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ON REGULAR SQUARE INTEGRABLE
REPRESENTATIONS OF p-ADIC GROUPS

MARKO TADIC

INTRODUCTION

Let G be a connected reductive group over a local non-archimedean field F' (we assume
in this paper that char F' # 2). Denote by P = M N a proper parabolic subgroup in G' and
denote by p an irreducible cuspidal representation of M. We shall consider the problem
of classifying irreducible (essentially) square integrable subquotients of the parabolically
induced representation Indg(p). These problems are equivalent to the problem of classi-
fication of non-cuspidal irreducible square integrable representations of G. Therefore, its
solution is quite important to other classification problems.

We have a relatively simple reduction of the problem in the case when P is a maximal
parabolic subgroup (then we shall say that we are in the generalized rank one case). In that
case we have an irreducible essentially square integrable subquotient if and only if IndIG_-: (p)
reduces and if p satisfies certain non-unitarity condition (this condition turns out to be
just the non-unitarity of p for semi simple G, see [C]). In the case of maximal parabolic
subgroups, reducibility is understood in the case when P is a minimal parabolic subgroup
(then G has split rank one), or G is GL(n) ([BeZ]). The examination of the reducibility
of IndIG) (p) in the generalized rank one case was undertaken in F. Shahidi’s papers. He
made an enormous progress in his work on that hard problem (his work is in the case
of char F = 0). Shahidi described reducibility in terms of L-functions in [Sd1]. Before
Shahidi, J.-L. Waldspurger settled one case in [W]. Although [Sd2] gives a criterion for
rank one reducibility in several cases in terms of twisted endoscopy, one likes to get more
explicit information about the inducing data. New results in that direction are obtained
by C. Meaeglin, by G. Muié¢ ([Mil]), by F. Murnaghan and J. Repka ([MrRp]), by M.
Reeder. C. Mceeglin made an interesting conjecture which describes the reducibility in the
generalized rank one case (in terms of Langlands correspondences).

The problem of classification of non-cuspidal irreducible square integrable represen-
tations is solved for GL(n, F') (see [Z]; for GL(n) over division algebra see [DKaV]). A
partial information exists about classification of irreducible square integrable subquotients
of Ind%(p) when P is a minimal parabolic subgroup and G is a connected split reductive
group over F: regular irreducible square integrable subquotients are classified in [Ro2]
(for the definition of regular representation see below), while the classification is done in
[KaLu] when p is an unramified character and G has connected center. A number of gen-
eral facts about non-cuspidal irreducible square integrable representations is obtained in
[Sb]|. Besides this and a few particular groups, not much is known about classification of
non-cuspidal irreducible square integrable representations.
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In this paper we study square integrable representations of groups GSp(n, F'), Sp(n, F')
and SO(2n+1, F'). This paper has two main aims. The first one is to understand which ba-
sic properties must be satisfied by p when Ind% (p) contains a square integrable subquotient.
The second aim is a classification of regular irreducible square integrable representations
of these classical groups (one can also interpret our work as a reduction of the problem
of the classification of regular irreducible square integrable representations to the problem
of the reducibility in the generalized rank one case). We also discuss some consequence of
our results in the study of induced representations from generic representations, i.e. those
which have Whittaker models (they are also called non-degenerate representations). We
shall now describe the results that we have obtained in these directions.

J.N. Bernstein and A.V. Zelevinsky have defined operation x between admissible rep-
resentations of general linear groups (see [BeZ] or [Z], or the first section of this paper).
We shall consider two series of groups, Sp(n, F') and SO(2n + 1, F'). We shall fix one of
these two series, and denote Sp(n,F') or SO(2n + 1, F) by S,, (depending which series
we have fixed). The maximal parabolic subgroups of S,, have Levi factors isomorphic to
GL(k, F') x S,,_k. Therefore, for admissible representations 7 and o of GL(k, F') and S,,_x
respectively, we can define

TXOo

as a representation of S,, which we get by parabolic induction of 7 ® o (see the section
6 for precise definition). When we parabolically induce an irreducible admissible repre-
sentation, then the induced representation can be written as m X mo X ... 7 X 0. If pis
an irreducible cuspidal representation of GL(n, F’), then there is a unique e(p) € R such

that p = |det|€F(’J ) p", where p* is a unitarizable representation. Let p and o be irreducible
cuspidal representations of GL(n, F) and S,, respectively. In the study of square integrable
representations, it will be important to know if the following assumptions on (p, o) hold:

(Re) if p x o reduces, then there exists ag € {0,1/2,1} such that

|det|57 p" x & reduce and \det\gp“ X o is irreducible for g € R, |5| # ap;

(Ri/2)z) if p X o reduces, then there exists ag > 0 in (1/2)Z such that

|det|$a°p“ x o reduce and |det|gp“ x o is irreducible for 5 € R, |3| # ag.

The analogous assumptions for GSp-groups we denote by (Rg) and (R(;/2)z) (see section
4). Shahidi has shown that (R¢g) holds if o is generic ([Sd2]). If a pair (p, o) satisfies
(Rg) (resp. (R(i/2)z)), then we shall say that p and o have generic reducibility (resp.
reducibility in (1/2)Z, or (1/2)Z-reducibility). C. Moceglin and M. Reeder have obtained
recently examples of reducibilities in (1/2)Z which are not generic reducibilities. There
are no known examples of reducibility which are not in (1/2) Z. F. Shahidi has informed us
that his Conjecture 9.4 in [Sd1] would imply that R(; /2)z holds in general (Corollary 8.9 in
our paper is related to this implication). Mceglin’s conjecture also would imply (R (1 /2)z)-

The following theorem shows that among irreducible cuspidal representations of general
linear groups only the selfdual play a role in the construction of irreducible non-cuspidal
square integrable representations of symplectic and orthogonal groups.
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Theorem A. Let pi,p2,...,pr be irreducible cuspidal representations of general linear
groups over F', and let o be a similar representation of S,,,. Suppose that p1 X paX- -+ X pr X0
contains a square integrable subquotient. Then:

(i) pt = (py) fori=1,2,...,k ((p})” denotes the contragredient representation of p}").
(i) If (R(1/2)z) holds, then e(p;) € (1/2)Z for i =1,2,...,k.

An additional information about p;’s in the above theorem is given in (iii) of Theorem
6.2. The proof of Theorem A is based on simple properties of the operation x. Since such
(or a very similar) properties hold also for other classical groups, Theorem A, in a same or
a slightly modified version, will hold also for other classical groups. A modification may
be necessary in the non-split case. For example, for a unitary group defined by a separable
quadratic extension F' C E, the condition p}* = (p¥)” in Theorem A need to be replaced
with the condition p¥ 2 (conj(py'))” where conj(py) denotes the representation of GL(n, E)
composed with the non-trivial F-automorphism of FE.

An irreducible admissible representation o of a connected reductive group G will be
called regular if there exists a parabolic subgroup P = MN of GG and an irreducible
cuspidal representation p of M such that o is a subquotient of Indg(p) and such that
all Jacquet modules of Indg(p) are multiplicity one representations. Recall that each
irreducible square integrable representation of GL(n) is regular (see [Z], and also [DKaV]).

One can attach in a natural way to each non-unitary reducibility in the generalized
rank one case of symplectic and of odd-orthogonal group, a sequence of irreducible square
integrable representations, which resemble to Steinberg representations (we shall call them
square integrable representations of Steinberg type). We shall discuss first the regular
square integrable representations which are attached to generic reducibilities. Regular ir-
reducible square integrable representations of symplectic and of odd-orthogonal groups can
be considered as certain ”combinations” (in the sense of [Jn]) of above square integrable
representations of Steinberg type (see Theorem 6.3 for precise statement). In the case of
GSp(n, F), in addition to those of Steinberg type (Proposition 3.1), there are irreducible
square integrable representations attached to an easy irreducibility criterion in GSp-setting
(Lemma 2.1, the situation p = p and o 2 w,0). We call these square integrable repre-
sentations of Rodier type (Proposition 3.2). In this way we get in a relatively elementary
manner a considerable number of irreducible square integrable representations which are
not supported in the minimal parabolic subgroup (see Remark 3.4). Representations of
Rodier type are additional ”building blocks” in construction of regular irreducible square
integrable representations of GSp-groups (see Theorem 3.3). Assuming (Rg) (resp. (Rg)),
we show that regular square integrable representations constructed in Theorem 3.3 (resp.
6.3) are all the possible such representations (Theorems 5.3 and 6.4).

To the case of a non-generic non-unitary reducibility, one can attach additional (a little
bit unusual) regular irreducible square integrable representations (see Proposition 7.2).
Assuming (R(1/2)z), each regular irreducible square integrable representation of symplectic
or of odd-orthogonal group is a ”combination” of such square integrable representations
and square integrable representations of Steinberg type (Theorem 7.4).

In contrast to the case of general linear groups, non-regular irreducible square integrable
representations of symplectic and orthogonal groups do exist. We construct a wide family of
non-regular irreducible square integrable representations in [T7] (see [T7] for more details).
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Understanding of regular seems to be an important step in understanding non-regular.

The (essentially) square integrable representations of Theorem 3.3 can be used to see
that some basic properties of Whittaker models related to the Langlands classification
are quite different in the case of GL(n, F') and the other classical groups. Let us recall
that Langlands classification gives parameterization of all irreducible representations of
a reductive group G over a local field as unique irreducible quotients of representations
parabolically induced by tempered ones twisted by positive valued characters which satisfy
a positivity condition with respect to the roots. These induced representations are called
standard modules (this seems to be the most often name in the literature; see the begin-
ning of the seventh and the eighth section for precise definitions in the case of GL(n, F),
GSp(n, F), Sp(n, F') and SO(2n+1, F')). H. Jacquet and J.A. Shalika have proved that each
standard module of GL(n, F') has an injective Whittaker module ([JcSk]). One may ask if
such strong and useful theorem holds for standard modules of other reductive groups, in-
duced by non-degenerate essentially tempered representations (standard modules induced
by non-degenerate essentially tempered representations will be called non-degenerate stan-
dard modules; they have Whittaker models and the models are injective for GL(n, F)).
Theorem 3.3 provides in a simple way plenty of counter examples for a such statement in
the case of Sp(n, F') (Proposition 8.1).

If a standard module has an injective Whittaker model with respect to a non-degenerate
character 6, then each irreducible subrepresentation has a Whittaker model with respect to
f. This implies that the standard module has a unique irreducible subrepresentation. Theo-
rem 3.3 provides us with examples of non-degenerate standard modules with more than one
irreducible subrepresentation (and therefore, these standard modules do not have injective
Whittaker models; see Proposition 8.1). Still, each of these irreducible subrepresentations
is non-degenerate for some non-degenerate character, when char F' = 0 (this follows from
[Mi3]). Thus, a natural question is: are there non-degenerate standard modules with de-
generate irreducible subrepresentations (by degenerate irreducible subrepresentation, we
shall mean degenerate with respect to any non-degenerate character). This question is in-
teresting in automorphic forms (for example, for L-packets). In the eighth section we shall
give positive answer to this question (Corollaries 8.3 and 8.6). In fact, this phenomenon
(non-degenerate standard modules with degenerate irreducible subrepresentations) seems
to be quite often, when the standard module is reducible.

It is interesting to understand why this difference between general linear groups and
other classical groups regarding Whittaker models shows up (i.e. which properties of
representation theory of general linear groups and other classical groups enables this dif-
ference). It seems that this phenomenon is related to the simple fact that for other classical
groups, representations parabolically induced from non-degenerate tempered representa-
tions can have degenerate irreducible subrepresentations (this is not the case for general
linear groups, and special linear groups, which is related to the irreducibility of tempered
induction in the case of general linear groups). Let us explain connection of this fact
with construction of non-degenerate standard modules with degenerate irreducible sub-
representations. The rough idea behind the construction is the following. One considers a
non-degenerate tempered representation 7 of a Levi subgroup P = M N of a classical group
(G1, such that Indg1 () contains a degenerate irreducible subrepresentations 7y. If we take
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any irreducible essentially square integrable representation ¢ (of a product of general linear
groups) such that § x 7 is a standard module (of a classical group G), then each irreducible
subrepresentation of § x 7y is degenerate. If one can now find a non-degenerate standard
module 7 of G, and a representation Il of G such that § x 79 and 7 embed into II, and that
their images in II intersects non-trivially, then obviously the non-degenerate standard mod-
ule 7 has a degenerate irreducible subrepresentation (this is an example that we wanted).
To see that intersection is non-trivial (after one has selected 7, 79, 0, m and II), it is enough
to find a parabolic subgroup P’ = M’N’ of G such that 7§, (6 x m0) + 7§, (7) £ r$, (1) (in
the Grothendieck group), where 7"1(\;4, denotes the Jacquet functor with respect to the para-
bolic subgroup P’ = M’N’. There are very natural candidates for 7, 7, d, Il and 79. Let us
give one simple example (which have Iwahori fixed vectors) of such candidates in the case
of odd-orthogonal groups (this is the simplest case considered in Corollary 8.6; for more ex-
amples see the eighth section). The Steinberg (resp. trivial) representation of a connected
reductive group G over I will be denoted by Stg (resp 1g). Take 7 = Stgr,2,7) ® 1 (for
more explanation regarding notation, see the first section). Considering the representation

] |},/2 X Stgo(3,ry of SO(5, F), and comparing Jacquet modules of it and of Star,2,F) ¥ 1, it

is easy to see that Ind%o(&F) (1) = Star(2,F) ¥ 1 reduces. Frobenius reciprocity implies that

it reduces into a sum o two (inequivalent) irreducible representations. Since in the case
of SO(5, F') there is only one orbit of non-degenerate characters, one of these irreducible
representations is degenerate (with respect to any non-degenerate character). Denote it
by 9. Take now ¢ = | ?}/2, T =| |;/2StGL(3,F) x 1 and IT = | |:;}/2 X Star(e,r) X 1 (for P’
we take the Siegel parabolic subgroup). In this way one gets that the representation

| }:/2StGL(3,F) X1

of SO(7, F') contains an irreducible subrepresentation which is degenerate with respect to
any non-degenerate character.

This paper follows the approach to the representation theory of classical groups initiated
in [T3]. The construction of regular irreducible square integrable representations is based
on the structure obtained in [T4]. A part of the results of this paper was announced in
[T2].

At the end, we describe the content of each section. The first section introduces notation
for GSp(n, F') and GL(n, F'). In the second section we collect some well-known facts about
square integrable representations which we need in the rest. The regular irreducible square
integrable representations of GSp(n, F') related to generic reducibilities are constructed in
the third section. The main aim of the fourth section is a proof of Theorem A. We show in
the fifth section that we have constructed in the third section all regular irreducible square
integrable representations of GSp(n, F') related to the generic reducibilities. The sixth
section deals with regular irreducible square integrable representations of Sp(n, F') and
SO(2n+1, F) in the case of generic reducibilities, while the seven section deals with regular
irreducible square integrable representations of these groups in the case of reducibilities
in (1/2)Z. Here we omit proofs, since they are very similar to the proofs in the case of
GSp(n, F') (moreover, they are often more simple than in the case of GSp(n, F')). In the
last section we present some families of non-degenerate standard modules with degenerate
irreducible subrepresentations.
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1. PRELIMINARIES

We fix a local non-archimedean field F' of characteristic different from two. To fix
terminology, we first recall some well-known general notions. Let GG be the group of F-
rational points of a reductive group defined over F. Representations of groups G that we
consider in this paper will always be admissible (i.e. each vector in the representation space
is fixed by some open subgroup of GG, and invariants of open subgroups in the representation
space are finite dimensional; see [C]). A representation of G is called cuspidal (resp. square
integrable) if it has matrix coefficients compactly supported modulo center (resp. if it
has central character which is unitary and if the matrix coefficients are square integrable
functions on the quotient of G by the center). A representation 7 of G is called essentially
square integrable if there exists a (not necessarily unitary) character x : G — C* such
that y7 is square integrable.

Now we recall some notation for general linear groups that we shall use in the paper.
More details about this notation can be found in [BeZ] and [Z]. Let o = (nq,...,ng) be
a partition of a positive integer n. Consider n x n matrices with entries in F', as block
matrices where blocks are of n; x n; sizes, 1 < ¢,j < k. Denote by M, aG - block-diagonal

matrices and denote by Pj - block-upper triangular matrices. The unipotent radical of
GL , GL
P, is denoted by N, .

«
Let m be an admissible representation of GL(nq, F') and let w3 be an admissible rep-

resentation of GL(ng, F'). Then m; X 7o denotes the parabolically induced representation
of GL(ny + ng, F) from P(C;Lhm) by m ® mo. Note that the Levi factor ]\4(GL1 ) of P(C:LLI’M)
is naturally isomorphic to GL(ny, F') x GL(n2, F). In this paper we only consider the nor-
malized parabolic induction. Let R,, be the Grothendieck group of the category of all
admissible representations of GL(n, F') of finite length. For an admissible representation

of GL(n, F'), its image in R,, will be denoted by s.s.(mw). Set R = @ R,,. Then x lifts to a
n>=0

ni,ma

binary operation on R. This operation will be denoted by x again. In this way R becomes
a graded ring.

Let m be an admissible representation of finite length of GL(n, F). Suppose that o =
(n1,...,nk) is a partition of n. We denote by 7, () (7), or simply by r,(7), the normalized

Jacquet module of © with respect to IV, s “. We consider it as a representation of M, Ocj " We
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can consider s.5. (ra,(n) (7)) € Rny, ® Ry, ® -+- ® Ry, . Set

n

m*(7) = Zs.s. (7(kn—k),(n)(m)) € R® R.
k=0

Lift m* to an additive mapping m* : R — R® R. Now R is a graded Hopf algebra.

We now introduce a similar notation for GSp(n). More details concerning this notation
can be found in [T3] and [T4]. The n x n matrix which has 1’s on the second diagonal and
which has all other entries equal to 0 will be denoted by J,,. The group of all (2n) x (2n)
matrices with entries in F' which satisfy

¢ 0 Ju|o_ 0 Jy

sl w]emve )
for some ¥(S) € F* will be denoted by GSp(n, F'). In the above relation 'S denotes the
transposed matrix of S.

Let a = (n1,...,nk) be a partition of 0 < m < n. Denote by «’ the partition o/ =
(n1,...,ng,2(n —m),ng,...,ny) of 2n. Set

P, =P, NGSp(n,F), M,= M. NGSp(n,F), Na=N. NGSpn,F).

Denote by "g the transposed matrix of g with respect to the second diagonal. Using the
isomorphism

(gla v 7gk7h) — q'dlag (917 T 7gk7h7 w(h) 79;1; Tty ¢<h’) Tg;1)7

we shall identify GL(nq, F))x- - - x GL(ng, F') x GSp(n—m, F') with M. In the above formula
a-diag (g1, , gk, b, ¥(h) Tgi ', -+, ¥(h) Tg;') denotes the quasi-diagonal matrix which
has on the quasi-diagonal matrices g1,--- , g, b, ¥(h) Tg; ", -+, ¥(h) "g;'. Note that
P, = M,N, is a Levi decomposition of P,. We shall denote by G the set of all equivalence
classes of irreducible admissible representations of a reductive group G over F'. The above

identification implies a natural bijection
M, < GL(n,F) x---x GL(ng, F)" x GSp(n —m, F)".

Let m be an admissible representation of GL(n, F) and let ¢ be an admissible repre-
sentation of GSp(m, F'). We denote by 7 x ¢ a parabolically induced representation of
GSp(n + m, F) from P, by 7 ® o. If additionally 7’ is an admissible representation of
GL(n/, F), then

(1-1) (7' xm)xo2r x(rxo)

([T3], Proposition 4.3, (i), or [T4], Proposition 3.1, (i)).
Denote by R, (G) the Grothendieck group of the category of all admissible representa-
tions of GSp(n, F') of finite length. Set R(G) = & R, (G). One can lift x to an additive
n>0

mapping X : R x R(G) — R(G). In this way R(G) becomes a graded module over R.
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Let ¢ be an admissible representation of GSp(n,F) and let a = (n1,...,n%) be a
partition of m < n. The normalized Jacquet module of ¢ with respect to P, will be
denoted by s, (7). We may consider s.5.(54(7)) € Ry, ® -+ @ Ry, @ Ryy—m(G). Set

pi(m) =Y ss.(sgy(m) € R R(G).
k=0

We lift 1* to an additive mapping R(G) — R ® R(G). There are natural cones of positive
elements in R and R(G). Then tensor products among them also carry natural cones of
positive elements. The resulting partial orders will be denoted by < . Operations x, x, m*
and p* transform positive elements to the positive ones.

In the standard way one identifies F'* with the center of GL(n, F'). In a similar way
F>* will be identified with the center of GSp(n, F'). If 7 is an admissible representation of
GL(n, F), or GSp(n, F'), then the central character, if exists, will be denoted by w,. Using
the homomorphism det : GL(n, F') — F*, one identifies characters of GL(n, F') with the
characters of F*. Let | | be the modulus of F. Then the character g — |detg|r will be
denoted by v. Using the homomorphism v : GSp(n, F') — F* we shall identify characters
of GSp(n, F') with characters of F'*.

Let 7 be an admissible representation of GL(n, F') and let o be an admissible represen-
tation of GSp(m, F'). For a character x of F'* we have

(1-2) X(mxo)=mrx(xo)

([T3], Proposition 4.3,(ii), or [T4], Proposition 3.1, (ii)). Suppose moreover that = and o
are irreducible (it is enough to suppose that 7w has a central character). Then we have

(1-3) TXO=TXweo

in R(G) ([T3], Proposition 4.3, (iii), or [T4], Proposition 3.2, (ii)). Here 7 denotes the
contragredient representation of 7.

Let 7; be an irreducible admissible representation of GL(n;, F'), for i = 1,2,3,4. Let o
be an irreducible admissible representation of GSp(m, F'). Denote

(1 @ o @ T3)X (Mg ® ) = Ty X Mo X Ty ® T3 X Wa, O

Extend x to a Z-bilinear mapping x : (R® R® R) x (R® R(G)) — R® R(G). Denote by
s:R® R — R® R the mapping s(>_p; ® ¢;) = >_ q; ® p;. Set M* = (Idg @ m™) o s o m*,
where Idr denotes the identity mapping on R. Now for an admissible representation 7 of

GL(n, F') of finite length and for an admissible representation ¢ of finite length Theorem
5.2 of [T4] gives

(1-4) pr(s.s.(m x a)) = M*(s.8.(m)) xp*(s.8.(0)).

In the remainder, the trivial representation of a group G (on C) will be denoted by 1¢.
The trivial representation of the trivial group will be denoted simply by 1.
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2. SOME BASIC FACTS ABOUT SQUARE INTEGRABLE REPRESENTATIONS

At the beginning of this section we shall recall some facts about square integrable
representations of general linear groups over F' which we shall often use. For more details
one can consult [Z].

Let p be an irreducible cuspidal representation of some GL(m, F) and let n be a non-
negative integer. The set {p,vp,v?p,...,v"p} is called a segment in cuspidal represen-
tations of general linear groups. Such segment will be denoted by [p, v"p]. The number
n + 1 is called the length of the segment. The representation v"p x v lp x -+ X vp x p
has a unique irreducible subrepresentation, and a unique irreducible quotient. This ir-
reducible subrepresentation (resp. irreducible quotient) will be denoted by &([p,v"p])
(resp. s([p,v"p]); note that in the Langlands classification of the seventh section we have
s([p,v"p]) = L((p,vp,...,v" 1p,v"p))). Then &([p,v"p]) is an essentially square inte-
grable representation (i.e., this representation becomes square integrable modulo center
after a twist with a suitable character). It is well-known that A — §(A) is a one-to-one
mapping from the set of all segments in cuspidal representations of general linear groups
onto the set of all equivalence classes of essentially square integrable representations of
general linear groups ([Z]). If n > n/, then we take [v"p, ™ p] to be the empty set 0. We
define §(0) to be identity of R (this is the unique irreducible representation of GL(0, F)).
Then we have

n+1
(2-1) m* (8(p.v"pl) = D 8w p, v pl) @ 8([p, " p])
k=0
([Z]). This implies
n+1
(2-2) s(m* (6([p,v™p))) = Y 6(lp, " pl) @ 5([v™ " Fp, v p)).
k=0
Also
(2-3) Tyt (8([p,v"p))) = V" p@ V" T p® - @ p,
where (m)"*! denotes (m,m,...,m) € Z"*!. The representation &([p,"p]) is the only

irreducible subquotient of p x vp x - - - X " p such that 1" pR 1" 1p®---®p is a subquotient
of the Jacquet module with respect to PC:;)RH.

For an irreducible essentially square integrable representation § of GL(n, F') there exists
a unique e(d) € R such that »=%(®)§ is unitarizable. Denote 6* = v=¢(®)§. Then

§ = ve@gu

where e(d) € R and 6" is unitarizable.

We now consider GSp-groups. First we have a simple and well known lemma. For the
sake of completeness we shall present a proof. The lemma can be proved easily by standard
methods of Harish-Chandra, as the referee observed.
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2.1. Lemma. Let p be an irreducible unitarizable cuspidal representation of GL(n, F') and
let o be an irreducible cuspidal representation of GSp(m, F'). Take o € R. Suppose that

(v*p) x o reduces. Then p=j and o = w,o. In particular, w> =

1px.

Proof. There exists a positive valued character y of F'* such that og = xo is unitarizable.
Note that v*p x o is irreducible if and only if v%p x 09 = v%p X xo = x(V%¥p X 0)
is irreducible (the last isomorphism follows from (1-2)). Also ¢ = w,o if and only if
X0 = wyxo, ie., if and only if 09 = w,09. Therefore, it is enough to prove the lemma
when ¢ is unitarizable. We shall assume that in the rest of the proof. First 9*(v%p) =
11v%+1v*1+rv¥®1®1 and p*(0) = 1® 0. Now the formula (1-4) implies
pr(p x o) =M V) xu*(0) =1@v*p x o+ v Q0+ v *p® (wye,0). Suppose that
v*p x o reduces. We consider two cases.

Let a = 0. Then dimc End gsp(n4m,r) (¢v*p > 0) > 1. The Frobenius reciprocity implies
PR =p® (wyo). Thus p= p and 0 = w,o.

Now suppose that a # 0. First we can choose a positive valued character y of F'* such
that the central character of x ((v¥p) x o) = (v*p) % (xo) is unitary (the isomorphism
follows from (1-2)). Then Proposition 8.1.3 of [C] implies that v®p x xo has an essentially
square integrable subquotient. Therefore, v%p x Yo and v~ %p x x~!o have non-disjoint
Jordan-Holder series. Thus v %p@x to 2 v*p@x0 or v *pQX 'o 2 v *pQwya,X0.
Since v™%p = v*p implies @ = 0, we have that v™*p @ x 1o = v™%) ® wya,xo. Thus
p=p and y lo= wyepxo. The first relation implies w, = w,. Note that w,., =
| |m®w,. Therefore x o | |B*w,xo, and further x

2| |F™%0 2 w,o. Since the central
characters of o and w,o are unitary, and X2 % is a positive valued character, we
have x 72| |z™* = 1px. Thus 0 2 w,o. O

2.2. Remark. Suppose that p is an irreducible cuspidal representation of GL(n, F') and
suppose that o is a similar representation of GSp(m, F'). Suppose that p = p. Let a €
R. Then v*p x o and v~ “p X wya,0 have the same Jordan-Hélder series. Note that
VTP X Wye,0 = wye, (V™% X o). Therefore v¥p x o reduces if and only if v™% X o
reduces.

We shall now recall the Casselman square integrability criterion in the case of GSp(n, F'
(see [C] and [T3]). Consider the standard inner product on R : ((x;)1<i<n, (¥i)1<i<n) =
Z?:l z;y;. For 1 <4 < n set

Bi=(1,1,...,1,0,0,...,0) € R".
N ——
i times

Let m be an irreducible smooth representation of GSp(n, F). We shall suppose that
is not cuspidal. Take a standard proper parabolic subgroup P, such that s, (mw) # 0,
which is minimal among all standard parabolic subgroups which satisfy this property. Let
a = (ny,...,ny) and let ny + - -+ + ny = m. Suppose that o is an irreducible subquotient
of s4. Then we can decompose 0 = p; ® pa ® -+ ® py ® p where p; € GL(n;, F)”, and
p € GSp(n —m, F')". Set

ex(0) = (e(p1),...,e(p1),...,e(pe),...,e(pe), 0,...,0)
N g 2 g AN

ni times ne times n—m times
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If 7 is essentially square integrable, then

(2'4) (6*(0)76711) >0, (e*(o-)aﬁm-i-nz) >0, (6*(0)7ﬁm—ne) >0, (e*(o-)aﬁm) > 0.

Conversely, if all above inequalities hold for any « and o as above, then 7 is essentially
square integrable. Further, if instead of > 0 the weaker condition > 0 in all relations in
(2-4) holds, then 7 is essentially tempered.

We shall need several times the following well-known fact from the representation theory
of general linear groups, which is a (simple) part of the Bernstein-Zelevinsky theory (we
present the proof here since we do not know convenient reference for it).

2.3. Lemma. Let p1,po,...,pr be irreducible cuspidal representations of general linear
groups GL(n1, F'), GL(na, F), ... ,GL(ng, F') respectively (n; > 1). Denote n = Zle n;
and let « = (my,ma,...,my) be a partition of n into positive integers.

(i) If k' = k, then

(2-5) S.8.(Ta,(n) (P1 X p2 X =+ X p)) = Z Pp(1) & Pp(2) @+ & Pp(k)
peEXE
where X* denotes the set of all permutations p of {1,2,...,k} such that My(;) = my for

alli e {1,2,...,k}.

(i) If k' > k, then 7 (n)(p1 X p2 X --- X pg) = 0.

Proof. We shall prove the lemma by induction with respect to k. For k£ = 1 the lemma
obviously holds. Suppose that & > 1 and that the lemma hold for all ¥ < k. Note that
m*(p1 X pg X -+ X pp) = Hle(Pi ® 1+ 1® p;). This implies

(2'6) S'S'(r(mun—ml),(n)(pl X p2 XX pk))

— Z Pjy X Pja X *00 X pj, @ H pi-

1<g1<ja<-- <51 <k i€{1,2,....k}\{j1.42,--.5u }
Ny +njy+-+ng =my
Now the above formula, the transitivity of Jacquet modules and the inductive assumption
(ii), imply that (ii) holds also for k (i.e. ro (n)(p1 X p2 X -+ X pg) = 0if &' > k).
Suppose that &' = k. Now the formula (2-6) after application of the inductive assump-
tion becomes

8:8.(T(my,n—m1),(n) (P1 X p2 X +++ X pi)) = Z pi & H Pi-

1<j<k i€{1,2,....k}\{7}
n;=ma:i

The inductive assumption (i) now implies the formula (2-5). O

3. CONSTRUCTION OF REGULAR SQUARE INTEGRABLE REPRESENTATIONS

First we shall give definition of a regular parabolically induced representation (induced
from irreducible cuspidal representation). Suppose that G is a connected reductive group
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over F'. Let P = M N be a parabolic subgroup of G. Take an irreducible cuspidal represen-
tation p of M. We shall say that Ind%(p) is a regular (parabolically induced) representation,
if the Jacquet module of Indg(p) with respect to P is a multiplicity one representation.
One can easily see from [BeZ]| or [C] that all Jacquet modules of such a regular parabolically
induced representation are multiplicity one representations. This condition on IndIGD(p) is
equivalent to the Casselman’s condition in 6.4 of [C] on p (p is then called regular in [C]).

Let m be an irreducible admissible representation of G. We shall say that 7 is regular if
there exist a parabolic subgroup P = M N in G and an irreducible cuspidal representation
p of M such that Ind%(p) is regular and 7 is a subquotient of Ind%(p).

Recall that any irreducible essentially square integrable representation of GL(n, F') is
regular ([Z]).

If 7 is a representation, then the complex conjugate representation of = will be denoted
by 7.

3.1. Proposition. Let p be an irreducible unitarizable cuspidal representation of GL({, F')
and let o be an irreducible cuspidal representation of GSp(m, F'). Let o > 0. Suppose that
v*p x o reduces. Let n be a non-negative integer. Then:

(i) p=p and o =wyo.

(ii) The representation v*™"pxv px- vl pxv®pxo contains a unique irreducible
subrepresentation. This subrepresentation will be denoted by §([v®p, v*t"p|, o).

(iii) We have spyn+1(6([v®p, v " pl,0)) = v " p@v* T lp@ - @v*TlpR@1vpRo.
(iv) 1If T is an irreducible representation of GSp(¢(n + 1) + m, F') such that v**t"p ®
vt lp@. . @t p@u*p®o is a subquotient of sgyn+1(7), then T = §([v*p, vt p|, o).
(v) We have p*(3([v*p,v®*"pl,0)) = 4y o([v T+ p, vt p]) @ 6([v*p, v p), 0),
where we assume §(),0) = o in the above formula.

(vi) The representation §([v*p,v*T"pl|, o) is essentially square integrable.

(vii) For a character x of F* we have xd([v*p,v*T"p|, o) = 6([v*p, v*tT"p], x0).

(viil) o([v®p,v*T"p), o) =2 6([v¥p, v "p)], 7).

(ix) d([v®p, vt pl,0)" = 6([v*p, V¥ pl, wWy—o pWy—(at1) p - - - Wy (atn) ,0).

(x) Suppose that also p',o’ &' and n' satisfy the assumptions from the beginning of the
proposition. Then &([v®p, vt p|, o) = §([v™ p/,v™ " o], 0") if and only if p = p o =
o',a=a andn=n'.

(xi) The representations v*px vt ipx ... xv** " pxo and v*¥*t"pxv
v®p X o are regular (note that they have the same Jordan-Hoélder series).

Proof. Lemma 2.1 implies (i). Observe that IM*(v*™+p) = V"l 11+ 1®
vty 1) + 1@ 1@ vt The formula (1-4) implies

a+n—1

a+n—1 .Va+1

pX - p X

Oé"‘npx...xyap)qo')): Z V€n(0¢+”)px...xyeoap(g)X(Ei)O'

(e)e{£1}nH!

8.8.(S(¢(n+1)) (v

where x(c,) is a suitable character of F* depending on (g;) € {+1}",

The above formula and [Z] imply that s+ (v*T™p X --- X v%p X o) is of length
2"F1(n 4+ 1)!. Irreducible subquotients are v=n(@FPM)p @ ... @ peo(etP0)p @ y (. yo where
(g;) € {£1}"*! and p runs over all permutations of the set {0,1,2,...,n}. In particular,
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we have a multiplicity one representation. Therefore v*T"p x -+ X v%p X o is a regular
representation. This proves (xi). Our definition of regularity, exactness of Jacquet modules
and Frobenius reciprocity, imply directly that v*T"p x --- x v%p x ¢ contains a unique
irreducible subrepresentation (it also follows from Proposition 6.4.1 of [C]; see also [Ro2]
for some of such properties of regular representations). This proves (ii). Frobenius reci-
procity implies that v*™"p®---®@v*p® 0 is a quotient of sgyn+1 (([v*p,v*T"p],0)). The
regularity implies that vT"p x - .- x v%p x ¢ is a multiplicity one representation and that
d([v*p,v™T"pl, o) is the only irreducible subquotient of v**t"p X --- X v*p x ¢ which has
vt p @ - @ v%p ® o for a subquotient of the corresponding Jacquet module.

Suppose that an irreducible representation 7 of GSp(¢(n+1) +m, F) has v*™"p®-- - ®

v*p ® o for a subquotient of sgyn+1(7). We know that 7 must be a subrepresentation of

some Inngp(é(nHHm’F)(a’). Since o/ and v*t"p® - @ v*p ® o must be associate ([C]),

Indgfp(e(n+1)+m’F)(a’) and v%T"p x .- X v%p x ¢ have the same Jordan-Holder series.

Now the above considerations imply that 7 = 6([v*p, v*T™p], o). This proves (iv).

We prove (iii) and (v) by induction on n. For n = 0 we know that the statements
hold. Let n > 0 and assume that (iii) and (v) holds for & < n. First observe that
m o= v s §([v%p, v, o) and o i= S([LTp, vOT L)) X §([v¥p, vt ], o)
are subrepresentations of v*+T" Ty x Ty x ... x v%p x 0. By (1-4) and the inductive
assumption we have

8.8.(8(s(nr2)) (M) =T x5 ([ p, v pl) @+ px (v p, v p]) Wt nt1 0.
Since IM*(6([v+p, 2T p])) equals to

[1@d([v* ™" p, ™ ) @ 1+ v Mp @ v T p @ 14+ 6(p* M p, v ) @ 1@ 1]
_|_[1 ® Va—i—n—i—lp ® Va+np 1191® 5([Va+np, Va+n+1p]) 4 Va—i—np R1® Va—l—n—i—lp],

we have

5. (8(u(m12)) (12)) = 8+ p, v p]) x ([, v+ 1)) @ 0

a+n+1 a+n—1

+v  "pxv p xo([v¥p,v p)) ® Wyatn,o

+ (v o, p)) X O([p, v p)) @ wi(pactn p ettt )0

A simple analysis of Jacquet modules for general linear groups imply that s(n+1(71) and
S(pyn+1(m2) have v* ™" Hp @ vt p @ ... @ v¥p ® o for subquotients. This is also the only
irreducible subquotient which appears in both Jacquet modules. Therefore, the intersection
of 71 and 7 is non-zero. Denote it by w. We have s(gyn+1 (1) = v p@uot"p@- - .@v*p@
o. This implies that  is irreducible. By (iv) we have m = §([v%p, v**"1p], o). This proves
(iii). Furthermore (iv), together with a similar characterization of the representations 6(A)
of general linear groups (see (2-3) and the comment after the formula), imply the formula
in (v). Note that we have also proved that §([v%p,v*T"T1p] o) is a unique common
irreducible subquotient of 71 and .

From the square integrability criterion (2-4) it is clear that §([v®p,v*T"p], o) is essen-
tially square integrable. This proves (vi).



14 MARKO TADIC

The isomorphism x(v®t"p x voTnHlp x ... x V2Tl x Vg 3 0) = vt x patn=ly x
e x vt o x v p X o implies (vii). Also (VYT XX vYpXo)T 2T X - X VP XT
implies (viii).

We prove (ix) by induction on n. Note that 6(v®*p, o) can be characterized as a unique
essentially square integrable subquotient of v®p x o. Furthermore, §(v“p,o)” is a quo-
tient of v~%p x 6. The representation d(v®p,o)” is essentially square integrable and
v~ x ¢ and v*p X w,-a,0 have the same Jordan- Hélder series (see (1-3)). Thus
d(v¥p,0)” =2 §(v*p,w,-a,0). This proves (ix) for n = 0. Fix n > 0 and suppose that
we have proved (ix) for k < n. Recall that we have proved that §([v%p, v*T"1p], o) can be
characterized as a unique common irreducible subquotient of v+ p % §([v%p, v¥+"p], o)
and §([v@ T p, vt L)) % §([v%p, v* T 1], o). From this and the inductive assumption
we get that §([v%p, v*T™F1p] o)™ is a common irreducible subquotient of

Vf(a+n+1) a+n

p X ([P, v ply Wy pwy a1y Wy —(akn) ,T) and

5([V_(a+n+1)p7 V—(a—i—n)p]) x ([ p, vt ], Wy—a pWy—atly -+ Wy—(atn-1) ,0).

Using (1-3) we get the following equalities in R(G)

a+n

v~ i 5 (v p, v

a+n+1

P, Wy —a pWy—atipy . Wy (atn) ,0)

_ « a+n ~\.
=v p X[V, v pl Wy —a py—at 1) - Wy akn Wy~ (atnt1) 40 );

5([V_(a+"+1)p, V—(a—l—n)p]) 0 (5([Va,0, Va+n—1p],wl,—apw,,—a+1p .. .wy—(a+n—1)p0-)

_ (5([Va+np, Va—l—n—l—lp]) ~ 5([1/04’0, Va+n_1p], Wy —a Wy —(at 1) .wy_(a+n)pwy_(a+n+1)p5-)

(since wts([yf(a+n+1)p’,/7(a+n)p}) = wyf(aﬁ»nﬁ»l)pxl,f(ow‘rn)p = wyf(a+n+l)p wllf(ok#n)p). Therefore
O([vp, vt hpl, o) = 5([v¥p, v pl,wy—ay . . Wy (atn+1),0). This completes the in-
ductive proof of (ix). The statement (x) follows from (iii). [

The representations §([v%p, v**t"p|, o) will be called essentially square integrable rep-
resentations of the Steinberg type. The following proposition is similar to the previous
one. It introduces essentially square integrable representations of a new type. These new
representations will be called essentially square integrable representations of the Rodier

type.

3.2. Proposition. Let p be an irreducible unitarizable cuspidal representation of GL({, F')
and let o be an irreducible cuspidal representation of GSp(m, F'). Let n be a non-negative
integer. Suppose that p = p and w,o % 0. Then:

(i) w, is a character of order two

(ii) The representation v"p x "1 x --- X vp X p x ¢ has a unique irreducible subrepre-
sentation. We denote this subrepresentation by d([p,v"p], o).

(iii) 5.8.(s(0)n 1 (8([p, V"), 0))) = VPRV TIp® - @upRp®R (0 + wyo).

(iv) Suppose that T is an irreducible representation of GSp(¢(n + 1) + m, F') such that
V'p® - @Up® p® (wy)Po is a subquotient of syn+1(T) for p = 1 or p = 2. Then
T2 5([p,v"p), 0).
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(v) 1 (6([p,v"pl,0)) = 8([p,v"p]) ® (0 + wpo) + 305 ([ p,v™p)) @ 6([p, v"p], o).
(vi) The representation §([p, " p|, o) is essentially square integrable for n > 1. The repre-
sentation §(p, o) is by Lemma 2.1 equal to p x o, and it is not essentially square integrable.
(vii) xd([p,v"pl,0) = 6([p,v"p], x0), x € (F*)".

(viti) 8((p, "o, o)~ = 8(1p, "), ).

(ix) §([p,v"pl,0)” = 6([p, V" pl, wpwy—1,Wy -2, . .. Wy,—n,0).

(x) Suppose that p’,c’ and n’ satisfy the assumption at the beginning of the proposition.
Then §([p,v"p), o) = &([p',v™ p'],0") if and only if p = p/,n =n',0 = ¢’ or p = p/,n =
n',o = w,o’.

(xi) The representation v"p x ™1

X -+ X VUp X pX o isregular.

Proof. Excluding one crucial difference, the proof is very similar to the proof of Proposition
3.1. First, w; = w;l and p = p imply (i). Note that p x o is irreducible by Lemma 2.1.
Further s.s.(s)(p @ 0)) = p® 0 + p ® w,0. Using the formula (1-4) one gets by induction

8.8.(S(e(n41) (VP X V" p X - X vp X p X 0))

_ Z Vsnnpx Xy522pxyslp>4p®X(si)U
(es)e{£1}"

n Z VA X e X U522 X VP X PR X(e,)WpO
(es)e{£1}m

where X(.,) is a character of F* which depends on (g;) € {£1}". From the above formula
we see that V"'p® -+ - @ vp ® p ® o is regular. This proves (xi) and implies (ii). Frobenius
reciprocity implies that v"p ® --- ® vp ® p ® o is a quotient of s(ynt1(d([p,v"p],0)).
The irreducibility of p x ¢ and (1-3) imply p X ¢ = p X w,0. Applying (1-2) we get
VP X XUpXpHoOZEVpX - XvpX pHw,o. Therefore v"p® - - Qrp® pRw,o is also
a quotient of s(ynt1(d([p,v"pl,0)). Now (iv) follows in the same way as in the previous
proposition. The above isomorphism implies 6([p, v"p], o) = §([p, V" p], w,0).

We shall now prove (iii) and (v). We have seen that (iii) and (v) holds for n = 0. From
(1-4) and (2-1) one gets

5.5.(5(20)(8([ps vp)) % 0)) = 8([v ™" p, p]) © wWpwipo + p X VP @ w0 +3([p, vp]) © 0.
This implies
5.5.(5(0,)(0([p, vp]) ¥ 0)) = p@ VT PR Wy o + PR VPR Wpo +VP® PR W + VPR pR 0.
Analogously,
5.5.(5(,0)) (6([p, vp]) X wW,0)) = POV PR W,T +POUPR T+ VPR PRI+ PR PR w,0.
From the two last formulas, (iv) and the first part of the proof, one concludes that

s.8.(s(0,00(0([p,vpl,0))) = vp @ p® 0 + vp ® p ® wyo. Therefore (iii) holds for n = 1.
One gets easily that (v) also holds for n = 1.
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We shall now prove (iii) and (v) by induction on n. Let n > 1 and suppose that (iii)
and (v) hold for & < n. Then the inductive assumption and (1-4) imply

8.5.(8(e(n+2)) OV p, " p]) ([0, v pl, 9)))
= 8([v"p, ")) x 8([p, " p]) @ (0 + wy0)
+ ([ o, v p)) X 6([0, V")) @ Wi pwimti p (0 + wy0)
+ v "o x V"o x §([p, V")) @ win (0 + w,o),

5.5.(3(e(ny2)) (V" p 3 6([p, 1" p), )
=" x 8([p, ")) ® (0 + wpo) + v o X 6([p, 1" p]) @ wWymt1 (0 + wp0).

A simple analysis gives now
s.8.(s(yn+2(6([p, V" p],0)) =" T p @1V p@ - Rup @ p & (04 wyo).

This proves (iii) for n + 1. Now (iii) and (iv) imply (v) for n + 1. This finishes the proof
of (iii) and (v). Recall that we have proved that &([p,v""!p],0) is a unique common
irreducible subquotient of §([v™p,v™1p]) x §([p, v Lp],0) and v p x §([p,v"p],0) if
n>1.

The Casselman’s square integrability criterion and (iii) give (vi). One gets (vii) and
(viii) in the same way as in the Proposition 3.1. One proves (ix) for §([p, vp], o) from the
fact that §([p,vp|,0) can be characterized as a unique common irreducible subquotient
of 6([p,vp]) x o and §([p,vp]) X w,o (see the previous part of the proof). One gets (x)
by considering the Jacquet modules. The above characterization of §([p,v"™1p], o) as a
unique common irreducible subquotient of &§([v"p, v p]) x 6([p, v 1p],0) and v T1p x
5([p,v"p|,0), n > 1, enables the inductive prove of (ix). O

3.3. Theorem. Let p;, i = 1,2,...,n, (resp. 7;, j = 1,2,...,m) be unitarizable ir-
reducible cuspidal representations of GL(a;, F'), where a; > 1 (resp. GL(b;, F), where
b; > 1). The case of n = 0 or m = 0 is not excluded. Let o be an irreducible cuspidal
representation of GSp(¢, F'). Let X be the group of characters of F'* generated by the
central characters of p1,..., pn.

Suppose that p; = p; for all 1 < i < n (this implies card X < 2"), Card X = 2" and

wo % o for any w € X\{1px}. Assume that the representations 71, ..., T, are mutually
inequivalent and that for any j = 1,2,...,m, there exists s; > 0 such that v%7; x o
reduces.

Denoter =ay +---+ap +b1 +---+by. Let p;, i =1,...,n,and q;, j=1,...,m, be
non-negative integers. Set A; = [p;,vPip;] and I'; = [v® 7, v% 1% 7;]. Then:
(i) The representation

(3-1) [H (pi X vpi x -+ x VPip;)] x [H VT x v ) x viitir)] xo
=1 j=1
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is regular. Representations v°p; X o are irreducible for any c € R.

(ii) The representation §(A1) X -+ X 6(A,) x 6(I'1) x -+ x §(I'y,) X o contains a unique
irreducible subrepresentation. We denote it by 6(Aq,...,A,,T'1,..., Iy, 0). Moreover,
0(A1,..., A, T, ..., T, 0) can be characterized as a unique irreducible subrepresentation
of (3-1).

(i) $.5(3)(0(A1, .o, Ap, T, T, )

= Y 0(A) X - X 6(A) X 6(T1) x -+ x §(T) @ wo.

(iv) The representation 6(Aq, ..., A, 'y, ..., 'y, 0) is essentially tempered.

(v) The representation 6(Aq, ..., A, T'1,..., 'y, 0) is essentially square integrable if and
only if all p; are positive.

(Vl) X((;(Al, AL T ,Fm,cr)) = (S(Al, AL T ,Fm,XO'), X € (FX>~.

(VH) (5(A17 AR T ,Fm,O')_ = 5(A1, AL T ,Fm,E).

(viii)  §(A1,..., A0 T, .o, Tyo)” 2 6(A1, .., Ay Ty, .., Ty, w™16) where w is the
central character of §(A1) X -+ x §(Ay) X §(I'1) x -+ x 0(0yy,).

(ix) We have 0(Aq1,..., A, T1,..., T, 0) =2 0(Ay,..., A, T1,..., T, wo) for w € X.
Besides permutations of the segments, these are the only non-trivial equivalences among
these representations.

Proof. Let m;,i = 1,...,t, be irreducible cuspidal representations of GL(d;, F') respectively
(d; >1,i=1,...,t). Set d =d; + - + d;. First observe that

t
(3-2) S.S.(S(d) (M X -+ X X0o)) = Z ﬂ'il X oo X Wft ® <H wgrli—si)/2> o
=1

(ea)e{=x1}*

where 7} denotes m; and 7;° ! denotes 7;. One proves the above formula directly by induc-
tion, using (1-4).

Suppose that 7 X -+ X 7 X o is not regular. Let 7 be a representation of GL(¢;, F),
i=1,...,t. Denote o = (¢1,¢2,...,¢). Then the formula (3-2) and the transitivity of
Jacquet modules imply that non-regularity can happen only in the following two ways:

(a) There exists at least one (g;) € {1} such that the Jacquet module of 7* X - - - X 77t ®

i=1 """

2.3 implies that there exist 1 <17 < j < j such that

(Ht wid—ed)/ 2) o with respect to M, is not a multiplicity one representation. Lemma

€j
7Tj .

I

;i
Suppose that (a) does not happen. Then the formula (3-2) implies that the following
possibility must happen:

(b) The elements of the family of representations {7;’; 1 < i < ¢t} are mutually inequivalent
for any (g;) € {£1}?, and there exist two different (g;), (¢;) € {1}, such that Jacquet
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’ /

modules with respect to M, of 7' X -+ X 7;* ® <H§:1 wT(rli_si)p) oand ]t X - X T ®

<H§:1 wT(rli_Ei)/ 2) o have a common irreducible subquotient. Note that the elements of
the family of representations {m;*;1 < ¢ < ¢} are mutually inequivalent, as well as of

{wf ;1 <1 < t}. The existence of a common irreducible subquotient implies the following
two conditions

{(rfil<i<i}={ri51<i<t},

t t
<H wg—sn/z) > (H w%‘si”g) -
=1

=1

The first condition comes looking at supports of representations of general linear groups
(the supports must be the same by the Bernstein-Zelevinsky theory), and the equality in
the first condition is assumed (only) in the sense of sets of equivalence classes.

Suppose that the representation (3-1) is not regular. From our assumptions on p;’s
and 7;’s, and how we have formed (3-1), it is obvious that (a) can not happen. Thus
we have (b). The first condition in (b) {n5*;1 < i < t} = {m;;1 < i < t} and our
assumptions on p;’s and 7;’s imply that if 7; is not unitarizable, then ¢; = ¢. Now the

second condition in (b) (Hle wT(rli_E")m) o= (Hle w%‘ei)”) o and the above remark

e; = €, for non-unitarizable 7;’s, imply

( H w7(r1i—ei)/2)0_ ~ < H w;li—sg)/Q)o_

1<4i<¢ 1<i<¢
7r; 1s unitarizable 7r; is unitarizable

Thus

( 11 WT(riiag)/Q)O' >~ g,

1<i<t
; is unitarizable
The conditions card X = 2" and wo % o for w € X, w # 1px, imply &; = €} for any
unitarizable ;. Thus, ¢; = €] for any i € {1,2,...,t}. This is a contradiction. Therefore,
(3-1) is regular.

The second statement in (i) follows from Lemma 2.1.

Note that §(A;) x o is a subrepresentation of vPip; x VPi~1p; x -+ X vp; X p; x o, and
d(T';) x o is a subrepresentation of v t%1; x --- x v%1; x 0. Therefore our notation in
(ii) agrees with that in Propositions 3.1 and 3.2. Note that by Propositions 3.1 and 3.2 all
statements of the theorem hold if n 4+ m = 1. Further, one gets (vi) from the isomorphism
X(O(A) X -+ x () xo) Zo(A1) X -+ x§(T,) X xo (see (1-2)). Also, (vii) is obvious.

Note that 6(A1) X --- x 6(A,) x §(T1) x --- x §(T';,) ¥ o is a subrepresentation of
(3-1). The regularity of (3-1) implies that (3-1) contains a unique irreducible subrepre-
sentation, say m. Therefore 6(Aq) x -+ x 6(A,) x §(I'1) x -+ x 6(I'),) % o contains a
unique irreducible subrepresentation, which is again 7. This proves (ii). We denote 7
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by 6(A1,...,A,,T1,..., [\, 0). Note that m can be characterized as a unique irreducible
subrepresentation of (3—1) Further (3-1) is isomorphic to [, (pi X vpi x - - x vPip;)] x
[TTLy voamy xvsatha s - x it 7;) | xwo for any w € X. The isomorphism follows from
(1-1), (1-3) and the second statement of (i). One also uses the fact that representations
pi x Vo7, 1 <1 <n,1 <j<m,a€R,and p; x v%;, 1 < 1,5 <n,i # j, a € R, are
irreducible. The above isomorphism implies © 2 §(Aq,...,A,,T'1,..., [\, wo) for w € X.
This proves the first statement in (ix). For the second statement in (ix), observe that the
set (of classes of) irreducible cuspidal representations A; U ---UA, UTy U---UT,, is
determined by the representation 6(Aq,...,A,,I'1,..., 'y, 0) (this follows from (3-2) and
standard facts about Jacquet modules of general linear groups obtained in [BeZ| and [Z]).
Also A;’s and I';’s may be characterized as segments in cuspidal representations of general
linear groups in Ay U---UA,, U’y U---UT,,, which have the maximal length. Thus A;’s
and I';’s are determined by 7. The formula in (iii) implies that ¢ is determined by 7 up
to a multiple by w € X (note that (iii) is not yet proved).

Recall that m < §(A1) X ---x0(A,) x0(T'1) x - --x§(T',,) xo. Now Frobenius reciprocity
implies that §(A1) x -+ x §(A,) x 6(I'1) x --- x §(I';,) ® 0 is a quotient of s,y(m). Since
T2 5(Ay, ..., AT, ..., Ay, wo) for any w € X, we get that each 6(A1) x -+ x 6(T,,) ®
wo,w € X, is a quotient of s5(,y(). It remains to prove that there are no other subquotients
in 5(,y(m). We shall prove this by induction with respect to n +m, and this will complete
the proof of (iii). We shall also prove (viii) by induction.

We have already mentioned that (iii) holds if n+m = 1. Suppose that n = m = 1. Note
that §(Aq) x6(I'1,0) and §(I'1) xd(A1, o) are subrepresentations of 6(A;) x §(I'y) x o (one
gets this using (1-1), Propositions 3.1 and 3.2, and the fact that 6(A;)xd(I'1) is irreducible).
Thus §(A1,T'1,0) is a subrepresentation of (A1) x §(I'1,0) and 6(I'1) X 6(Ay,0). Let p be
an irreducible cuspidal representation of some general linear group and let ¢ be a positive
integer. Then (2-2) implies that we can write

/41
(3-3) Mm*(8([p, v*p)) A+Z5 p, vV o) @ 6( T p, v p)) @1

where A € R® R® R(G)\R® R® Ry(G). We get now from (1-4) the following equalities

S S.(S(T)(d(Al) X 6(I'y,0)))

p1+1
=Y 5(lpr, " T pa])” < S oy, P pr]) X S([v T, v T ]) @ We((py =] O
=0
q1+1
85.(5(0(6(T1) X 6(A1,0))) = > Y
weX j=0

5([1/317_17 V81+Q1—j7.1])~x 5([1/314—(11 —j—|—17_17 Vsl+q1T1]) ><5([p1, Vplpl])®w6([1j317_1’ysl+q17j7-1])wa

The regularity and above two formulas imply that §(I'1) x §(A1,0) and §(A;1) x 6(I'y,0)
have non-disjoint Jordan-Holder series. Furthermore, common factor in the above semi
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simplifications of the Jacquet modules can come only from the last two terms of the sum
in the first formula, and from the last term of the sum with respect to j in the second
formula. From this one can easily get that the formula in (iii) holds when n = m = 1.
Furthermore, one can also conclude that 6(A;,I'1,0) can be characterized as a unique
common irreducible subquotient of §(I'y) x d(A1,0) and §(A1) x 6(I'1,0). Note that
5(T1,Aq,0)” is a common irreducible subquotient of §(I'1)” x §(A1,0)” and 6(A;)” %
d(I'1,0)". The formulas for contragredients in Propositions 3.1 and 3.2 imply the fol-
lowing equalities in the R(G): §(T'1)” % §(A1,0)" = 6(F'1)" x 6(Ar,wya,,0) = 8(T'1) %
wé_(}l)é(Al,wg(lAl)&)) = (1) x 5(A17w5_(1Al)><5(1“1)5)’ and similarly 6(A1)” x 6(I'y,0)” =
d(Aq) xo(Ty, w<;(1Al)x5(F1)5)‘ Recall that 0(Aq, Plvwg(lAl)xa(rl)a is a unique common irre-
ducible subquotient of §(I'1) x §(Aq, wé(il)xé(rl)a) and §(Aq) X 5(F1’w5(21)x5(r1)‘7>' Thus
(T, Aq,0) = 6(Ty, Al’w(s_(lAl)xa(rl)5)' Therefore (viii) holds if n =m = 1.

Suppose now that n +m > 2 and (n,m) # (1,1). Then n > 2 or m > 2. Consider first
the case m > 2. Then (1-4), (3-3) and the inductive assumption imply

5.5.(5() (6(Tm) X 6(A1, ..., Ap,T1, .., T 1, 0)))
qm—+1

=D Y ([, I T ) x S R T s )
weX =0
X 5(A1) X oo X 5(An) X 5(F1) NEREE % 5(Fm,1) ®w(g([ysme’l,sm-o-qm—iﬂ.m])wa'.

Similarly
Qm—1+1
8.8.(8()(0(Tm-1) ¥ 6(A1, .., A T1, o T, Ty o)) = > Y
weX =0

5([Vsm717_m_1, Vsm71+qm71—i7_m_1])~ % 5([Vsmf1+qu1—i+17_m_1, Vsm71+qm71,7_m_1])
X(S(Al) X oo X 6(An) X 5(F1) XX (S(Fm_Q) X 5(Fm)®w6([ysm71Tm_l’ysm71+qm7171'7_m_1])w0'.

In the same way as in the case of n = m = 1 one gets from the above formulas that
(iii) holds. Further, one gets that §(I';,) % 6(Aq,..., A, Ty, .., The1,0) and §(I'y,—1) X
0(Ay, ..., A, Ty, ..., T—2,T, 0) have exactly one irreducible subquotient in common,
which is §(Aq, ..., A, Tq,..., T, 0). From this characterization of that representation,
one gets (viii) using the inductive assumption similarly as in the case of n = m = 1.

Suppose now n > 2. Let X; denote the group generated by w,,, ..., wp,_,, Wy, 15 -+,
Wp,, - Again (1-4), (3-3) and the inductive assumption give

(3-4) 85089 (6(An) X 5(A1,..., A1, T, ..., Ty )
Pn+1

= > > S(lpn P pnl)” X 8P o 1P )

weX, i=0
X 0(A1) X -+ X 6(Ap_1) X §([1) X -+ X 6(T'n) @ W([p, pon—ip, ) WO
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Analogously

(3—5) S.S(S(r) (5(An_1) X 5(A1, ce 7An—27 An, F17 . ,Fm, O')))
Pn—1+1

= > D a1, P pa]) X S T g, 0P )

weXn_l i:O
X 0(A1) X -+ X 6(Ap_2) X §(Ay) X 6(T'1) x -+ x () ® Ws([pn_1,0Pn—1-1p, 1])WO-

First observe that
5(An) X 5(A1, e ,Anfl,l—‘l, . ,Fm,O') and 5(An,1) X (5(A1, Ce ,An,Q,An,Fl, .. .,Fm,O')

have non-disjoint Jordan-Hélder series and that §(Aq,...,A,,T'1,..., 'y, 0) is a common
irreducible subquotient (one can see this from definition of §(Aq,..., A, T'1,..., T, 0),
or from (3-4) and (3-5)). Furthermore, if something is in common in the above two
Jacquet modules, then it is coming from the last two terms of the sums with respect
to 7 in (3-4) and (3-5). It is easy to see that if some irreducible 7 is a common sub-
quotient of the Jacquet modules (3-4) and (3-5), then m is already one of the terms
of the sum in (iii). This proves (iii) and shows that §(Aq,...,A,,T'1,..., T, 0) is a
unique common irreducible subquotient of 6(A,) x 6(Aq,...,An—1,T1,...,Tn,0) and
0(Ap—1) ¥ 6(Ay,..., A2, Ay, Tq,...,T,,0). Similarly as before, one gets from this
characterization the formula for the contragredient.

We get (v) from the criterion (2-4) and (iii). Similarly we get (iv). The proof of the
theorem is now complete. [

An admissible representation 7 will be called selfdual (or selfcontragredient) if m = 7.
One can find in [A] a lot of information about such representations of GL(n, F') in the
tame case. Some simple remarks about them are also contained in the following remarks.

3.4.Remarks. (i) If p and o are characters of F* where p has order two, then p = p
and w,o 2 o. Therefore, the conditions of Proposition 3.2 are satisfied and the same
proposition gives us essentially square integrable representations which are subquotients
of the non-unitary principal series representations. These representations (corresponding
to characters) follow from [Ro2] (we found these representations explicitly in [T3]).

(ii) Suppose that o is an irreducible cuspidal representation of GSp(1, F') = GL(2, F). If
the residual characteristic of F' is odd, then o corresponds to an admissible character 6
of a quadratic extension E of F. With few exceptions ([MoSy], Corollary 2.16), if p is a
quadratic character then po % o unless p corresponds to E by the local class field theory.
Therefore, Proposition 3.2 provides us with non-cuspidal irreducible essentially square
integrable representations which are not supported in the minimal parabolic subgroups.

(iii) If a cuspidal representation p of GL(2,F') corresponds to an admissible character
0 of a quadratic extension F, such that the restriction of 6 to F' is trivial, then p is
selfdual, and its central character w, corresponds to E by the local class field theory. In
particular it is non-trivial. Taking now for o any character of F'*, one gets p = p, w,0 % 0.
Therefore we again get non-cuspidal essentially square integrable representations which are
not supported in the minimal parabolic subgroups.
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(iv) There exist examples of fields F' and odd n > 3, such that there is an irreducible
selfdual cuspidal representation p of GL(n, F') with a non-trivial central character. Then
again w,o % o for any character o of F'*.

(v) From the above examples one can obtain an example of p and o which satisfy conditions
p = p and w,o0 2 o of Proposition 3.2, and neither p nor o is a character.

(vi) Based on Shahidi’s results in [Sd2] on reducibility of px o where p and o are irreducible
cuspidal representations, Proposition 3.1 gives examples of irreducible non-cuspidal square
integrable representations which do not need to be supported in the minimal parabolic
subgroups.

The above discussion tells us that Proposition 3.2 produces a considerable number of
new irreducible non-cuspidal essentially square integrable representations of GSp-groups
which are not supported in the minimal parabolic subgroups. Note that we get them in
a relatively simple way. Theorem 3.3 gives irreducible square integrable representations
which are not supported in the minimal parabolic subgroups, which are “combinations” of
the square integrable representations discussed in the above remarks.

4. SOME GENERAL FACTS ABOUT SQUARE
INTEGRABLE REPRESENTATIONS OF GSP-GROUPS

Let m be an irreducible admissible representation of GSp(t, F'). Then there exists a
partition o = (I1,13,...,1,) of some ¢ < t such that s, () has an irreducible cuspidal
subquotient, say p. We can write

P=p1& - Qpp,X0

where p; are irreducible cuspidal representations of GL(I;, F') while ¢ is a similar represen-
tation of GSp(t — ¢/, F). In that case all irreducible subquotients of s, (7) are cuspidal. If
p is a quotient of s, (7), then 7 is isomorphic to a subrepresentation of p; X -+« X p, X o
(the converse is also true: if 1 < p; X -+ X p, X 0, then p; ® - -+ ® p, ® 0 is a quotient of
Sqo(m)) There exists always an irreducible cuspidal p which is a quotient of s, (7). If p is
regular, then p is always a quotient of s, (m) (see [C]).

We shall assume in the sequel that 7 is essentially square integrable. In the following
lemmas of this section we shall find some of the conditions which representations p; need
to satisfy (recall that we assume that p; X - -+ X p, X ¢ has an irreducible essentially square
integrable subquotient). All the following lemmas have similar strategies of proofs.

We shall fix any ig € {1,...,n}. Denote by Y;) (resp. Y;!) the set of all i € {1,...,n}
such that there exists o € Z so that p;, = v%p; (resp. p;, = vp;). Set Y;, = ng U YZ}) and
Ye={1,2,...,n}\Yy.

Recall that p; = v°P)p¥ where e(p;) € R and p¥ is unitarizable (these conditions
characterize e(p;) and p}* uniquely).

4.1. Lemma. We have p}: = (pit )"

Proof. First we shall prove the lemma under assumption that p is a quotient of s, (7).
Then 7 is a subrepresentation of p; X pa X -+ X p, X 0. Suppose that pi 2 (pi ). Then
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for any jo,jo € Y, j1,j1 € Y, and j. € Y;¢ we know that

(3

(4-1) Pio X iy = Pig X Po; Piv X Pji = Pjg X Pirs
Pio X Pir = Pjy X Pjos Pjo X Pj1 = Pjr X Do
Pjo X Pjc = Pje X Pjos Pjo X Pje = Pic X Pio>
Pir X Pje = Pje X Pirs Pir X Pje = Pje X P
Pio X T = Pjg X wp, 0, Pjy X0 = pj X wp, 0.
(the first two lines follow from [Z], the last line from Lemma 2.1). Write ng ={ay,...,ax,}
where a; < a; for all i < j, Y;! = {by,... b, } where b; < b; for i < j, and Y =

{di,...,dy, } where d; < d; for all i < j. Using the relations (4-1), (1-1) and (1-3) one gets

pL X p2 X XpPp X O
= Pay X Pay X X Pagy X Pdy X Pdy X X Pdy, X Py X X Py X O
~ ~
:p(qu"'xpako Xpd1x"'xpdkc Xpblx"'prkl_l Xpbkl prbklo-

~ ~
= Pa, X'”Xpako X Py ><'~'><,0dkc Xpbkl X Pb, ><"'><pbkl_1 prbklo'.
Continuing the process one gets
~ ~ ~ /
P1X P2 X X Py MO = gy X oo X Pay X o X X Py X pay X oo X pgp AW o

for some character w’ of F'*. Similarly, one gets

~ ~ 1
p1><p2><---><pn>40%pb1><---><pbk1Xpako><---><pa1><pd1><---><pdkc>4w o

for some character w” of F*. The Frobenius reciprocity implies that both

p/:pa1®"'®pako®ﬁbk1®"'®ﬁb1®pd1®"'®Pdkc®w/0,
P = b, @ @ Poy, ® Pay, @+ ® Pay, @ pay @+ ® pa,, @w'o

are quotients of corresponding Jacquet modules. Let pg, X -+ X pg, X pp, X -+ X pp, bea
representation of some GL(u, F'). Note that (8., e.(p")) = —(Bu,e«(p”)) Then the square
integrability criterion (2-4) tells that 7 can not be essentially square integrable. This is a
contradiction. This proves the lemma if p is a quotient of s, ().

In general, there always exists an irreducible quotient p"" = pi’ x p4’ x -+ x pI",, @ o'
of sq(m). The first part of the proof applies to p”’. From the formula (3-2), using
[Z] (Lemma 2.3 in our paper), we can easily get irreducible subquotients of s, () (ac-

tually of sa(Inngp(t’F) (p""))). According to [Z] and (3-2), one gets p1,p2,...,p, from
o Py, ..., pll, by permutation (in particular, n = n'”’), and putting ~ on some of p!’

This implies the lemma. [
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4.2. Lemma. Suppose wyy 0 % 0. Then e(piy,) € (1/2)Z.

Proof. Suppose e(p;,) ¢ (1/2)Z. Since the relations (4-1) hold in this situation, one can
repeat the proof of the preceding lemma and see that 7 is not essentially square integrable.
This finishes the proof. [J

4.3. Lemma. Suppose Wy O % 0. Then the set {p;,pi; i € Y;,} is a segment in the
cuspidal representations of general linear groups.

Proof. An argument similar to the argument used in the proof of Lemma 4.1 shows that
it is enough to prove the lemma when p is a quotient of s, (p). Lemmas 4.1 and 4.2 imply
pi = (pi.)” and e(pi,) € (1/2)Z. Suppose that Z = {p;, ps,i € Yi,} is not a segment.
Choose a segment [V p} 12 pll | contained in Z such that:

(i) a9 is maximal possible,

(ii) aq is minimal possible (after ap was already fixed).

One can easily see that {pi,vEV/2pl} N [v™pl ,v*2pt] = () (use the fact that oy is
maximal, and that Z is symmetric, i.e. Z = {7;7 € Z}). We now consider ;7 = {i €
Yigie(pi) € lon, 0]}, Yo = {i € Yigse(ps) € [—a1,—az]}, and Y7 = Y \{Y; 7 UY, }. We
can now repeat with Yzj and Y, the process done in the proof of Lemma 4.1, and get that
m can not be essentially square integrable. [

4.4. Lemma. Suppose that p is a quotient of s, (m) (which happens if and only if T —
P1 X P2 X -+ X pp X o). Write ng ={ai,...,ap}, a; < aj for i < j, as before. Suppose
that there exists i € Y;) with e(p;) < 0. Then there exists 1 < j < i with e(p;) = e(p;) + 1.

If a is minimal with e(p,) < 0, then e(p,) > —1. If b is minimal with e(py) < 0, then
e(pp) 2 —1.

Proof. Suppose e(p;) < 0. Take the minimal index m; < i such that there exists a non-
negative integer £ so that p,,, = v=“p;. Then e(pm,) < e(p;) <0 and e(p;) — e(pm,) € Z.
Further u_lpml % p; for any 1 < j < my.Suppose that vp,,, 2 p; for all 1 < j < m;.
This implies that we can bring p,,, at the beginning, i. e. p; X pa X -+ X pp, X 0 =
Py X P1X P2 X X Py —1 X Py 1 X - X py X0 (use (1-1)). Then p' = p, ® p1 @ pa @
@ Pmy—1 @ Pm,+1 X - ® pp, @0 is a subquotient of the corresponding Jacquet module of
7 (this follows from Frobenius reciprocity). Now (8, e(p’)) < 0 if p,,, is a representation
of GL(k, F). This contradicts to the square integrability criterion (2-4). Thus vp,;,, = pm,
for some 1 < my < m;.

If e(pm,) = e(Vpm,) 1 + e(pm,) < 0, then we can continue procedure and find
1 < mg < mg with pnm; = Vpm,. One can continue this procedure if e(p,,,) < 0. In this
way one gets a sequence of positive integers ¢ > my > mg > --- > mp_1 > my > 1 such
that pp, , =2 vpp,, forall 1 <i<k—1, e(pm,_,) <0 and e(pp,) > 0. One can now see
easily that the lemma holds. [

~

Let (7,0) be a pair consisting of an irreducible cuspidal representation 7 of a general
linear group and a similar representation o of GSp(m, F'). We shall now consider the
following assumptions, which will be important if (7, 0) satisfies (for our study of square
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integrable representations):

(Rea) if 7 x o reduces, then there exists o € {0,1/2,1} such that

v 5 o reduce and P 7% x ¢ is irreducible for 3 € R, 18| # ao;

(R(1/2)z) if 7 x o reduces, then there exists g > 0 in (1/2)Z such that

vt 5 o reduce and P71 x ¢ is irreducible for § € R, |8] # ay.

Recall that if 7 x o reduces, then 7" is selfdual, i.e. (7%)” = 7.

4.5. Remark. Suppose that F' is a field of characteristic 0. Then F. Shahidi has shown
that (R¢) holds if o is generic. One case was earlier examined by Waldspurger ([W], he
does not assume char F' = 0). In particular, it holds for any 7 if o is a character ([Sd2]).
C. Moeglin has shown that there are examples where (R¢) does not hold ([Mce]). Let us
note that (R /2)z) holds in all known examples (to this author) of reducibility of T x o.
Shahidi’s Conjecture 9.4 in [Sd1] would imply that (R 2)z) hold in general.

We continue with the notation from the beginning of the section. In the same way as
Lemma 4.2 we get the following:

4.6. Lemma. Suppose that (R(1,2)z) holds for (p;,0), i = 1,2,...,n. Then e(p;,) €
(1/2)Z fori=1,2,....,n O

4.7. Lemma. Assume that (R¢g) holds for (p;,0),i=1,2,...,n.

(i) Suppose that vpi! x o reduces. If e(p;,) € Z, then {p;, p;; i € Yi, }U{p}. } is a segment in
cuspidal representations of general linear groups. If e(p;,) € 1/2 + Z, then {p;, pi;i € Yi, }
is a segment in cuspidal representations of general linear groups.

(i) If vp} » o is irreducible, then {p;, p;;i € Y;,} is a segment in cuspidal representations
of general linear groups.

Proof. Denote X = {pi, pi;i € Yi,}. Clearly X = X, i.e. X = {#,7 € X}. Proceeds case
by case, using the strategy of the proof of Lemma 4.3.

(i) We know from the previous lemma that e(pi0~) € (1/2)Z. Also (p!)” = pi; by Lemma
4.1. Suppose that e(p;,) € 1/2+Z. Recall X = X. One proves that X is a segment in the
same way as in the proof of Lemma 4.3 (note that in this situation 7 x ¢ is irreducible for
any 7 € X). Suppose now e(p;,) € Z. Then in a similar way we get that X U {pi! } is a
segment (note that in the case of the Steinberg representation, X is not a segment).

(ii) One considers two cases. The first is when p x o reduces. If e(p;,) € 1/2+Z or
e(pi,) € Z, then one gets that X is a segment similarly as before. Suppose now that
v1/2pt x o reduces. Again we get in both cases e(p;,) € 1/2 + Z, e(p;,) € Z that X is a
segment. [J

4.8. Remark. We expect that if vp} x o reduces, then e(p;,) € Z (i.e. that the second
possibility in (i) of the above lemma never happens).

At the end of this section we shall summarize some of the main properties of the parabol-
ically induced representations which have essentially square integrable subquotients, which
we have proved.
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4.9. Theorem. Let py,po,...,p, be irreducible cuspidal representations of general linear
groups and let o be a similar representation of GSp(m, F'). Suppose that p1 X pa XX pp X0
has an essentially square integrable subquotient. Then

(i) (pi')” = pj for any 1 <i <n.

(ii) Suppose that (R(1/2)z) holds for (p;,o), 1 < j <n. Thene(p;) € (1/2)Z for1 < j < n.
(iii) Suppose that (R¢g) holds for (pj,o0), 1 < j <n. Let 1 <i < n. Denote by Y (p;) the
set of all p;, 1 < j < n, such that p; = v*p; for some z € Z. Set Y (p;)" = {757 € Y(p:)}.
If vpit x o reduces and e(p;,) € Z, then Y (p;) UY (p;)” U {p}'} is a segment in cuspidal
representations of general linear groups. In all other cases Y (p;) UY (p;)” is a segment in
cuspidal representations of general linear groups. [

5. EXHAUSTION IN THE REGULAR CASE (GENERIC REDUCIBILITIES)

In the following two lemmas we shall use the notation introduced at the beginning of
the preceding section.

Recall that m was essentially square integrable. If p; X pa X --- X p, X o is regular, then
(3-2) and [Z] imply that p; 2 p; and p; 2 p; for i # j.

5.1. Lemma. Let p be a quotient of s, (m) (i.e. ™ < p1 X pa X -+ X p, X 7). Suppose
that py X ps X -+ X p, X o Is regular and Wy O % o. Write Y;, = {a1,...,ar} where

a; < aj for i < j. Then k > 2 and we have py, = pi., pa,_, = VpL, ..., pay =V 1p¥ Le.

Pa; = z/k_ip;”o forl1 <i<k.

Proof. Suppose that e(p;) < 0 for some i € Y, . Lemma 4.2 implies e(p;,) € (1/2)Z.
By Lemmas 4.2 and 4.4 there exists j € Y;, with e(p;) = —1/2 or —1. Suppose that

e(p;) = —1/2. Now Lemma 4.4 implies that there exists j € Y;, with e(p;) = 1/2. This

contradicts regularity. Thus e(p,;) = —1. Again Lemma 4.4 implies the existence of j' and
j" €Y, such that e(p;/) = 0 and e(p;~) = 1. This contradicts regularity.

Lemma 4.3 and the regularity condition imply that the sequence p,,, pa,, - - -, Pa, 1S UP
to a permutation a sequence v®0p¥ potlpu L peothmlpu where ag = 0 or 1/2 (k

is a positive integer). If oy = 1/2, then using the fact that p,, X p; and p,, X p; are
irreducible for j € Y, and p,, X 0 = pg, X wp,, 0, We can bring pq, at the beginning,
ie. p1 X pa X - X ppXo = Pg, X p1Xpa XX Pa—1 X Pap+1 X -+ X pp X o. Thus
T = Pap X P1 X P2 X =+ X Pag,—1 X Pap+1 X -+ X pp ¥ 0. This, Frobenius reciprocity and
criterion (2-4) imply that 7 is not essentially square integrable.

Now we want to prove that p,, = yk_ip;%o for i =1,...,k. Suppose that this is not the
case. Choose the maximal index i such that p,, 2 ¥~ pi - Then clearly pq, X pa; = pa; X pa;
for all j > i. Recall po, X0 = pg, Xwp, o (Lemma 2.1 and (1-3)). If p,; % vpj;, then we can
bring p,, to the beginning, i.e. p; Xpa2 X X Py X0 = Pg, X p1X P2 XX Pg,—1 X Pa;4+1 XX
pn X o. Therefore m — pg, X p1 X p2 X+ X pg,—1 X Pa,+1 X+ X pp ¥o. This contradicts the
assumption of essential square integrability of 7 (use Frobenius reciprocity and criterion
(2-4)). Thus p,, = vp} . The regularity and choice of ¢ imply i > k — 1. If i = k — 1, then
Pa; = Paj_, Z Vp;, by the choice of i. This contradicts ps, = pa,_, = vpj. Therefore
t = k. We have now p; X pa X=X pp X0 = p1 X pa X« X Pgp—1X Pap+1 X" X Pp X Pg, X XO =
P1X P2 X -+ X Pay 1 X Payr1 X o0 X pn X Py, X Nwp, 0. Since pa, = v~ 'pl, Lemma 4.4
implies that there exist 4,7 € {1,2,...,n}\{ax}, i < j, such that p; = p} and p; = vpj! .
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This contradicts to the regularity of p; X pa X --- X p, X 0. Therefore, it can not happen
that p,, = vp} . This finishes the proof of the lemma. [J

5.2. Lemma. Let m < p; X py X -+ X p, X 0. Suppose that (Rg) holds for (p;,o),

i =1,2,...,n, and suppose that p; X pg X -+ X p, X o Is regular. Assume that o = W 0.
Write Y;, = {a1,...,ar} where a; < a; for i < j. Then one of the following two possibilities
holds:

(i) v/? ip @ 0 reduces and pg, = V208 pa_y = VPPl pay = VT2 (e
Pa; = l/k_“rl/Qp;‘O for1 <i<k).

(ii) vpy x o reduces and pa, = VpY, pa,_, = V2P, ... pa, = Vkp?o (i.e. pa, = Vkﬂﬂpfo
for 1 <i<k).

Proof. Suppose that e(p,,) < 0 for some i € Y;,. Then Lemma 4.1 and the regularity imply
e(pa;) < 0. Choose minimal i such that e(p,;) < 0. Lemma 4.4 implies e(p,,) > —1. The
regularity condition implies e(p,,) > —1 (otherwise, Lemma 4.4 implies that e(p,,) = 0 for
some 1 < j < i and this contradicts regularity). Therefore e(p,,) = —1/2. Again Lemma
4.4 and the regularity condition imply that this is impossible. Thus all e(p,,) are strictly
positive. This implies that p,, % o reduces. In particular, (R¢) implies that e(p,, ) = 1/2
or 1. Now Lemma 4.7 and the regularity imply that the sequence pg,,...,pq, 1s up to a
permutation a sequence v'/2plt 13/2pt | FTL2pt Cor a sequence vpl , v2pl ... VR pl
Further one concludes that p,, % o reduces (otherwise p; X pa X -+ X p, X 0 = p1 X pg X
C X Pag—1 X Pay+1 X0 X P X Pay, X KXWy, O which contradicts the first part of the proof).

Suppose €(pa, ) = 1/2. Choose maximal i such that p,, 2 v*~"+1/2p% . Then p,, X p;

10"
pj X pq, for all j > a; by the choice of ¢. One concludes now that p; X pa X --- X p, X0

PL X P2 X o X Pa,—1 X Pa;41 X X P X Pa; X Xwp, 0. This contradicts the first part of
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the proof. Therefore p,, # Vk_j‘H/Qp;‘O for any 1 < j < k. This completes the proof of (i).
One proceeds similarly in the case of e(p,, ) =1. O

Now we can state the final result of this section.

5.3. Theorem. Suppose that m is a regular irreducible essentially square integrable rep-
resentation of some GSp(m, F'). Then w is a subquotient of p; X -+ X p, X o, where p;
are irreducible cuspidal representations of general linear groups and o is a similar repre-
sentation of a GSp-group. Suppose that (R¢g) holds for (p;,0), i = 1,...,n. Then 7 is
equivalent to one of the essentially square integrable representations listed in Theorem 3.3.

Proof. The proof of exhaustion claimed in the theorem is based on Lemmas 5.1 and 5.2
(roughly, the first lemma is directed to the "Rodier type situations”, while the second
lemma to the ”Steinberg type situations”).

Suppose that 7 is a regular irreducible essentially square integrable representation of
some GSp(m, F'), and that it is a subquotient of p} x -+ x p/. x o, where p} are irreducible
cuspidal representations of general linear groups and o is a similar representation of a
GSp-group. We shall assume that (R¢g) holds for (p;,0), i = 1,...,n. Then m embeds
into (p;(1))€1 X -+ X (ph)Er) x o for some permutation p of {1,...,n} and some choice
of e; € {£1} (this follows from Corollary 6.3.7 of [C], and the formula (3-2) and Lemma
2.3). Here (p},;))** denotes p, ;) if &; = 1, and (p},;))” if &5 = —1. Denote (p},;))** by pi.
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Lemma 4.1 implies that (pj’p(i))“ = pi. Therefore, all (p;, o) satisfy (Rg) and also
(5-1) T p1 X -+ X pp X 0.

Fix any i1 € {1,...,n} (similarly as we have fixed iy in the last and this section). Take
€1 € {1/2,1} such that v p{ x o reduces, if such ¢; exists. If it does not exist, put ¢; = 0.
Now Lemmas 5.1 and 5.2 imply

T pPL XX ppXo=

(R lpl syt gl o L v it ) (H m) X 0,
ieX
where X denotes the subset of all 7 € {1,...,n} such that p; 2 v%p;" for any a € (1/2)Z
(note that (Rg) and Lemmas 5.1 and 5.2 imply that this is equivalent to: p; 2 v“pj for
any a € R). Now repeating the procedure several times we get

!
~ eit+ki—1 u €it+k;i—2 u ei+1 u €i U
T pL X o X pp X o H(VJ ITUp X VIR Tl X xSl X v pit) | o,
Jj=1

where €; € {0,1/2,1}, and for ji # ja, pi;, % vep for any o € (1/2)Z.

Denote W; = v p}! , 1/€j+k3’_1pyj]. Since
(V) — yej""kj_lp;‘j X V€j+kj_2pfj X e X 1/57+1p;*j X v9pit,
we have
(5-2) O(Wy) X -+ X I(V)) Mo = pp X - X pp XO.

Since p1 X - - - X py, X0 is regular by assumption, it has a unique irreducible subrepresentation
(it is ™ by (5-1)). By (5-2) each irreducible subrepresentation of §(Wq) x -+ x 6(¥;) x o
is an irreducible subrepresentation of p; X --- X p, x . Thus 7 is a subrepresentation
of 6(¥y) X -+ x 6(¥;) x 0. Now we shall prove that segments ¥; satisfy assumptions of
Theorem 3.3 for the essentially square integrable case (see (v) of Theorem 3.3). This will
make the proof complete, because then (ii) of Theorem 3.3 implies m 22 §(V1q,...,¥,,0).

We could make now our notations bellow exactly the same as in Theorem 3.3, denoting
by A; segments which have unitarizable beginning (i.e. for which ¢;; = 0) and the remain-
ing segments by I';, but we shall not do this here (it is not necessary, and for us is shorter
to keep the notation that we had above).

First, the regularity of p; X --- X p,, ¥ ¢ implies that beginnings v Pi, of the segments
VU ,’s are inequivalent. The regularity and (R¢) imply also that pi.d=1,...,1, must be
inequivalent. It remains only to see that the condition on X holds (X is as in Theorem 3.3).
Recall that X is the group of characters generated by central characters of all beginnings
pi; of W;, which are unitarizable. Let p be a number of segments ¥; which start with a
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unitarizable representation p;,. If p;, is unitarizable, then Lemma 4.1 imply p;, = (p;;)",
which implies that the square of the central character of p;, is the trivial character. Thus
card(X) < 2P. Suppose that

(5-3) o 2 wo for some w € X\{1px} or card(X) < 2P.

Denote by 71,...7, the set of all p;, which are unitarizable. Let 71 X --- x 7, be a repre-
sentation of GL(a, F'). Applying the formula (3-2) we get

¢
8.5.(8(a)(T1 X -+ X Tp X 0)) = Z TLX X Ty ® (ngei)h) o
(e)e{=1}» i1
since 7; = (7;)". This and (5-3) imply that s(,) (71 X -+ X 7, X 0) is not a multiplicity one

representation (because Hle wg_é)m € X, card(X) < 2P and (5-3)). Thus, 71 X - - X7, X0

is not regular. Denote by ¥ = {1 < i < n;p; ¥ 7; forany j € {1,...,p}}, and let

[Ticy pi be a representation of GL(b, F'). Then obviously ([T,cy pi) ® ( 1;:1 Tj) X o isa

quotient of s ((HieY pi) X <H§=1 Tj) X 0’> by Frobenius reciprocity. Now irregularity

of ( ?:1 Tj> x o which we have shown, and the transitivity of Jacquet modules imply that

(HieY pi) X (Hle Tj) X o is not regular. Thus p; X - -+ X p,, X o is not regular (recall that

p1 X+ X pp Xo and (HiEY pi) X ( ?:1 Tj> x o have the same Jordan-Hoélder series). This

contradicts to our assumption. Thus, o0 % wo for any w € X, w # 1px, and card(X) = 2P.
Therefore, the conditions of Theorem 3.3 in the case of segments W; are satisfied. This
ends the proof. [

6. Sp(n, F) AND SO(2n + 1, F') (GENERIC REDUCIBILITIES)

We can get a wide family of regular irreducible square integrable representations of
Sp(n, F') by studying restrictions of regular irreducible square integrable representations
of GSp(n, F') constructed in Theorem 3.3 (see [T1]). For each regular irreducible square
integrable representation o of Sp(n, F') there exists a regular irreducible square integrable
representation o# of GSp(n, F) such that o is isomorphic to a subrepresentation of the
restriction o7 |Sp(n,F). Note that for a regular irreducible square integrable representation
o? of GSp(n, F), irreducible subrepresentations of ¢#|Sp(n,F) do not need to be regular
(they are square integrable).

We can also construct that family of regular irreducible square integrable representations
of Sp(n, F) by repeating the process that we did in sections 3-5 in the case of GSp(n, F).
This process is even more simple for Sp(n, F') than for GSp(n, F'). There are two reasons
for that. One is that the formula for p* (7 % o) is more simple in the case of Sp(n, F') than
GSp(n, F) (see (6-3) bellow). The other simplification comes from the fact that Sp(n, F)
has fewer regular irreducible square integrable representations then GSp(n, F').

Operations x and p* will be defined bellow for Sp(n, F'). If we construct regular irre-
ducible square integrable representations of Sp(n, F') by repeating the process that we did
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for GSp(n, F'), then their parameterization becomes a formal consequence of operations
x and p*. Operations x and p* will be defined bellow also for groups SO(2n + 1, F).
Since they have the same formal properties as in the case of Sp(n, F') (see (6-1), (6-2) and
(6-3) bellow), we shall get that the same results that hold for irreducible square integrable
representations of Sp(n, F') will hold for SO(2n + 1, F).

Now we shall recall notation for groups Sp(n, F') and SO(2n + 1, F') introduced in [T4]
(see also [T3]). More information regarding this notation can be found in that papers.
Denote

Sp(n, F') = GSp(n, F') N SL(2n, F),
SO(2n+1,F)={geSL2n+1,F); "g g = Iant1},

where ), denotes k x k identity matrix (recall that "g denotes the transposed matrix of
g with respect to the second diagonal). In this section S,, denotes the group Sp(n, F') or
SO(2n + 1, F'). We fix in S,, the minimal parabolic subgroup P, consisting of all upper
triangular matrices in S,,. Standard parabolic subgroups are those parabolic subgroups
which contain P,;,.

Take an ordered partition a = (n1,ne,...,ni) of a non-negative integer m < n. We
denote
MOé = {q_diag(gth? -5 9k, h7 Tg};17 Tg];_lla RN 79;1)7 9i € GL(nH F)7 h € Sn—ﬂ’L}'

We identify M, with GL(ny, F) x --- x GL(ng, F') X S,,—, using the isomorphism

q_diag(gl’927"'7gk7h7 Tgk_la Tgk__llu"'a Tgl_l) Hq'diag(ghg%"'agkuh)'

Set P, = MyPuyin. Then P, is a standard parabolic subgroup in 5,,. Let N, be the
unipotent radical of M.

Take an admissible representation 7w of GL(n, F') and a similar representation o of .S,,.
We denote by 7 x o the representation of Sy, 1, parabolically induced by 7 ® o from P,).
If additionally 7’ is an admissible representation of GL(n’, F'), then

(6-1) ' x(rxo)(r x7)xo.

Denote by R, (S) the Grothendieck group of the category of all admissible representa-
tions of S, of finite length. Let R(S) = @©,>0R,(S). Using x we define Z-bilinear map
X : R x R(S) — R(S) similarly as in the case of GSp-groups. In that way R(S) becomes
R-module. In this R-module holds

(6-2) TXOXTXO.

For an ordered partition a = (ny,ns,...,n;) of a non-negative integer m < n and an
admissible representation o of finite length of \S,, we denote by s, (o) the Jacquet module of
o with respect to P,. We can consider in natural way s.5.(s4(0)) € Ry, ®... Ry, @ Ry
Set

n

p(o) = ss.(sqy(0) € R R(S).

k=0
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We extend additively p* to R(S). Define a structure of R ® R-module on R ® R(S) in
the following natural way: (3, r; @ i) x (32,75 ®s5) = >, ;(r; x 1;) @ (r{ » s5). Define
m : ROQR — R by the formulam(}, ri®r)) =Y. rixr!. Let ~ denote the contragredient
mapping on R. Define M* : R — R® R by the formula M* = (m®Idg)o(~ ®@m*)osom*.

Then by [T4]
(6-3) pH(mx o) = M*(m) x p* (o),

for m € R and o € R(S).
Now we shall recall a well-known

6.1. Lemma. Let p be an irreducible unitarizable cuspidal representation of GL(n, F'), let
o be an irreducible cuspidal representation of some GSp(m, F') and let o € R. If (v¥p) X o
reduces, then p = p. Further, v®p x o reduces if and only if v™%p x o reduces. [

Similarly as before, we shall consider for a pair (7, 0) consisting of an irreducible cuspidal
representation 7 of a general linear group and a similar representation o of S, if it satisfies
the following assumptions:

(Re) if 7 x o reduces, then there exists o € {0,1/2,1} such that

vyt o reduce and 127 x ¢ is irreducible for 3 € R, 18| # ao;

(Rai/2)z) if 7 x o reduces, then there exists ap > 0 in (1/2)Z such that
v 5 o reduce and v°7% x ¢ is irreducible for 8 € R, || # a.
Again (R¢) holds for any 7 if o is generic, when char F' = 0 (in particular, if o = 1; [Sd2]).
This is the reason why we shall say that 7 and ¢ have generic reducibility if they satisfy
(Rg). If 7 and o satisfy R(; /2)z, then we shall say that they have reducibility in (1/2)Z
(or (1/2)Z-reducibility). There is no known to this author reducibility of 7 and o which
is not in (1/2)Z. C. Moeglin has obtained in the symplectic case ([Mce]), while M. Reeder
has obtained in the orthogonal case ([Reed]) examples of reducibilities in (1/2)Z, which are
not generic. Shahidi’s Conjecture 9.4 of [Sd1] would imply that R /2)z holds in general.
Now Theorem 4.9 holds in this situation:

6.2. Theorem. Let py1,po,...,p, be irreducible cuspidal representations of general linear
groups and let o be a similar representation of S,,. Assume that p1 X pa X ++- X pp X 0
has an essentially square integrable subquotient. Then

(1) (pi')" = py for any 1 <i<n.

(i) If (R1/2)z) holds for (pj,0), 1 < j <n, then e(p;) € (1/2)Z for 1 < j <n.

(iii) Assume that (R¢) holds for (pj,o0), 1 < j <n. Let 1 <1i <n. Denote by Y (p;) the
set of all p;, 1 < j < n, such that p; = v*p; for some z € Z. Set Y (p;)” = {757 € Y(p:)}.
If vpit x o reduces and e(p;,) € Z, then Y (p;) UY (p;)” U {p}'} is a segment in cuspidal
representations of general linear groups. In all other cases Y (p;) UY (p;)” is a segment in
cuspidal representations of general linear groups. []

In a similar as Theorems 3.3 and 5.3 we get the following theorems:
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6.3. Theorem. Let 7, j = 1,2,...,m be mutually inequivalent irreducible unitarizable
cuspidal representations of GL(b;, F'), where b; > 1. Suppose that ¢ is an irreducible
cuspidal representation of Sp({,F'). Assume that for any j = 1,2,...,m, there exists
s; > 0 such that v®7; x o reduces. Take non-negative integers q;, j = 1,...,m,. Set
L = [v%7;,v%%7;]. Let §(I'y) x -+ x §(T'y,) be a representation of GL(r, F'). Then:

(i) The representation v*17) X V51 x - x pS1H 0 x pS27y x o2l x o x pSm-1Fdm—1
Tl X VST, X - X USmTimy x4 o is regular.

(ii) The representation 6(I'y) x - -- x §(I'y,,) X o contains a unique irreducible subrepresen-
tation. We denote it by 6(I'y,..., [y, 0)

(iii) sy (6(L'1,.. ., Tppy0)) =6(T'1) x - x 6(Fp) ® 0

(iv) The representation 6(I'y,...,I',,, 0) is square integrable.

(V) 5(F1, ey Do, O')_ = 5(F1, . ,Fm,E).

(vi) §(T'1,...,Tpm,0) =2 0(l, ..., [, ).

(vii) Besides permutations of the segments, there are no other equivalences among repre-
sentations 6(I'y,..., Ty, 0).

(viii) Denote T = 11, s = s and ¢ = q1. Then

q
WO vt o) = Y ST ) @ 6(vr, vt o),
k=-1

where we assume §(), ) = o in the above formula. [

6.4. Theorem. Let m be a regular irreducible square integrable representation of S,. As-
sume that 7 is a subquotient of some py; X --- X p,, X 0 where p; are irreducible cuspidal
representations of general linear groups and o is a similar representation of some S,. As-
sume that (Rg) holds for pairs (p;,0), i = 1,...,n. Then 7 is equivalent to a square
integrable representation listed in Theorem 6.3. [

Let us note at the end that although the above expressions of parameterizations of
regular irreducible square integrable representations of Sp(n, F') and SO(2n + 1) related
to the generic reducibilities are the same, the explicit pictures for fixed n may look very
different. The reason is that reducibility of p x ¢ is different for Sp(n, F') and SO(2n + 1).
Shahidi’s paper [Sd2| contains interesting information about such differences.

7. Sp(n, F') AND SO(2n + 1, F') (REDUCIBILITIES IN (1/2)Z)

In this section we shall parameterize regular irreducible square integrable representations
which are attached to reducibilities in (1/2)Z. If it can be shown that there are no other
reducibilities (which is not known), then these representations will be all regular irreducible
square integrable representations of groups Sp(n, F') and SO(2n + 1, F).

Recall that we have denoted by s(A) the Zelevinsky segment representation attached to
a segment A in cuspidal representations of general linear groups (see the second section).

Before we proceed further, we shall recall Langlands classification in the case of general
linear groups, which we need in study of regular representations attached to non-generic
reducibilities. Denote by D the set of all equivalence classes of all irreducible essentially
square integrable smooth representations of all GL(n, F), n > 1 (recall that for 6 € D
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there is a unique e(d) € R such that »=¢(°)§ is unitarizable). Let M (D) be the set of all

multisets in D. For each a = (41,...,d5) € M(D), take a permutation p of {1,...,k} such

that e(dp1)) > e(dp(2)) > -+ > e(0px)). The representation A(a) = 0p(1) X dp(2) X - -+ X pk)

(whose equivalence class is independent of choice of p) has a unique irreducible quotient,

which we denote by L(a). This is Langlands classification for general linear groups. The

representations A(a),a € M (D) are called standard modules (of general linear groups).
We shall write L(a) = L((61,...,0x)) also simply as L(d1,...,0).

7.1. Lemma. Let p be an irreducible unitarizable cuspidal representation of GL(p, F') and
o a similar representation of S,. Suppose that o > 1 and v*p x o reduces. Fix k € 7
which satisfies 0 < o« — k < «. Then the representation

a—k a—k+1 %

v X v X VUYpXNOo

contains a unique irreducible subrepresentation, which we denote by §([v®~%p,v%p|, o).
We have

k+1
(1) @ (S e, vl 0)) = D s e, ) @ 6([V T vl ).

=0

The representation &6([v*~*p,v%p|, o) is a regular square integrable representation.

Proof. The formula (3-2) (written for S, groups) and Lemma 2.3 imply that the repre-
sentation &([v*Fp,v%p], o) is regular. The formula (7-1) implies square integrability of
§([v*=*p,v%p], ). We shall prove that formula by induction with respect to k.

For k£ = 0 the claim of lemma hold obviously (see Proposition 3.1). Take k& > 0 such
that &« —k — 1 > 0 and suppose that the formula (7-1) holds for this k. Then

(7-2) 5[ p,v 0l o) > ([ p 1)) 1o,

a—k—1 a—k—1

since s([v p,vp]) is a subrepresentation of v p X v Fpx ... x v, Further

(7-3) S([ = " p, vl 0) = v T x 8([v T p, v ), 0),

a—k

since §([v* % p,v%p|, o) is a subrepresentation of v* *p x v*=*Fly x ... x ¥ x . Using

(6-3) we get
5 lp,v%p)) % 0))
k41

= 3 sl ] xs(w gt ) @ o,
1=—1

(7-4)  s.s.(s((kt2yp) (s([”

(15) 55 (5(0kem 19 1 8(10°*0,70),0))
=@ @14+ 1) x 5[V Fp, %)) ® 0.
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Now we shall find all common irreducible subquotients of (7-4) and (7-5). This reduces
to finding of common irreducible subquotients of

k+1

(7-6) > s p, v ) (W T ) @ o
i=—1

and

(7-7) (v o1+ p @ 1) x s p, v¥p))

(in other words, we can work without o). To have common irreducible subquotient, we
must have the same supports. Suppose that v~ (*=%=1 ) is in the support of a common
irreducible subquotient. Note that this representation shows up in (7-6) only in the support
of s([v=p, v~ (@=F)*+1p]) "and in (7-7) only in the support of v~ (@=*=1) p 5 5([v*~*p, v p]).
Obviously, these two representations have disjoint Jordan-Holder series (v®p is in the
support of the second representation, but it is not in the support of the first one).

This and (7-7) imply that common irreducible subquotients must be subquotients of
vk =1pxs([v*kp,v*p]). Considering the supports (in particular v=%p), we see from (7-6)
that this common irreducible subquotient must be a subquotient of s([v*~*=1p v¥p]). This
implies that the only common irreducible subquotient of (7-4) and (7-5) is the represen-
tation s([v**1p,v%p]) @ o, Thus, s(rt2)p) ((3([V*Fp,v¥p],0)) = s([v* " 1p,v*p)) ® 0.
Well-known properties of the representation theory of general linear groups, the transitiv-
ity of Jacquet modules and the inductive assumption imply now (7-1). This completes the
proof of the lemma. [

7.2. Proposition. Let p be an irreducible unitarizable cuspidal representation of GL(p, F')
and o a similar representation of S,. Suppose that o > 1 and v®p x o reduces. Let k,l € Z
such that 0 < o« — k < a < a+ [. Then the representation

(T Tl 22 o) (TR TR T ) xo

has a unique irreducible subrepresentation. We denote by d([v®~*p,v**+p|, o) that irre-
ducible subrepresentation. We have

S((kt141)p) (6 ([ Fp, v T pl, 0))

= L *pvo= k20,0 5([v¥p, v ) @ 0.

Further, the representation §([v®~*p,v**!p|, o) is a regular square integrable representa-
tion and it is a unique irreducible subrepresentation of

2 a

L(Va_kp’ Va_k+1p7 AR Va_ p? v _1p7 6([Vap7 Va+l

pl)) @ o

Proof. Proposition 3.1 and the above lemma imply the proposition for £k = 0 or [ = 0.
Therefore, we shall suppose that £ > 1 and ¢ > 1. The formula (3-2) (written for S,
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groups) implies that we are again in the regular situation. In a similar way as we got (7-2)
and (7-3), using

a—lp) % (Va—H % Va—!—l—l TR Va+2p > Va—!—lp < l/ap) 9o

a+1

(Vo k xpoh Tl oxw

a—k a—k+1 %

(T o=l o o 2 ) X (v X v —x v x %) 1o,

the above lemma and (ii) of Proposition 3.1, we get the following embeddings:

(7-8) S " p, v o), 0) = s([v**p, v p]) 1 5([v*p, v o], 0),
(7-9) 5[ p, v pl, 0) < ([ p, v Hp]) 3 3([V R, 17 ], ).
Write now

(710) s5.(5(0 o1y (500,05 ]) 30 810 p, ¥ p], )
k—1

> st p v ) s (R p, v TR ) x 6([v%p, v p)) @ o,
i=—1

(T11) 88810 O .0 p]) 0 5[0 p, 0], 0))

l
D (v pl) x ST p, v ) x s([vF p, %)) @ 0.
j=0

Considering the supports (in the sense of general linear groups), one can see that a common
irreducible subquotient of (7-10) and (7-11) must be a common irreducible subquotient of
s([veFp, v pl) x 8([vp, v Hp]) ® o and §([vH p, v Hp]) x s([v*Fp,v*p]) ® 0. One
can get now from the Bernstein-Zelevinsky theory that

L Fp, v p v 20 0o p 5([vp, v ) @ o

is the only common irreducible subquotient of (7-8) and (7-9). This proves the formula
for s((kti+1)p) (8([v**p,v*Flp], o). This formula, Lemma 2.3 and the square integrability
criterion imply that 6([v®~*p, v**tp], o) is square integrable. Frobenius reciprocity further
implies that §([v™*p, v+ p], o) embeds into

a+l

L p, v F v 2p v ([ p, v p])) x 0

Regularity implies the uniqueness of the irreducible subrepresentation. The proof is now
complete. [
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7.3. Remark. For questions of reducibility of parabolically induced representations, it is
useful to know formulas for Jacquet modules of inducing representations with respect to
all maximal parabolic subgroups. For the representations §([v°~*p, v p], o) introduced
in the above proposition, the formula should be

([P p, "l o)) = o(WFp, P ) @ o
k
+ ) S, P p)) s s Ep, v pl) @ S([vP T p, v g o).
1=0 5=0

Checking of this formula we leave for some other occasion (essentially, the proof should
reduce to a question about permutations).

Similarly as we proved Theorems 3.3 and 5.3 (and how one proves Theorems 6.3 and
6.4), we prove the following theorem, using the above proposition (the construction of
the square integrable representations in the theorem can be also derived from the above
proposition, using [Jn]).

7.4. Theorem. Let p;,t=1,...,n be mutually inequivalent irreducible unitarizable cus-
pidal representations of general linear groups, and let ¢ be an irreducible unitarizable
cuspidal representations of S,. Suppose that there exist a; > 0,4 = 1,...,n, such that

v¥ip; x o reduces for i =1,...,n. Let k;,l; € Z, i =1,...,n, be such that
O<a;—ki<a; <a;+1l;, i=1,...,n.

Denote

Ai = [ i, v Flip],
D(A) _ L(Vai_ki o=k 41 ai—2 . a;—1 S(1v% o, o+l
1) plal/ Pza---»V PuV pl’ ([V pl?” pl]))

(note that 9(A;) = §([v¥i p;, v Tlip,]) if oy € {1/2,1}). Suppose that §(A1) x ...6(A,) is
a representation of GL(r, F').
(i) The representation

D(Al) X D(Ag) X e X D(Ak) X o

has a unique irreducible subrepresentation. We denote it by 0(A1,As, ..., A,,0). Then
0(A1,Aq, ..., A,,0) is a regular square integrable representation, and it satisfies

s(r)(é(Al,Ag, ce ,An,O')) = D(Al) X D(Ag) X e X D(An) X o.

(ii) If we suppose that Ry o)z holds in general, then each regular irreducible square inte-
grable representation of symplectic or odd-orthogonal group over F' is equivalent to one of
the representations 6(A1,Ag, ..., A,,0) defined in (i). O
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8. NON-DEGENERATE STANDARD MODULES WITH
DEGENERATE IRREDUCIBLE SUBREPRESENTATIONS

First we shall recall definition of standard modules and Langlands classification in the
case of symplectic and odd-orthogonal groups.

Set Dy = {6 € D;e(d) > 0}. In the case of groups GSp(n, F') (resp. S,,) we denote by
T the set of all equivalence classes of all irreducible essentially tempered smooth represen-
tations of all GSp(n, F'), n > 0 (resp. Sp, n > 0). For b = ((61,...,0k),7) € M(D4) x T
take a permutation p of {1,...,n} such that e(d,1)) > e(dp2)) > -+ > e(dpr)). The
representation A(b) = 6p(1) X dp(2) X -+ X ppy ¥ 7 (which is independent of choice of p,
up to an equivalence) has a unique irreducible quotient, which is denoted by L(b). This
is Langlands classification for GSp(n, F’), Sp(n, F)) and SO(2n + 1, F') groups. Further,
A(b),b = ((01,...,0k),7) € M(D,) x T, are called standard modules of these groups,
and a standard module A(b) is called non-degenerate, if 7 is non-degenerate for some
non-degenerate character.

H. Jacquet and J.A. Shalika have proved (in the case of general linear groups) that
each A(a),a € M(D), has an injective Whittaker model ([JcSk]). Each representation
5(Aq,..., A, Tq,...,T,0) from Theorem 3.3 with n > 0, provides easily an example
of non-degenerate standard module of symplectic group which does not have an injective
Whittaker model (thus, Jacquet and Shalika’s theorem does not generalize to other classical
groups). Now we shall sketch how these representations provide counter examples for

symplectic groups (for simplicity, we shall consider only the case when o is a character of
GSp(0, F) = F*).

8.1. Proposition. Let §(Aq,...,A,,T1,...,T,0) be an essentially square integrable
representation from Theorem 3.3, where o is a character and n > 1. Then §(Aq) x -+ X
3(A,) x 0(I'q) x --- x §(I'y,) ¥ 1 is a non-degenerate standard module (of a symplectic
group) which has no injective Whittaker model.

Proof. Denote § = 6(Aq,...,A,,I'1,..., ')y, 0). Assume that ¢ is a representation of
GSp(l, F). Now (vi) and (ix) of Theorem 3.3 imply that ¢J = § for ¢ € X (X is as
in Theorem 3.3). By Clifford theory for reductive p-adic groups ([GKn], see also [T1]),
d|Sp(l, F) is a direct sum of at least two irreducible representations (since card(X) = 2™ >
1). Recall that 0 is a subrepresentation of §(A1) X -+ X §(A,) x 6(I'1) x -+ x 6(I'y,) x 0.
Therefore, §|Sp(l, F') embeds into (§(A1)x -+ x§(Ap) X (T1) x - x6(Ty,) x0)|Sp(l, F) =
(A1) x -+ x §(Ay) x (1) x -+ x §(I'y,) x 1 ([T3], Proposition 4.3, (iv)). Note that
(A1) X -+ x §(Ay) x 6(T'1) x -+ x 6(I,,) x 1 is a non-degenerate standard module for
Sp(l, F) (recall that all p; in Theorem 3.3 are positive, by (v) of that theorem). Suppose
that 0(A1) x -+ X 6(A,) x (1) x --- x §(I'y,) x 1 has an injective Whittaker module.
Then each irreducible subrepresentation 7 of it has a Whittaker module (for the same fixed
non-degenerate character). Therefore, the space of Whittaker forms on 7 is non-trivial.
This implies easily that the space of Whittaker forms on ¢ is at least two-dimensional.

This contradicts to the uniqueness of the Whittaker model of irreducible representations
(of ¢ in this case) of GSp(l, F') ([Rol]). O

Note that the first examples of non-degenerate standard modules without injective Whit-
taker models appear already for Sp(2, F). They are representations o([¢),ve]) x 1 =
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v1/2¢Star (o, r) X 1, where 1) is a character of order two (one can take ¢ to be unramified).

In the above examples (when char F' = 0), each irreducible subrepresentation of standard
modules is non-degenerate for some non-degenerate character ([Mi3]). We shall present
now for groups Sp(n, F'), GSp(n, F') and SO(2n + 1, F') simple examples of non-degenerate
standard modules, which contain degenerate irreducible subrepresentations (by degenerate,
we shall mean degenerate with respect to any non-degenerate character). Clearly, these
standard modules also do not have injective Whittaker models. We shall also give such
examples with Iwahori fixed vectors (such examples usually appear first, i.e. in the lowest
semi simple ranks). Whittaker models in this particular case have attracted considerable
interest ([BaMo], [Li], [Reel] and [Ree2] are some of the recent papers in this direction).

In the Grothendieck group of the category of smooth representations of finite length of
a reductive group G over F', there is a natural partial order (the cone of positive elements
is formed by the semi simplifications of representations of finite length, i.e. the irreducible
representations generate the cone as an additive semi-group). This partial order will be
denoted by <.

The following family of examples is the simplest from the point of Jacquet modules.
The beginning case of n = 1 is particularly simple.

8.2. Lemma. Let p be a selfdual irreducible cuspidal representation of GL({, F') and let
o be an irreducible cuspidal representation of GSp(m, F'). Suppose that p x o reduces.
Let n be a non-negative integer. The representation 0([p,v"p]) X o contains exactly two
irreducible subrepresentations, and they are not isomorphic.

For the purpose of our examples of non-degenerate standard modules with degenerate
irreducible subrepresentations, it is not necessary to prove that the irreducible subrepre-
sentations in the lemma are not isomorphic (but it follows almost automatically from the
rest of the proof).

Proof. Note first that w,o = o by Lemma 2.2. Since after twist with a suitable character,
p X o is unitarizable, p x ¢ is a direct sum of at least two irreducible representations.
Therefore, dime End ggp(g4m,r) (px0) > 1. Since p*(px0) = 1®@pxo+2px0 by (1-4),
Frobenius reciprocity implies dime End ggp(s4m,7) (p* o) = 2. This implies that px o is a
sum of two inequivalent irreducible representations, which we denote by 71 and 7. Further,
Frobenius reciprocity and p*(px o) =1® pxo+2p® o imply p* () =17 +pRo.

We shall now first prove the lemma in the case n = 1 (the general case goes by the same
type of argument). First we get directly using (1-4)

(8-1) s.8. (S0 (vp N 7)) =vpXpRo+ vipx pRuwy,o, i=1,2
(8-2) s.s. (s (8([p,vp)) x ) = 6([v " p, p]) ®wypo + p X vp @ o+ 6([p, vp]) ® 0
(8-3) s.8. (S (vp x px o)) =2ss. (S0 (vpxT)).

Lift embeddings 7, — p x g, i = 1,2, to embeddings of induced representations vp x 7; —
vp X pxo, i =1,2. We have an obvious embedding 6([p,vp]) X 0 — vp X p x 0. Fix
three such embeddings into vp X p x o, and identify domains of these embeddings with
the images in vp x p x 0. Clearly, (vpx 1) N (vp x 1) = {0} since 14 N2 = {0}.
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Further, (vp x ;) N (§[p,vp] x o) # {0}, for i = 1,2 (1f it would be equal {0}, then
S.S. (3(2@ (vp x TZ)) +s.s. (S(zg) (6([p, vp]) x ) <s.s. (s (20)(vp X p a)) which implies by
(8-3) s.s. (s(20) (6([p,vp]) ¥ 0)) < s.s. (3(2@ vp X 7;)), and this contradicts to (8-1) and
(8-2)).

Therefore, ([p, vp]) % o has at least two (different) irreducible subrepresentations. Let
7 be any irreducible subrepresentation of d([p, vp]) X o. Frobenius reciprocity implies that
§([p,vp]) ® o is a quotient of s(a¢) (7). Now (8-2) implies that there are exactly two irre-
ducible subrepresentations, and that §([p, vp]) ® o has multiplicity one in s(9) (7). Further,
Frobenius reciprocity implies dime¢ Hom ggp(204-m,7) (7, 0([p, vp]) x0) < 1. Therefore, these
irreducible subrepresentations are not isomorphic.

For the general case of n > 1, one checks directly that the multiplicity of 6([p, v"p]) ® o
in s(nt1ye) (6([vp, v"p]) x 73) is 1 for i = 1,2, and 2 in s((n11)e) (6([p,v"p]) ¥ o). Now
repeating the above argument (in the representation §([vp,v™p]) X p x ), one gets the
lemma. [J

The Steinberg representation of a connected reductive group G will be denoted by Stq.

8.3. Corollary. Let o be an irreducible cuspidal representation of GSp(1, F)=GL(2, F),
and let m be a positive integer. Then

5([1Fx,ym 1F><]) XNo= Vm/zstGL(m+1,F) XN o

is a non-degenerate standard module which contains exactly two irreducible subrepresenta-
tions, and they are not isomorphic. At least one of these subrepresentations is degenerate.

Proof. J.-L. Waldspurger proved in [W] that 1zx x o reduces (there is another proof of it in
[Sd1] when char F' = 0). It is well known that o is non-degenerate. Now the above lemma
implies that 0([1px,v™ 1px]) x o has two (non-isomorphic) irreducible subrepresentations.
Denote them by 71 and 7.

Fix a non-degenerate character 6 of the subgroup U of all upper triangular unipotent
matrices in GSp(m+2, F). Consider the functor 7y ¢ defined in 1.8 of [BeZ] (take M = {1}
to be the trivial subgroup there). Now [Rol] and (b) of Proposition 1.9 in [BeZ] imply
dimc 7,9 (0([Lpx,v™ 1px]) x o) =1 (we can use [CaSk] instead of [BeZ] for our purpose).
Since ry,p is exact functor ([BeZ], Proposition 1.9, (a)), ry,¢(m;) = {0} for some i € {1,2}.
Now (b) of Proposition 1.9 in [BeZ] implies that 7; is degenerate with respect to 6. Recall
that GSp(m + 2, F') has only one orbit of non-degenerate characters. Therefore, m; is
degenerate for any non-degenerate character. This is what we wanted to prove. [J

Note that one of the first non-degenerate standard modules that we considered in the
above corollary is the representation 1/1/2StGL(27F) x o of GSp(3, F).

8.4. Remark. Let o be an irreducible cuspidal representation of GSp(1, F') = GL(2, F).
Write the restriction o|Sp(1,F) = @&5_,0; as a sum of irreducible representations of
Sp(1, F) = SL(2,F). Then each o; is non-degenerate for some non-degenerate charac-
ter. Therefore standard modules 6([1px,v™ 1px]) X 0; = Vm/QStGL(erLF) X o, m > 1,
of Sp(m + 2, F') are non-degenerate. From the above corollary easily follows that for some
1<i<ec, 0([lpx,v"1px]) xo; = Vm/2StGL(m+1’F) X o; contains a degenerate irreducible
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subrepresentation. Thus, there exist also non-degenerate standard modules of symplectic
groups with degenerate irreducible subrepresentations.

The one-parameter family of examples of standard modules in the above corollary be-
longs to a wider two-parameter family of such examples. Instead of going into details of
construction of this two-parameter family, we shall now present another two-parameter
family of examples of non-degenerate standard modules with degenerate irreducible sub-
representations. This family provides also unramified examples (among others).

8.5.Lemma. Let p be a selfdual irreducible cuspidal representation of GL({, F'), and let
o be an irreducible cuspidal representation of S,,. Let k,l € Z,0 < k < l. Suppose
that v'/2p x o reduces. Then §([v="=1/2p, !*1/2p]) x o contains exactly two irreducible
subrepresentations. They are not isomorphic.

Proof. We shall first give details in the case k =0 and [ = 1. We get directly from (6-3)

(8-4) S.S. (8(2@ <V1/2p x v 2 p 0'>> = Z v 2p x 122 @ o
e, €{x1}

(8-5) s.s. (3(25) <5([1/_1/2p x v1/2p]) x o*)) = 26([v V2 px 2 p)) @ o+ 2 px 2 p@ o

(8-6) S.S. (s(%) (1/1/2/) x §(v1/?p, 0))) =2 x v o+ V2 x 2 p 0.

Note that 6([v=2p x v1/2p]) x 0 < v'/2p x v=12p x 0 and v'/2p x §(v'/?p,0) < v'/%p x
v~1/2p x o (inequalities are in the Grothendieck group). Now (8-4) - (8-6) imply that
S([v=12p x v1/2p]) x o is a sum of two inequivalent representation, which we can denote
by 7;, ¢ = 0,1, in a such a way that

(8-7) 8.5 (s20) (1)) = S 2o x v 2p)@o+i v 2px v peo  for i=1,2.

Note that p*(v'/2p x v/2p x o) = 1@ v+ 1v2p @1+ v 2p @ 1)2 x (1 ® 0).
Since M*(v3/2p) = 1@ v32p + 132p @ 1 + v=3/2p ® 1, the preceding formula and (8-
7) imply that the multiplicity of §([v=/2p,13/2p]) ® o in s.s. (80 (v*%p x 7)) is one
for i = 0,1. One directly computes that the multiplicity of 6([v='/2p,v%/%p]) ® o in
s.s. (8(30) (5([1/‘1/2;), v3/2p]) o)) is two. Now embeddings 7; — S([v=2p,v/%p]) x o,
i=0,1,and §([v=2p,v3/2p]) — v3/2p x 6([v=?p,v'/?p]) induce embeddings of 13/2p x
75, i =0,1, and 6([v=2p,3/2p]) x o into v3/%p x §([v=2p,v/?p]) X 0.

We can now repeat the argument from the last lemma to get the claim of the lemma in
this case.

For the general case, using &([v'/2p, v*+t1/2p]) x 6([v*/?p,v*+t1/2p], o) and looking at
Jacquet modules s((2x12)r), one first proves that S([v=F=12p, vF+1/2p]) x o reduces. The
formula for s((ax2)r) (5([V‘k_1/2p, V12 p]) % O’) implies that d([v=F=1/2p, V*T1/2p]) x &
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reduces into a sum of two non-equivalent irreducible pieces which we denote by 7 and 7.
We can denote them in such a way that they satisfy

S([ 2R p M2 p]) @ 0 < s((anrayey (1) < SR p T @ o

k
eSO, ) X B 2 M )
p=0

for some natural number c. From this estimate, one gets easily that the multiplicity of
§([v=127kp VIHV2pl) @ 0 in S((qrv2)0) (O[3 2T p, ' F1/2p]) % 7;) is 1, for i = 0,1. From
the other side, direct computation gives that multiplicity of 6([v="/27%p, ! /2p]) @ o
N S((kti4+2)0) (5([1/‘1/2_’“/), 2p]) 0) is 2. Now one proceeds in the same way as
before. [

8.6. Corollary. For k,l € Z such that 0 < k < [, the representation
S 2 210k ) ) 1 = (W2 Star i ry) % 1

of SO(2(k+1+2)+1, F) is a non-degenerate standard module which contains exactly two
irreducible subrepresentations. They are inequivalent, and they have Iwahori fixed vectors.
At least one of these representations is degenerate.

Proof. 1t is well known that SO(3, F')-representation (1/1/ 21 Fx) X 1 reduces. Further, in
the case of SO(2(k + 1+ 2) + 1, F'), one has only one orbit of non-degenerate characters.
Now the proof goes in the same way as proof of Corollary 8.3 (using the above lemma). [

The first example of standard modules from the above corollary is the representation
(V1/2 StGL(S,F)) X 1 of SO(?, F)

8.7. Remarks. (i) The degenerate irreducible subrepresentation 7 in the above corollary
is characterized with the condition 6([V'/?1 px , V* T2 1 pu ) xS ([VY 21 o, VY2 1 @1 £
S(2(1+k+2)+1) (7). The other irreducible subrepresentation is non-degenerate.

(ii) Let ¢ be a character of F* of order 2 (one can chose 1) to be unramified). It is not hard
to show that standard module (1/1/2 StGL(g’F)) X (V1/2¢ StGL(:g’F)) X 1 has 4 inequivalent
irreducible submodules (if ¢ is unramified, they all have Iwahori fixed vectors). Therefore,
this provides an example of a non-degenerate standard module with at least 3 degenerate
irreducible subrepresentations.

(iii) For any p > 1, generalizing our construction, one can construct examples of standard
modules with 2P inequivalent irreducible submodules (with Iwahori fixed vectors, if one
wants).

(iv) Representations (V(l_k)/2 StGL(lJrkH’F)) x1 (k,l € Z, 0 <k < 1) of symplectic
groups, provide examples of non-degenerate standard modules with degenerate irreducible
subrepresentations with Iwahori fixed vectors. Such examples for GSp(l + k + 1, F') are
(I/(l_k)/2 StGL(l—i—k—l—l,F)) X 1px (k’,l €eZ, 0<k< l)

(v) Using parabolic induction one can easily generate from examples in Corollaries 8.3 and
8.6 many new examples of non-degenerate standard modules with degenerate irreducible
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subrepresentations. For example, take any 01,...,0; € M (D) such that e(d1) > e(d2) >
- > e(0g) > 1/2. Then §; X dg X -++ X §j X (1/1/2 StGL(g’F)) X 1 is a non-degenerate

standard module, and it contains a degenerate irreducible subrepresentation.

(vi) All irreducible subrepresentations of non-degenerate standard modules that show up in

Corollaries 8.3 and 8.6 are essentially square integrable (this is not quite simple to prove).

Examples that we have generated in (v) have degenerate irreducible subrepresentations

which are not square integrable.

(vii) In the case of Gg, the module 15(1/2,(1)) in (ii) of Proposition 4.3 of [Mi2] is an

example of non-degenerate standard module with degenerate irreducible subrepresentation.

(viii) In [T7] we constructed a wide family of (non-regular) square integrable represen-
tations. There is also a plenty of non-degenerate standard modules with degenerate ir-
reducible subrepresentations. Those examples are obtained there in a very indirect and
much more complicated way than examples here (our primary objet of study in that paper
is not the structure of standard modules).

We shall end this section with one simple result (Corollary 8.9) about reducibility points
of representations parabolically induced by non-degenerate irreducible square integrable
representations. This result (and much more) can also be proved in other ways (for ex-
ample, [Mi3] contains explicitly computed reducibility points of the representations that
we shall consider). The proof that we present here is probably the most elementary one
(more details about methods of proving irreducibility of parabolically induced represen-
tations using Jacquet modules, one can find in [T6]). This result is of interest regarding
connection of Shahidi’s Conjecture 9.4 in [Sd1] with R(;/2yz and R /2yz.

First we have

8.8. Lemma. Let char F = 0. Suppose that p,p1,p2,...,pn are irreducible cuspidal
representations of general linear groups, and that o is a non-degenerate irreducible cuspidal
representation of S,. Suppose that 7 is a subquotient of p1 X --- X pp, X 0. If p x m reduces
and e(p;) € (1/2)Z fori=1,...,n, then e(p) € (1/2)Z.

Proof. Suppose e(p) & (1/2)Z By (6-2) it is enough to prove the irreducibility of p x 7 for
e(p) > 0. By Shahidi’s results on reducibility when o is non-degenerate (see Remark 4.5),
we know that p x o is irreducible. We know

(2

(8-8) m@»g( 1

(8-9) ppxm)=10p+ (p@1+p®1)) x p*(m).

n

(1®pz-+<,oi®1+,ai®1>)>®a,

Now we shall draw some consequences of above two formulas.
Assume that p is a representation of GL(p, F'). Then

(8-10) s5.(5)(p X M) = p@T+pRT+ Y T @7,

(2

1

where 7/, 7/ are irreducible, and 7] 2% p, 7/ 2 p for any i (clearly, p or p are not in the

support of any 7;). From this follows that p®@m and p® 7 have multiplicity one s, (p x 7).

/
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Each irreducible subrepresentation of p x 7 has p® 7 in the Jacquet module. Therefore,
there is a unique irreducible subrepresentation, and this subrepresentation must have p®
in the Jacquet module. In a similar way, one see that p > has a unique irreducible quotient
(pass to contragredients). Further, it is not hard to get that the irreducible quotient has
p @ 7 for a subquotient of a Jacquet module (use Corollary 4.2.5 of [C]).

Assume that p; X - -+ X p,, is a representation of GL(a, F'). Then

(8—11) S.S.(S(p+a)<p b 7T)) = Zp X 7—7:/// ® o + Zﬁ % 7_J/‘/// ® o,
¢ j

Whel"e 7_/// ////

are irreducible, p or p is not in the support of any 7;”, 7/, and both p x 7;",
p x 7;"" are irreducible.

We shall also need one additional Jacquet module. We have
(8-12) 5.5.(S(a)(p X 7)) Zﬂ' ®7T"+Z7r'"®p>40

where 7;, m, m/" are irreducible and each ;" is a subquotient of some ([];cx p5*) % o for

some X C {1,...,n} and ¢ € {£1}, i € X (in the formula ([];cy p*) % o, p; denotes p;,
while ,oi_1 denotes p;). Note that p x o is irreducible by the Shahidi’s results (see Remark
4.5).

Let 7 be an irreducible subrepresentation of px . Then it has p® 7 for a subquotient of
S(p) (7). Now (8-11) (and transitivity of Jacquet modules) implies that some px 7;"” ®o must
be a subquotient of a Jacquet module of 7. This implies that 7/ ® p ® o is a subquotient
of a Jacquet module of 7. Now (8-12) implies that some 7/’ ® p x o is a subquotient of a
Jacquet module of 7. This implies that 77" ® p x o is a Subquotlent of a Jacquet module
of 7 (use (6-2) and the irreducibility of p ><1 o). From (8-10) we see that some p x 7/ @ ¢
must be a subquotient of a Jacquet module of 7. This implies that p® 7/ ®@ o must be a
subquotient of a Jacquet module of 7. Now (8-10) implies that §®m must be a subquotient
of 5,)(7). This implies the irreducibility. [

8.9. Corollary. Let p be an irreducible cuspidal representation of GL(p, F'), and let w be
a non-degenerate irreducible square integrable representation of S,. Suppose char F' = 0.
Ife(p) & (1/2)Z, then p x 7 is irreducible.

Proof. Shahidi has proved this when 7 is cuspidal. Suppose that 7 is not cuspidal. Then
we can chose irreducible cuspidal representations p1,..., p,, and an irreducible cuspidal
representation o of Sy such that 7 is a subquotient of p; X --- X p,, X 0. Since 7 is non-
degenerate, o must be generic. By (ii) of Theorem 4.9 and the Shahidi’s results that we
have mentioned about reducibilities when o is non-degenerate (see Remark 4.5), we have
e(pi) € (1/2)Z, i =1,...,n. Now the above lemma implies the corollary. [J
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