<i, 0<k —d<k<iy—d, i1—n<k+d—iy <0,

and further 0 < d <1, 0<k<i;—d, i1+is—n—d<k<iy—d,sinced>0. The
last three relations are obviously equivalent to

0<d<i;, max{0,(iy +i2 —n)—d} <k <min{iy,is} —d.

The last relation implies 0 < k& < min {41,492} — d. Thus d < min {iy,i2}. Therefore, our
relations imply

0 <d <min {iy,iz}, max{0,(i; +iz —n)—d} <k <min{iy,is} —d.

Obviously, 0 < d < min {i,i2} implies 0 < d < i;.
We can now write

min {il,ig} min{il,ig}—d Jq uk(j,il—d) Vig—d—k

A= ) 2. 2

d=0 k=max{0,(t1+iz—n)—d} Jj=1 =1 v=1

S
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(ﬁ;d))N ( (11 d))&k) XT(zg d—k) ®(5(z1 d))(zl d—k) >4Wﬁ(d)o,(n i1— 22+d—|—k)

Write p*(m x0) = >0 _ AL € >0 Ry @ Ry (G) where A, is the component
of u*(m x o) which comes from R,, ® R,_,,(G). By the definition of p*(m x o), we
have A}, = s.5.(5(m),0)(m % 0)). Let i3 € {1,... ,n}. We shall now compute Aj . Fix
0 < d < min {i,i2} and

max{0, (i; +i2 —n) —d} < k <min{iy,is} — d.
Ji1—d .
We have s.s. (7(;, —d,qd),(i1) (7)) = Z (agzl_d) ® ﬂj(d)). Further,
j=1

Jip—d ug(j,i

i1—d 11—d)\ (i1 —d— d
5:5+ (7 (s —d—k.), (i) (T Z Z (j( NP @ (577 @ .
Also, 8.5 (8(iy—d—k),(0)( Z (ird*k)@m(,”*il*iﬁ“k). By the first section, Propo-

sition 4.6 and Lemma 5.1, we have

min {il,ig} min{il,ig}—d le d uk 'Uz'Q—d—k
/ N
A= > > > Z
d=0 k=max{0,(i1+iz—n)—d} J=1 u=1 v=1

(ﬂ(d)> ( (’Ll d))(k) XT(ZQ d— k) ®(6(Zl d))(’Ll d— k) W (d)U(n ’Ll 22+d+k‘)

B;

Thus A;, = Aj, for 1 < iy < n. It remains to prove A9 = Aj. Note that Ay =1®@m x 0.
We have I*(7) =

11—1 jq
tem)ler+rel+ Y O A" Ped)=1010r+Y pn®d e
=1 j=1 i

where for any 7 in the above sum there exists some ¢ > 1 such that p; € R; or p, € R;. Also
w (o) =100+ Zn g e, P ® aq(,nﬂl*p)). The definition of 9*(7)xu* (o) implies
Ay=1® 7 X o. Thus AO = A{. This finishes the proof. [

For irreducible smooth representations m; of GL(n;, F),i = 1,2,3,4, and for an irre-
ducible smooth representation o of Sp(m, F'), put

(1 @ o @ T3)X (g ® 0) = Ty X Mo X Ty @ W3 X 0.

Extend X to a Z-bilinear mapping X : (R®@ R® R) x (R® R(S)) - R® R(S). Now we
get in the same way
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Theorem 5.3. Let m be an admissible representation of GL(i1, F') of finite length and let
o be an admissible representation of Sp(n — i1, F') of finite length. Then

pi(mx o) =M (r) x u*(o). O
Forri®ry, e R Rand r @ s € R® R(S) set
(r1@re) x(res)=(r1 xr)® (ry X s).
Extend x Z-bilinearly to X : (R® R) x (R® R(S)) — R® R(S). Set
M*=(m®1)o(~®@m*)osom®.

Theorem 5.3 is equivalent to

Theorem 5.4. For an admissible representation w of GL(i1, F) of finite length and for an
admissible representation o of GL(n — i1, F') of finite length we have

pr(rxo)=M"(r) x u (o). O

6. SO(2n + 1,F)

Let n € Z,. Denote by SO(2n + 1, F') the group of all (2n + 1) x (2n + 1) matrices
X of determinant one with entries in F, which satisfy "X X = I5,4+1. We fix minimal the
parabolic subgroup P, in SO(2n+ 1, F') consisting of all upper triangular matrices in the
group (the notation P4 will be also used). In SO(2n+ 1, F'), we consider the maximal split
torus A consisting of all diagonal matrices the groups. The maximal split torus A can be
parameterized by a : (F*)" — A, a(zy,... ,z,) = diag(z1,... ,2n, 1,2, %, ... ,27"). The
simple roots A determined by Py, are

a;a(xy, . ry) = x/rip, 1<i<n—1, ap:a(zy,..,2n) — Ty,
The positive roots are a(z1,..,z,) — x;/xj, 1 <i<j<mn,
a(zy,..,xn) —xixy, 1<i<j<n, a(x,..2,) >z, 1<i<n.

The Weyl group determined by the maximal split torus is denoted by W.

Let a = (ny,...,nx) be a partition of m < n. One denotes by M, a subgroup in
SO(2n+1, F) consisting of all g-diag (g1, , gk, h, "gy ' -+, g7 ') where g; € GL(n;, F)
and h € SO(2(n—m)+1, F'). Then P, = M, Py, is a parabolic subgroup in SO(2n+1, F).
Note that M, is naturally isomorphic to GL(m, F') x SO(2(n —m) + 1, F).

Let m be an admissible representation of GL(m, F'), and let o be an admissible repre-
sentation of SO(2(n —m) + 1, F). Set

TXNOo = Ind?;?ﬁnﬂ’m(w ®0), TXNo = Indtsg((Q?H’F) (mr® o).

Now one can prove directly
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Proposition 6.1. Let 7,7, m be admissible representations of GL(n, F'), GL(n1, F) and
GL(ng, F') respectively. Let o be an admissible representation of SO(2m + 1, F'). Then

Define R(S) to be the sum of all Grothendieck groups of categories of admissible repre-
sentations of SO(2n+1, F') of finite length. Lift x to a Z-bilinear mapping x : Rx R(S) —
R(S) in the same way as we did it in the symplectic case.

Proposition 6.2. Form € R and 0 € R(S) we have m xo =7 xo. [

Let 0 be an admissible representation of finite length of SO(2n + 1, F') . The Jacquet
module of o for the parabolic subgroup P, = MyN, is denoted by s, (o) (o). Set

n

pi(e) =Y 5.5.(s(0),00)(0)).

k=0
We consider p*(o) as an element of R ® R(S). We lift p* Z-linearly to
p*: R(S) — R® R(S).

Then p* is coassociative, ie., (1 ®@ u*)opu* = (m* @ 1) o u*.
Let af : A — F*, a(x1,...,%,) — 2, 1 <4 < n Then oy = aj/aj ,1 < i <
n — 1, a,, = a;,. Positive roots are

a;, 1<i<n, aj/a;, 1<i<j<n, afa;j, 1<i<j<n.

We may identify W = {£1}" x Sym(n). Then pa(x1,... ,2,) = a(Tp-1(1),- -+ , Tp-1(n)),
for p € Sym(n). Also, for € = (¢;) € {£1}" ea(xy,... ,x,) = a(z, ... ,z5). Further,
(ve) (a7) = (%))

A simple observation tells us that Lemmas 4.1 and 4.2 hold for SO(2n + 1, F). Then
obviously, Lemmas 4.3 and 4.4, and further, Lemma 4.5 and Proposition 4.6 hold as well.
Clearly, Lemma 4.7 holds-it does not depend on B,, or C,, setting. Lemma 4.8 holds. The
proof is practically the same, except that for B,,, one takes ., = a instead of a,, = (a})?,
as was the case for C),.

Fix i3 € {1,...,n}. Let m be an admissible representation of GL(i1, F'). Let o be an
admissible representation of SO(2(n —i1) + 1, F'). Take integers is, d, k which satisfy

1<is<n, 0<d<min{iy, iz}, max{0, (i1 +is —n)—d} <k <min{iy, iz} —d.

Analogously, as we got Lemma 5.1, we get
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Lemma 6.3. Let

8.8.(T (ke iy —d—k,d), (i1) (T Z 7T(1 1(2) ® 771(3), 8.5.(8(iy—d—k),(0)(0)) = Z 7rj(~4) ®oj.

J

Set © = A\{ay, }, @ = A\{w,} and w = ¢, (d, k)i, i,- Then

(IndfglpewﬂMQ( I(TMOﬁwQaMO 7T ®o Z Z 7(1) 7T' 7}2(3) & 7T§2) X o=

ZZW % 7@ x 7 g 1 ZZ~(3) D x 7 @2 %o O

Let 7; be an irreducible smooth representation of GL(n;, F),i = 1,2,3,4, and let ¢ be
an irreducible smooth representation of SO(2m + 1, F'). We define

(m1 @ Mo @ M3)X (g @ ) = Ty X My X Ty @ T3 X 0.

Now, Theorem 5.3 holds in this situation.
Theorem 6.4. Let m be an admissible representation of GL(i1, F') of finite length and let
o be an admissible representation of SO(2(n —i1) + 1, F') of finite length. Set
M =(l®em*)osom™.
Then
pH(r 3 o) =M (7)) x p (o). O
Make R ® R(S) an R ® R-module, as we did in the symplectic case. Set

M*=(m®1l)o(~®@m*)osom®.

We can now say the last theorem in the following way

Theorem 6.5. Let m be an admissible representation of GL(i1, F') of finite length and let
o be an admissible representation of SO(2(n —i1) + 1, F’) of finite length. Then

pr(m > o) = M*(m) x p* (o).

7. RELATION WITH HOPF MODULES

Let H be a Hopf algebra (over Z) with multiplication m : H ® H — H and comultipli-
cation m* : H — H ® H. Consider ‘H ® H as an algebra in a natural way. The mapping
s:HOH —-HOH, Y x;, ®y; — >, y; ®x; is a ring endomorphism. One proves the
following lemma directly.
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7.1. Lemma. Suppose that the multiplication is commutative. Let ) : H — H be a ring
endomorphism (preserving unit). Set

M@W)=mel)oWam): HeH —HeH.

Then M (1)) is a ring endomorphism. [

Suppose that M is a module over ‘H, and that it is also a comodule over H with the
comodule structure map p* : M — H ® M (see [Sw] for these definitions). Note that
H® M is a H ® H-module in an obvious way. One can supply H-module structure on
H ® M in different ways. Let

V:H—-HOH

be a ring homomorphism. Define a H-module structure on H ® M by h'.(h ® m) =
U(h')(h @ m). Then we shall say that H ® M is a H-module with respect to ¥.

We shall say that a module and a comodule M over a Hopf algebra H is a W-Hopf
module over H if pu* : M — H ® M is a homomorphism of H-modules, where we consider
‘H-module structure on 'H ® M with respect to W. Note that taking for ¥ = m™* we get
the definition of a Hopf module, i.e. m*-Hopf module is just Hopf module. If M is a
W-Hopf module over a graded Hopf algebra H, if M is a Z,-graded abelian group and if
the module and the comodule structure maps are Z-graded, then we shall say that M is
a graded W-Hopf module over H.

Since ~: R — R is a ring automorphism, M* = (m®1)o(~ @m*)osom*: R - RQR
is a ring homomorphism by previous lemma. Now we have the following description of the
structure of R(S):

7.2. Theorem. R(S) is a graded M*-Hopf module over R

7.8. Remark. The above theorem implies that R(S) is not a Hopf module (over R). We
could see easily that without using the above theorem. Namely, if R(S) would be a Hopf
module, then the representation theory of groups Sp(n, F') and SO(2n + 1, F') would be
pretty different. We shall show now how one can see from the representation theory, that
R(S) is not a Hopf module. Suppose that R(S) is a Hopf module. We shall show that this
implies that unitary principal series representations of Sp(n, F') (and SO(2n + 1, F')) are
irreducible. Since it is known that unitary principal series representations of Sp(n, F') are
not irreducible in general (not even for Sp(1, F')=SL(2,F)), this would imply that R(S) is
not a Hopf module. Let x1, X2, - -, X» be unitary characters of F'*. Since we suppose that
R(S) is a Hopf module, we can easily compute

85.8.(5(n), ) (X1 X X2 X - X xn X 1)) =x1 X X2 X - X Xn ® 1.

The representation on the right hand side is irreducible ([Z1]). Let m be an irreducible
subquotient of y1 X x2 X -+ X xp X 1 such that y; X x2 X -+ X x,, ® 1 is a subquotient
of s(ny,(0)(m). Then the multiplicity of m in x1 X x2 X --- X X, % 1 is one. Suppose that
there is some other irreducible subquotient 7 of x1 X x2 X --- X x,, X 1. The exactness of
the Jacquet functor implies s, (0y(7)=0. This implies that the Jacquet module for the
standard minimal parabolic subgroup is trivial. This cannot happen since a non-trivial
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subquotient of a non-unitary principal series representation has always non-trivial Jacquet
module for the standard minimal parabolic subgroup (this fact follows easily from Corollary
6.3.9, (b) of [C], and Frobenius reciprocity). Therefore, m = x1 X x2 X -+ X xn, X 1. So, we
have proved that assumption that R(S) is a Hopf module implies that the unitary principal
series of these groups are always irreducible. Since this is not the case, we see that R(S)
is not a Hopf module.

The above remark provides a very simple example for understanding how the structure
of R(S) determines some properties of the representation theory of the corresponding
groups.

In comparison with the structure of R, the structure of R(S) over R has one substantially
new ingredient. This is M*. It is not in the range of the Hopf algebra R, since M* = (m®
1)o(~ ®@m*)osom™* is defined using the contragredient map ~: R — R, which does not enter
the definition of R as a Hopf algebra (note that the contragredient map is an involutive
anti-automorphism of the Hopf algebra R). The development of the representation theory
of groups Sp(n, F') and SO(2n + 1, F') should give a new understanding of the structure of
R(S) (we expect that also this structure will help to this development). In a similar way,
the development of the representation theory of general linear groups done by J. Bernstein
and A.V. Zelevinsky helped a lot to our understanding of the structure of the Hopf algebra
R (see [Z1]).

The fact that R(S) is a M*-Hopf module over R must contain some information about
R itself (besides the structure studied in this paper, we expect that there will be a number
of other such structures coming from other series of classical groups). It remains to be
seen what kind of information about R one will get from this fact. Two things can help
for getting such information. One is a better understanding of such structures which we
called W-Hopf modules (with perhaps a more specific ¥, as we have in the case of R(S)).
The other one is a better understanding of the the representation theory of Sp(n, F') and
SO(2n + 1, F') (which should give an information about internal structure of R(S)). The
understanding of both topics is in the moment relatively poor.
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Graphical interpretation of p = p,,(d, k);, 4,
We use the following notation in the drawing: w =iy —d, v =i, v’ =47 —d, v = iy
andw=141 +19—d—k.
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