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GENERALIZED SPHERICAL FUNCTIONS
ON REDUCTIVE p-ADIC GROUPS

JING-SONG HUANG AND MARKO TADIC

ABSTRACT. Generalized spherical functions on a reductive p-adic group G are eigenfunctions
for the action of the Bernstein center, which satisfy a transformation property for the action
of a maximal parabolic subgroup of G. In this paper we show that spaces of generalized
spherical functions are finite dimensional. We compute dimensions of spaces of generalized
spherical functions on a Zariski open dense set of infinitesimal characters. As a consequence,
we get that on that Zariski open dense set of infinitesimal characters, the dimension of a space
of generalized spherical functions is constant on each connected component of infinitesimal
characters.

1. INTRODUCTION

In the case of real reductive group G, zonal spherical functions can be introduced as
eigenfunctions for the action of the center 3(G) of the enveloping algebra of G which are
constant on double K-classes, where K denotes a maximal compact subgroup of G. In
this way, one deals with differential equations and eigenfunctions of differential operators.
Generalized spherical functions on real reductive groups are natural generalization of zonal
spherical functions (see [HOW]).

Bernstein center ([BD]) plays in the representation theory of reductive p-adic groups
the role that has the center of the enveloping algebra of a Lie algebra in the representation
theory of real reductive groups. Bernstein center shows up in a number of important
problems, but its role in the representation theory is far from being well understood.

The construction of Bernstein center of a reductive p-adic group ([BD]) opened possi-
bility to study generalized spherical functions also in p-adic case. In this paper we define
and study basic properties of generalized spherical functions in the case of a reductive
p-adic group (they are defined as eigenfunctions of the Bernstein center, which satisfy a
transformation property for the action of the maximal compact subgroup). This paper
may be viewed as a contribution to the further understanding of the Bernstein center.

Let GG be the group of rational points of a connected reductive group defined over a p-
adic field F. Fix a minimal parabolic subgroup P defined over F' and let K be a maximal

1991 Mathematics Subject Classification. 22E50, 22E35.

Key words and phrases. reductive p-adic group, generalized spherical function, Bernstein center, infin-
itesimal character.

The first author is partially supported by RGC Competitive Earmarked Research Grant HKUST
713/96P. The second author is partly supported by Croatian Ministry of Science and Technology grant #
37108.

Typeset by ApS-TEX



2 JING-SONG HUANG AND MARKO TADIC

compact subgroup of G satisfying G = PyK. Let (7, Vs,), (72, V;,) be finite dimensional
representations of K. Denote
V = Home(V,,, Vr,)

and
T = (71, T2).

Then generalized spherical functions of type 7 (or 7-spherical functions) are mappings
f: G — V which satisfy f(kizke) = 71(k1)f(x)72(k2) for all k1, ke € K, g € G, and which
are eigenfunctions for the action of the Bernstein center. If w is corresponding infinitesimal
character of the Bernstein center of G, then the space of all generalized spherical functions
of type 7 corresponding to the infinitesimal character w will be denoted by

Eu(G,T).

In this paper we first show that these spaces are finite dimensional (Corollary 5.5).
We show how one can get all the generalized spherical functions from a single admissible
representation with contragredient infinitesimal character @ (Propositions 5.4 and 6.1).
After this, we show that on a Zariski open dense set of infinitesimal characters, one can
choose the above representation to be irreducible (in this case there exists exactly one such
representation and it has a simple description). We also compute dimensions of spaces of
generalized spherical functions for infinitesimal characters in this Zariski open dense set
(Theorem 6.4). If w is an infinitesimal character of parabolically induced representation
Indg(p), where p is irreducible cuspidal representation of Levi factor M of P, then the
dimension of generalized spherical functions for w in Zariski open dense set of infinitesimal
characters is given by

dime (€, (G, 7)) = dime(Hompnx (11, p)) dime(Hom pyrn (72, p)),

where p denotes the contragredient representation of p. On this Zariski open dense set of
infinitesimal characters, the dimension of a space of generalized functions is constant on
each connected component of infinitesimal characters.

The description of generalized spherical functions that we have obtained can be used
to describe them by integrals similar to Eisenstein integrals. On the Zariski open dense
set of infinitesimal characters that we have mentioned above, these integrals then give the
formula for all the generalized spherical functions.

This paper is the p-adic analogue of a part of the basic results for the real reductive
groups obtained in [HOW]. It is chime in with what Harish-Chandra called the Lefschetz
principal, which says that whatever is true for real reductive groups is also true for p-adic
groups. There are many not so surprising similarities between our proofs for the p-adic
case and that for the real case in [HOW] (but there is a number of differences). The
Hecke algebra H(G) of compactly supported smooth functions on p-adic group often plays
a similar role as the universal enveloping algebra U(g) of the real group. The Bernstein
center 3(G) = Endgx ¢ (H(G)) plays the same role as the center Z(g) of U(g) in the case of
real groups. The main tool that we use here are the techniques of Bernstein center ([BD]
and [BDK]).
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At the end of this introduction we shall give a brief account of the paper. In the second
section we introduce notation regarding actions of the group G on spaces of functions on
G. The third section recalls the definition of the Bernstein center. We prove here also
some simple facts about actions of Bernstein center needed in the sequel. Generalized
spherical functions are defined in the fourth section. The fifth section starts with the
study of spherical functions and their dimensions. In this section we prove that spaces
of generalized spherical functions are finite dimensional. In the last section we prove
the formula for dimension of spaces of generalized spherical functions for infinitesimal
characters in the Zariski open dense set of infinitesimal characters

2. ACTIONS ON FUNCTIONS

In this section we shall denote by G a locally compact totally disconnected group.
Further, V' will denote a finite dimensional complex vector space. The dimension will
be denoted by n. The dual space of V will be denoted by V’'. We shall fix a basis
e1,€2,...,e, of V. By €],é,,... el we shall denote the basis of V’ biorthogonal to the
basis ey, ea,...,€,.

The space of all continuous (resp. locally constant) functions from G into V will be
denoted by C(G, V) (resp C*°(G,V)). The space C(G,C) will be simply denoted by C(G).
We shall consider left and right actions L and R of G on C(G, V) (here (L.p)(g) = p(x~1g)
and (R;p)(9) = ¢(gx). The smooth part of this G x G-representation will be denoted by
C(G,V)(*5), This space consists of all the functions ¢ : G — V for which there exists an
open compact subgroup H of G such that ¢ is constant on each double H-class.

For a linear operator A : W7 — Wj we shall denote by Ay : C(G, W) — C(G,Ws)
the linear operator defined by (Aa(p))(g9) = A(p(g)) (i.e. Aa(p) = Ao ). Then Ay
intertwines the left actions L on C'(G, W7) and C(G, Ws), as well as it intertwines the right

actions R (for example, (L. (Aa(9)))(g9) = (Aa(e)) (7 g) = A(p(z™"g)) = A((L2)(9)) =
(Aa(Lz0))(9))-

The following two simple particular cases of above linear operators will be important
for us. Let v' € V', Then
(2-1) Ay C(G, V) — C(G), ¢ +— v ogp.
Further, for v € V consider the mapping v# : C — V, ¢ — cv. Then
(2-2) Ay : C(G) = C(G,V), [ — (9~ [flg)v).

The bilinear mapping (f,v) — (g~ f(g9)v), C(G)xV — C(G,V) induces a natural
isomorphism

I : C(G) @V —CG,V), Isd fivv)lg) = filgi,

Is()_fi®v) = ZAvf(fi)~

i.e.
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Obviously,

n n

(2-3) p=Is ejop@e) =Ig(D _Ac(p)®ei) =D A s(Aer ().

1
i=1 =1 =1

We shall consider the trivial action of G on V. Then G acts on C(G) ® V' in two natural
ways, one coming from the left and the other from the right action on C(G). Then Ig is
an intertwining for both actions. Using I, we shall identify C'(G) ® V' with C(G,V)

For a smooth representation (m, X) of G the contragredient representation is denoted
by (7, X ). Recall of a simple lemma a proof of which can be found at several places.

2.1. Lemma. For f € C(G)**) the following conditions are equivalent:

(1) The subrepresentation generated by f with respect to the right action of G is
admissible.
(2) The subrepresentation generated by f with respect to the left action of G is ad-
missible.
This is equivalent to the fact that there exists an admissible representation (w, X) of G,
;€ X and & € X, i=1,...,k such that f(g) = Zle zi(m(g)x;) for g € G (i.e. fis a
matrix coefficient of an admissible representation).

The subspace generated by all the matrix coefficients
g—<m(g~ )v,0 >

of all admissible representations (m, X) of G is denoted by A(G). Note that (1) and (2)
characterize A(G) in a different ways.

Denote by A(G,V) the space of all ¢ € C(G,V)**) such that ¢ generates admissible
representation for the left action. Obviously, by Lemma 2.1 A(G) @ V' C A(G,V) since
A,# is an intertwining. From the other side, by Lemma 2.1 we know that A, (p) € A(G)
if p € A(G,V), since A, intertwines (left) representations. Thus

AG)®V = AG,V).

In the same way we could get that A(G,V) is the set of all ¢ € C(G,V)(**) such that ¢
generates admissible representation for the right action. Obviously, A(G)®V and A(G,V)
are invariant for both actions of G (and isomorphic as G x G-representations).

For an admissible representation (m, X) of G we shall denote by

A(m)

the vector subspace spanned by all matrix coefficients of . Then A() is invariant for the
left and the right action of G.

Let (7, X) be a smooth representation of G and let Y be a complex vector space. Then
we consider an action L on Hom¢(X,Y") defined by

(L(9)A)(z) = A(r(¢g Y )z), g€ G, AcHome(X,Y),x € X.
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The smooth part of this representation will be denoted by Homc(X,Y)®). Note that
(L, Homc(X,C)®) = (7, X).
Sometimes we shall consider the action £ of G on Hom¢ (Y, X) given by

(L4A)(y) = m(9)A(y), g€ G, AecHome(Y,X),yeY.

Note that Home (Y, X) is a smooth representation of G if Y is finite dimensional.

3. BERNSTEIN CENTER 3(() AND INFINITESIMAL CHARACTERS

In the rest of the paper we shall denote by G the group of rational points of a connected
reductive group over a local field F'. The modulus character of F' will be denoted by | |pg.
Let G be the group of all g € G such that |x(g)|r = 1 for all rational characters x of G.
Then

G/G°

is a free Z-module of finite rank (the rank is equal to the dimension of a maximal split
torus in the center of G).

A character y : G — C* is called unramified if it is trivial on G°. Obviously, one can
identify the group of all unramified characters of G with the group

¥(G) = Homz(G/G°,C*).

This group has a natural structure of a commutative complex algebraic group (it is iso-
morphic to (C*)rank (G/G%)

Let G be the set of equivalence classes of all the irreducible smooth representations of
G. Fix m € G. Consider

X — xm, ¥Y(G) — G.

Denote
(G)r ={x € ¥(G);xm = m}.

Then ¥(G), is a finite group and x¥(G), — x7 is a one-to-one map from ¥(G)/¥(G)
onto ¥(G)w C G.

Let (G) be the set of all conjugacy classes of the pairs (M, p) where M is a Levi
subgroup of G and p is an irreducible cuspidal representation of M. The sets

Q={(M,xp) : x € ¥(M)} € QAG)
are called connected components of (G). The mapping
X = (M, xp), ¥(M)—Q

has finite fibers (usually we shall not make distinction between a pair (M, p) and its
conjugacy class in (G)). One defines the structure of a complex variety on €2 in a natural
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way (a function f : Q(G) — C is called regular, if the restriction of f to any connected
component of Q(G) is regular). The algebra of all regular functions on Q(G) will be
denoted by 3(G). For a subset X C Q(G) we shall say that it is Zariski open if X N2 is a
Zariski open set in 2 for any connected component 2 of Q(G). Zariski open sets in Q(G)
define a topology on Q(G), which will be called Zariski topology on Q(G). Since connected
components of Q(G) are irreducible varieties, an open subset O C (G) is dense (with
respect to the Zariski topology) if and only if O N Q # ) for any connected component €
of Q(G). Further, the intersection of a finite number of open dense subsets in 2(G) is an
open dense subset of Q(G).

Let 7 € G. Then there is a parabolic subgroup P = MN of G and an irreducible
cuspidal representation p of M such that 7 is a subquotient of Ind%(p) (Ind%(p) denotes
the representation of G parabolically induced by p from P; the induction that we consider
is normalized). The class of (p, M) in Q(G) is uniquely determined by 7. In this way we
get a canonical projection

(3-1) I:7m— (M,p), G— QG).

The canonical projection has finite fibers.

We fix a Haar measure dg on GG. The convolution algebra of all compactly supported
locally constant functions on G will be denoted by H(G).

We shall recall of the Bernstein center in the rest of this section (see [BD] for more
details).

Denote by I the set of idempotents in H(G). Consider the order < on I: e < f if
e € f+*H(G) * f. For e € I, denote by Z(e * H(G) * e) the center of the subalgebra
e+ H(G) xe. One considers the family Z(exH(G)*e),e € I, as a projective system, where
the transition maps are given in the following way: if e < f, then the transition map
Z(f+*H(G)x ) — Z(e* H(G) x €) sends z — e * z. Denote the projective limit by Z(G).
It consists of all systems of elements h = (h(e))cer, h(e) € Z(e * H(G) * e), which satisfy
h(e) = h(f)xeife < f.

Let (7, X) be a smooth representation of G, and let h € Z(G), x € X. Take e € I such
that 7(e)x = x. Define 7(h)x to be w(h(e))z. Then w(h)x does not depend on e as above.
In this way we get a representation of the algebra Z(G) on X. The actions of G and Z(G)
commutes, i.e. for each h € Z(G) the mapping 7(h) : X — X is G-intertwining. Further,
if A: X, — X5 is an intertwining of two smooth representations of GG, then it is also an
intertwining of the corresponding representations of Z(G).

If 7 is irreducible, then Z(G) acts by scalars. The character of Z(G) that we obtain in
this way is denoted by

X+

We shall call y, the infinitesimal character of 7. We denote by 3°(G) the ideal of 3(G),
consisting of all functions supported on a finite number of components. An infinitesimal
character w can be interpreted as an algebra homomorphism

w: 3(G) — C,

which is non-trivial on 3%(G).
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Note that for each h € Z(G) we obtain a function i’ : G — C, m — xr(h). This
function factors through the canonical projection (3-1) IT : G — Q(G) by a function
h:Q(G) — C. Then h € 3(G) and the mapping h ~— h is an isomorphism of Z(G)
onto 3(G). Let (m, X) be a smooth representation of G. We define a representation
of 3(G) on X by w(h)z = n(h)z,h € Z(G),z € X. Clearly, 3(G) acts by scalars in an
irreducible representation w. The corresponding character of 3(G) will be again denoted
by xr. Obviously, 7(3)z = x(3)z = 3(II(7))x for 3 € 3(G), € X (thus the character x,
is given by evaluation of functions of 3(G) in II(7)).

We shall say that a smooth representation (7, X') has an infinitesimal character if there
exists (M, p) such that 7(3)z = 3((M, p))x for 3 € 3(G), v € X.

For a function ¢ € H(G), we denote by ¢ a function defined by ¢(g) = ¢(g~1). Recall
that ((pl * (pg)v = @2 *x @1.

Let h = (h(e))eer € Z(G). Then h(e) € Z(e * H(G) xe) and h(e) = h(f) xe if e < f.
Obviously h(é)” € Z(e * H(G) x e). Note that e < f if and only if ¢ < f. Further, for
e < f we have h(é)" = e h(f)” = h(f) * e. Therefore, (h(€) )ecr € Z(G). This element
will be denoted by k. Note that by definition

h(e) = h(e), he Z(QG).

From this follows (k)" = h for h € Z(G).
Let (7, X) be a smooth representation of G and let Y be a finite dimensional complex
vector space. Take A € Home(X,Y)®), 2 € X and ¢ € H(G). Then

(L) A) () = ( | staria dg) @ = [ o EA @ = [ ety
Z/GA(sO(g)W(g_l)w)dng(/Gw(g)ﬂ(g_l)xdg> =A</G @(g_l)ﬂ(g)wdg)zA(W(@w).

From this follows

3.1. Lemma. For a smooth representation (w,X) of G, a finite dimensional complex
vector space Y, A € Home(X,Y)®), z € X and h € Z(G) we have

(L(h)A)(z) = A(n(h)z).
In particular, (7(h)Z)(z) = &(x(h)x) for z € X and & € X.

Proof. Chose an open compact subgroup H of K such that x and A are invariant for the
action of H. Denote by ey the characteristic function of H divided by the Haar measure
of H. Then ey € I, ég = ey, L(eg)A = A and w(eg)x = . Now

(L(h)A)(x) = (L(h(er))A)(x) = A(m(h(en)))(x)
= A(r(h(en)))(x) = A(x(h(en))(x) = A(n(h)(x).
This completes the proof. [
The above lemma implies that for an irreducible representation m we have
Xﬂ'(h) = Xﬁ'(ib)? h € Z(G)
For 3 € 3(G) we shall denote by 3 € 3(G) the function defined by
3((M, p)) = 5((M, p)).
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3.2. Lemma. (i) For h € Z(G) we have
(h) = (h)".

(ii) Let (7, X) be a smooth representation of G and let Y be a finite dimensional complex
vector space. Then for A € Home(X,Y)®), 2 € X and 3 € 3(G) we have

(L(3)A)(z) = A(m(3)).

Proof. (i) Let m € G. Suppose that the image of 7 under the canonical projection II :
G — Q(G) is (M, p). Then 7 goes to (M, p) under this projection. Using Lemma 3.1 we
get

(A) (M, p)) = xx(h) = xz(h) = h((M, p)) = (h)"(M, p)).
This ends the proof of (i).
(ii) Let 3 = h. Now from (i) we get

(L(3)4)(z) = (L(W)A)(z) = A(n(h)z) = A(n((h))x) = A(n((h))z) = A(r(3)z).
Thus (ii) also holds. O
3.3. Lemma. Let z € 3(G) and f € C(G)**). Then
R,f = Lsf.

Proof. Note that for ¢ € H(G) and f € C(G)**) we have
Lyf=vx*f and Ryf=fx1.

Let H be an open compact subgroup of G such that f is constant on double H-classes.
For ¢ € Z(ey * H(G) * er) we shall show that ¢ x f = f * .
Fix x € G. Introduce the function f, on G:

oy) = { f(y) for y € supp(p) o HU Hx supp(p) 1,
=)= 0 fory & supp(p)~toe HU Hxsupp(p)~L.

Obviously, f, € eg * H(G) * eg. Now
(o5 f)(z) = /G o(9)f (g™ x)dg = / o(@)fo(g 2)dg = (9 * fu) ()
(fs * o) /fx:z:gl dg—/fargl 9)dg = (f * o) (x).

Thus, px f = f * . X
Take h € Z(G) such that 3 = h. Now the above calculation implies
Lif =L;f = Lnf = Ly, f =hlem)* f= f*h(en)
= fx(h(en))” = Ru(en) f = B@n)f = Bieyyf = Bif = Ropy-f = Rj-f = B f. O
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3.4. Corollary. Let V be a finite dimensional complex vector space. Then for z € 3(G)
and ¢ € C(G,V)**) we have R,p = Ls¢p.

Proof. This follows from the fact that C(G,V)**) and C(G)**) ® V are isomorphic as
G x G-representations. [J

3.5. Remark. The above corollary implies that a subspace of C(G, V)(S’s) is invariant
for the action of 3(G) induced by the right translations if and only if it is invariant for the
action of 3(G) induced by the left translations.

Let us recall of the following result from [BD]:

3.6. Theorem. Suppose that (m,X) is a finitely generated smooth representation of
G and H is an open compact subgroup of G. Then the space X of all vectors in X
fixed by elements of H is invariant for the action of 3(G) and it is a finitely generated as
3%(G)-module.

The following immediate consequence of the above result will be useful for us.

3.7. Corollary. Fach finitely generated smooth representation of G which has an infini-
tesimal character, is admissible. Moreover, it has finite length.

Let M < G be a standard Levi subgroup. Define the morphism igys : QM) — Q(G)
by (L,p) — (L, p). This is a finite morphism of algebraic varieties. The morphism i/ is
not in general an inclusion, since cuspidal pairs conjugate under G may be non-conjugate
under M. We follow [BDK] to call the corresponding map if,, : 3(G) — 3(M) the
Harish-Chandra homomorphism. As for the real groups, 3(M) is a finitely generated
3(G)-module.

Let P = MN be a parabolic subgroup of G. The functor of normalized parabolic
induction was denoted by Indg. The normalized Jacquet functor going in the opposite
direction will be denoted by ry/q.

3.8. Proposition ([BD]). Suppose that m and o are smooth representations of G and
M respectively. Let 3 € 3(G). Then

(1)

Indg (0 (igar(3))) = (Indg(0))(3),
(2)

ram(m(3)) = (ram (7)) (iGa (3))-

We shall say that (M, p) € Q(G) is regular in G if there does not exist w € G\ M which
normalizes M such that p = w.p where w.p denotes a representation m +— p(w™tmw) of
M. We shall say that (M, p) € Q(G) is irreducible in G if Ind$(p) is irreducible. Further,
we shall say that (M, p) € Q(G) is semi simple in G, if each admissible representation
(m, X) of G which has an infinitesimal character equal to 3 — 3((M, p)), is semi simple.

3.9. Proposition. There exists an open dense subset Q(G)" of Q(G) (with respect to the
Zariski topology) such that each (M, p) € Q(G)' is irreducible, regular and semi simple.

In the first version of this paper we gave a direct proof of above proposition (based on
Proposition 3.8). Later, P. Schneider has informed us that the claim of the proposition
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follows from Proposition 3.14 of [BD]. Because of this, we omit the proof here (although
this proof can be of independent interest; it may be also used for determining explicitly
the set whose existence is claimed in the above proposition).

3.10. Remark. It is easy to determine a set Q(G)’ of the above proposition quite explic-
itly (from our proof of above proposition), if we know when the representations paraboli-
cally induced from cuspidal representations reduce. For example, one can take

OS2 F)) = S F)\ ({(My,05x* = 10} ({0, ] [1)}).

4. DEFINITION OF GENERALIZED SPHERICAL FUNCTIONS

In the rest of this paper we shall fix a maximal compact subgroups K of G (which is
the group of rational points of a connected reductive group over a local non-archimedean
field F') which satisfies

G = KPy,

where Py is a minimal parabolic subgroup of G. Recall that K is an open subgroup of G.
In the sequel, we shall assume that the Haar measure of GG is normalized on K.

Let 7 and 7 be continuous finite dimensional representations of K on V; and V.,
respectively. Denote 7 = (71, 72) and let

V = Home(V,, V7).
We shall consider (7,V') as a double representation of K:

7(k1, k2) = T1(k1) 9 T2(k2)

for k1, ke € K (it means that (ki, ko) — 7(k1, k5 ') is a representation of K x K).
Denote by C(G, 7) the space of all functions ¢ : G — V satisfying

p(k1gka) = T1(k1)p(g)T2(k2)

for all k1,ke € K, g € G, i.e.
Lyo1 Riyp = Ary (y)o Bors (ko) P

where 11(k1)o, oma(ks) : V — V are the mappings A — 7y(k1) o A and A o 15(k3) respec-
tively. Clearly,
C(G,7) CO(G, V).

Set
A(G,7)=C(G,7)NA(G,V).
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4.1. Lemma. The space C(G,7) is invariant for the action of 3(G) with respect to the
left and right action.

Proof. To see this, take ¢ € C(G,V), 3 € 3(G) and k;, k2 € K. Then
Ly Riy (Lyp) = Ly(Lyo1 Biy () = Ly(Ary (kr)oNora(he)®) = Ay (er)oBora (k) (L3 0)-

Thus, Ly € C(G, 7). In a similar way one shows that Ry;p € C(G, 7). O

Let w be an infinitesimal character of G, i.e. a character of 3(G) which is non-trivial
on 3°(G). Denote

£u(G.V) = E5(G,V) = {p € C(G.V); Lyp = w(3)y for 5 € 3(G)},
EHG,V) ={p € C(G, V)™ Ryp = w(3)g for 5 € 3(G)}.
4.2. Lemma. FEach of the spaces &,(G,V) and EX(G, V) is invariant for the left and the
right action of G.

Proof. Let ¢ € £,(G,V), g € G and 3 € 3(G). Then LyLyp = LyLyp = w(3)Lgp and
LiRyp = RyLip =w(3)Ryp. Thus, Lyp, Ryp € E,(G,V). In the same way one shows the
invariance of (G, V). O

4.3. Corollary. The spaces £,(G,V) and EX(G, V) are contained in A(G,V).

Proof. By the above lemma, each ¢ in £,(G,V) (and in EE(G,V)) generates a (finitely
generated) representation with an infinitesimal character. By Corollary 3.7, it is admissible.

Thus, ¢ € A(G,V). O

Denote

These spaces are contained in A(G, V) and C(G, 7). We shall denote
A(G, 1) = A(G,V)NC(G,T).

Then &,(G, 1) and EE(G, 1) are contained in A(G, 7).

5. THE MAPPING ¢ — T,

Denote

C(G, V) = {p € O(G, V)= p(gk) = p(g)ma(k) for all g € G,k € K}.
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The above condition can be expressed as
Ryp = Aom(k)@a

for all £k € K. Clearly, C(G, V)(Tz) is invariant for the left action of the group and the

representation defined by this action is smooth. From this follows that C(G, V)%) is
invariant for the left action of 3(G)). Therefore, it is also invariant for the right action of
3(G) by Remark 3.5 (one can also see this directly from the fact that Ry Ry = R; R =
RyAory () = Nory(y Ry for 3 € 3(G), g € G, k€ K and ¢ € C(G,V)Y)).

We shall look at the Hecke algebra of all locally constant compactly supported functions
H(G) as a left H(G)-module in an obvious way. This is the same action that we get if
we look at the representation L of G on H(G) by left translations, and integrate it to the
representation of the Hecke algebra H(G).

We consider H(K) C H(G) as a subalgebra. We shall consider H(G) as a right H(K)-
module in a natural way (the action of H(K) is given by the multiplication from the
right-hand side).

We shall consider the action of G on H(G) ®4 (k) V-, which comes from the action of
G on the first factor.

5.1. Lemma. The representation of G on H(G) @4 (k) V, is finitely generated.

Proof. Let H be the kernel of 7. Denote by ey the characteristic function of H, divided
by the measure of H. It is enough to show that ey ® V;, generates H(G) ®y (k) V7, as an
H(G)-module. Note that

H(G) @n(ry Ve, = {h®@vih € H(G),v €V, }
={h®@epgv;h € H(G),v € V; } ={h*eg @v;h € H(G),v € V }.
This proves the lemma. [

5.2. Lemma. Let (7, X) be a smooth representation of G and let w be an infinitesimal
character.

(i) The subspace X[, spanned by
m(3)z —w(3)z, 3 € 3(G),z € X,
is G-invariant. The subrepresentation on this space will be denoted by

(Tlw]s X[w])-

(ii) The space X/X|, will be denoted by X<“~. The quotient representation on this

space will be denoted by
(7T<w>,X<w>).

Then the representation (w<“~, X <“~) has an infinitesimal character, and the infinitesimal

character is w (i.e. (7<%~ , X<“>) is an w-representation). If  is finitely generated, then

(r<¥>, X<%>) is admissible (w-representation).
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(iii) If 3(G) acts on a complex vector space W, we shall denote
W, ={w e W;3.w=w(3)w for all 3 € 3(G)}.

The space X, is G-invariant and the subrepresentation on this subspace will be denoted

by
(T, Xw)-

(iv) Let U be a finite dimensional complex vector space. There is a natural representation
L of G on Homg(X,U) (see section 2.). The smooth part of this representation will be
denoted by Home(X,U)(®).

If T': X — U is a linear operator which vanishes on Xz}, then T' factors through
X<%> = X/X|5] by the operator which will be denoted by T°. Then the mapping T +— T°
defines an isomorphism of G-representations

Home(X,U)®) — Homge (X <>, U)®.

Proof. The invariance in (i) and (iii) is clear.

To prove (ii), denote the quotient map with @ and the quotient representation with 7’.
Then

T (3)0(x) — w(3)P(x) = P((3)x) — w(3)P(x) = P(n(3)x — w(3)z) = 0.

The last claim of (ii) follows from Corollary 3.7.

Now we shall prove (iv). Let T' € Homc (X, U)S5“”. Then (L(3)T)(z) = w(3)T(x), which
implies T'(7(3)x) = w(3)T(x)(= @(3)T(x)) for all 3 € 3(G) and x € X. Thus T vanishes on
all 7(3)z — &(3)x. Therefore, T induces an operator 7” € Homc (X/X[.,U). The mapping
T — T°, from Home(X,U), into Home(X/X (@], U) is obviously G-intertwining. There-
fore, T” is in the smooth part Home (X/ Xz, U)®) of Home (X <*>,U) = Homc(X/ X[z, U).

From the other side, Homc(X/Xg), U)« is a representation with an infinitesimal char-
acter w (we see it in the same way as above). There is natural embedding S — S* of
the space Home(X/X [z, U)®) into Homc (X, U )5,5) (which is G-intertwining). Obviously,
the mappings T — T” and S — S# are inverses each other. Therefore, we can identify
Home (X, U)L(f) with Homc (X/ Xz, U)) in this way. O

We define an action L of G on Home(H(G) @) Vry, Vi, )¢ in a natural way:
(L(9)A)(h ®v) = A(Lg-1h @ v)

(see section 2.). Then for f € H(G)

(L(f)A)(h®v) =A(f*h®wv).

In this way we have also an action of 3(G) on Homc (H(G) @4 (k) Vry, V).
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Proposition 5.3. (i) Let p € C(G,V)Y). Then the formula

Z hi ® v; Z((ﬁi ) (1)) () = Y (L, ) (1) (1)

7

defines a linear mapping
Ty H(G) @nry) Vi, — Vi

(in particular, the above mapping is well-defined).

(ii) The mapping

T C(G, V)S.z) — HOIH(C(H(G) ®'H(K) VTzJ VTl)(S)?
=T,

is an injective G-intertwining.

(iii) We have
HomH(K)(H<G) ®H(K) VTzv Vn) - HOIH(C(H(G) ®H(K) VTz= VTl)(S)‘

Further, Homygy(H(G) ®n (k) Vry, V7, ) Is invariant for the action of 3(G).
(IV) Ing € C(G,T), then Tcp € HOIHH(K) (H(G) ®'H(K) VTQ, Vrl)-
Proof. (i) Let ¢ € C(G, V)gi). Define
Ty, : H(G) x Vi, — Vi, (hyo) = ((hx 9)(1))(0) = (L) (1)) (v),
where h(z) = h(z™") (recall (hy * hy)” = ho * hy). Now for b € H(K)
T (h# b,v) = (Linary-2) (1)) (v) = (L) (1)) (v) = ((Lp(L5)) (1)) (v)
| pLuLie e di = [ sz k= [ bR L) Wm ke ak
K K K

= (Lw)(l)/ b(k)ra(k)v dk = (L @) (1)m2(b)v = T (h, 72(b)v).
K
Therefore, Tfp can be factored through

Ty - H(G) @n(x) Voo — Vi, Z hi ® v — Z((ﬁz‘ #0) (1) () = Y (L, ) (1) (w3).

In this way we get that the mapping
T:C(G, V) — Home(H(G) @) Vios Vi), 0 Ty

is well-defined. This mapping is obviously linear.
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(ii) First we shall show that this mapping is injective. Suppose T,, = 0. Then
0=Ty(h®v) = ((Lyp)1))(v),

for all h € H(G) and v € V,,. Thus
(Lrp)(1) =0 for all h € H(G).

Take h € H(G) such that Lpp = ¢. Then for z € G

o(x) = (Lnp) (@) = ( [ 19) ) dg) (@) = [ no)ets~2)dg
- /G h(zg)p(g~")dg = / (Lot h)(@)olg)dg = (Li_n)(1).

G
This implies ¢ = 0. Thus, T is injective.
Now take ¢ € C(G, V). Then for f € H(G)
Tp,p(h®v) = Trep(h @ v) = (hx f @) (1)
=Ty (fxh®@v) =T,(Lih®@v) = (L(f)T,)(h®v).
This shows that ¢ — T, is G-intertwining.
Since T is G-intertwining, the image of T is in the smooth part

Home (H(G) @4 (k) Vi, V)™
of HOI’H(C(H(G) ®H(K) V’rzv VT1)‘

(iii) The inclusion in (iii) follows directly from the definition of Homy(x)(H(G) @ (k)
Vs V).
Let B be a linear operator on V. Then the operator

ABo : Home (H(G) @4 (k) Vi, V) — Home (H(G) @) Viy, Ve, ), A— BA
is a G-intertwining since
(L(9)(ABoA))(h @ v) = (ApoA)(Lg-1h ®v) = B(A(Lg-1h ®v))
= B((L(9)A)(h®v)) = (Apo(L(9)A))(h @ v)).

We shall show now that L(3)A € Homy k) (H(G) @ (k) Vrys Vi) if A is in the space
Homy () (H(G) @w (k) Vrys Vi) and 3 € 3(G). To see this, take k € K and consider

(L(3)A)(Lxh @ v) = (L(k~')(L(3)A))(h @ v) = (L(3) L(k~ 1) A)(h @)
= L)Lk~ A(h ®v)) = L(3)(A(Lrh ©v)) = L(3)(11 (k) (A(h @ v)))
= L(3)(Ar, (i A) (h ® v) = Ary ) L(3) A(h © v) = 71 (K)((L(3) A) (h ® v)).
This shows that Homy ) (H(G) @ (k) Vry, V) is invariant for the action of 3(G).
(iv) Let ¢ € C(G, 7). For h € H(G), v € V;, and k € K we have

T, (Lih @ v) = (((Leh)” * 9)(1))v = /G Lih(g)e(g)vdg = /G Wk~ g)p(g)vdg

— [ h)etkgyeds = (k) [ B)e(g)udg = () ) (V0 = (T, (h o 0).
G G

This shows T, € Homy i) (H(G) @) Ve, V). O
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5.4. Proposition. There exists a one-to-one linear mapping

Eu(G 1) —  Homys)(H(G) @nic) Vi) <97, Vi)

Proof. Recall that for ¢ € C(G,7), T, € Homy (i) (H(G) @) Vry» Vi, ), and further for
v e &(G, 1), T, is from
(5_1) Hom@(H(G) ®H(K) VT27 VTI)L(JJS) N HomH(K) (H(G) ®H(K) VTQ? VT1)

= HomH(K)(H(G) ®H(K) VTQ, VTl)w.

We know also that ¢ +— T, is a one-to-one mapping. Therefore, we have a one-to one
mapping from &, (G, 7) into Homy k) (H(G) @w (k) Vry, Vi )w- This one-to-one mapping
goes from &, (G, 1) into

Homyy () (H(G) @n (k) Vs Vi )w
= Home (H(G) @) Via, Vi )& N Homyy () (H(G) @245y Viras Viry)
=~ Home (H(G) @1y Vi) <97, Vi ) N Homy g0y (H(G) @y(sey Vi) <97, Viy)
= Homy(x) (H(G) @1 (k) Vi) <97, Vo).
This proves the proposition. [

5.5. Corollary. The spaces of generalized spherical functions &,(G, T) are finite dimen-
sional.

Proof. Note that (H(G) @ (k) V7)<~ is an admissible representation by Corollary 3.7,
Lemma 5.1 and Proposition 5.2. This and the above proposition imply the corollary. [J

6. THE MAPPING T' — or

For T' € Homc(H(G) ®y(x) Vras Vi, ) we define ¢ : G — V by the formula:

or(9)(v) =T (Ly(er, ®v)), v & Vg,

where L denotes the natural representation of G on ‘H(G) ® V' (the action is on the first
factor), and
Ky = Ker(m) N Ker(72).

6.1. Proposition. (i) The mapping T — @1 is a one-to-one G-intertwining from

Homg (H(G) @w(x) Vrgs Vi, )™ into C(G, V).

(ii) There exists a one-to-one G-intertwining from

Home (H(G) @w(x) Vias Vi) = Home (H(G) @w(xc) Vi) <47, Vi, )
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into
C(G V)Y NELG, V).
(111) IfT e HOH’.I'H(K) (H(G) ®'H(K) VTQ, VT1)7 then wT € C(G, ’7').

(iv) There exists a one-to-one linear mapping of

Homyy iy (H(G) ®@n (k) VTZ)<‘:’>7 VTI)(S) into £,(G, T).

Proof. (i) For k € K and ¢ € Home (H(G) ®#(fc) Vrys Viy ) we have

o1 (gk) (v) = T(Lyk(ex, @) = T(Lyker, ©0)) = T(LyLyex, ©v) = T(Ly(Liex, ©0))
Ly )0)) = T(Ly(ex, © ma(k)))

=T(Ly( u(Ko)
o1(9)(T2(k)v)

1
mCtho ®v)) =T (Lg(ex, ® T2

(we denoted in the above computation the characteristic function of a subset Y by chy).
This implies that o7 € C(G,V),,.
We shall show now that 7" — @7 is a G-intertwining:

(Lopr)(9)v = @127 g)v = T(Ly-14(ex, @ ) = T((Lo-14€1,) @ V)
= T(Ly—1(Lyer,) @v) = L(2)T(Ly(ex,) ©v)) = (L(2)T)(Lg(ex,) @v)) = @L@)7(9)0:

Note that now we get also that o € C(G, V)(T‘;).

Now we shall prove that T' + ¢ is injective. Suppose 7' € Homc(H(G) @ (k)
Vi, Vi ) and or(g)v = 0 for all ¢ € G and v € V,,. Then T(L,(ex, ® v)) =
T(Lger, ®v) = 0. Since Lyer, ® v generate vector space H(G) @ (i) Vr,, we have
T=0.

(ii) From (i) follows directly (ii).
(iii) Suppose that ¢ € Homy (i) (H(G) @1 (k) Vrys Ve ). Then we have for k € K:

pr(kg)(v) = T(Lrg(ex, ®v)) = 11 (k)T (Ly(ex, ®v)) = 71 (k)pr(g)v.

Thus, pr € C(G, 7).
(iv) We get (iv) directly from (iii). O

6.2. Remarks. (i) The study of generalized spherical functions in a natural way reduces

to the case of 11 and T9 irreducible representations of K. For a smooth representation
(m, X) of G, we shall denote by
X[]

the 11 -isotipic subspace of X.
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(ii) Note that

CR,® VT2 - H(G) ®H(K) VTga

Vi ek, ®v,

which shows up in the definition of — @7 on Homc(H(G) ®yx) Vry, Vi), is a K-
intertwining. Therefore, if 15 is irreducible, then er, ® v € (H(G) @ (k) Vr,)[m2] for
veVy,).

(iii) If we consider the mapping that T — o7 defines on Homg ((H(G) @) Ve, ) <7, V7, )
(which is isomorphic to Homc(H(G) @ (k) Vrs, VTI)E}S)), it is given by the formula

g (1) — T(Lg(BKO ® v+ (H(G) ®7—((K) VT2)[@]) :

Note that again
Vi ek, U+ (H(G) ®H(K) VT2)[(;,]

is a K-intertwining of V;, (now into (H(G) ® () V,)~“>). This K-intertwining will be
denoted by
€K, ®

(iv) Let the infinitesimal character w corresponds to (M, p). Suppose that 1o is a K-type
of Ind%(p). Then there exists a non-zero K-intertwining i : V,, — Ind%(p). Consider the

mapping
(f,0) = Rp(u(v)), H(G) x Vo, — Indg(p).

This is obviously a non-trivial bilinear mapping. Consider now for f € H(G),h € H(K)
and v € V,

Rpan(p(v)) = RyRp(u(v)) = Ry (pu(r2(h)v)).

This implies that (H(G) @) V)<~ # {0}
Suppose now (H(G)®# (k) Vr,)<*~ # {0}. Then there exists a non-trivial G-intertwining

I:H(G) @wxey Vi, — IndE ().

Since I # 0, one sees directly that I(ex, ® v) # 0 for some v € V,,. Now consider a
non-trivial linear mapping

Loy, tv e I(ex, ®v), Vi, — Ind3(p).
Note that for h € H(K) we have

Loy, (r2(h)v) = I(ek, ® T2(h)v) = I(ek, * h @ v)

= I(h * €K, ®U> = RhI(eKO ®U) = RhIeKO (’U)
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(we have used above that ek, * h = h * ek,, which holds since K is a normal subgroup of
K). Thus, we have shown that 75 is a K-type of Ind% (7).

Now we shall consider a slightly modified setting. Let (7, X) be a smooth represen-
tation of G with infinitesimal character w. Consider a natural representation of G' on
Home(X,V;,) (recall that Home(X,V;,)®) denotes the smooth part of it). Fix a &
Homg (V,,, X). For T € Homc (X, V,,)® define ¢% : G — V by

pr(g)v =T(m(9)(a(v))),v € Vr,, 9 € G.

Further, T — ¢% is a linear mapping from Home (X, V;,)®) into C(G,V),,. Since it
is a G-intertwining, the image is in C(G, V)(Tz). Further, if T € Homg (X, V;,)®), then
0T € C(G, 7). Thus, ¢F € £,(G,V) (since 7 has infinitesimal character @). In this way
we obtain a linear mapping

$x : Homg (Vy,, X) @ Homg (X, V;)®) — E,(G,7), a®T — ¢.

6.3. Lemma. (i) If X = X; & X5 is a sum of G-subrepresentations, then Im(®x,) +
Im(¢X2) = Im(@X)

(ii) If 7 is irreducible, then @ x is injective.
Proof. (i) One gets Im(®x,) C Im(®@x) directly (if ¢ € Im(Px,), then extend the

codomain of o and the domain of 7" in an obvious way).

Denote the action of G in X; by m;. Let ¢ € Im(®x). Let a; be the composition

Ve, 5 X1 8 Xo 255 X, and T; the composition X; — X1 & Xs — X1 & Xs 25 X;. Now

T(m(g)(ai(v) + az(v))) = T(m1(g)(a1(v)) + m2(g)(az(v)))
= Ti(m1(9)(a1(v))) + Ta(m2(g)(a2(v))) = ¢! (9)v + @77 (g)v.

S
S
S
=
Il
=
3
S
°
=
Il

This completes the proof of (i).

(ii) Suppose that ¢ € Hompg (Vy,, X) ® Homg (X, V;,)®) is a non-zero element which is
in the kernel of ®x. Write ¢ = 2?21 a; @ T; in the shortest way. Then «; are linearly
independent, and also 7T; are linearly independent. Now

> e () = D Tulr(g)(ou(v)) = 0.¥g € Gov € Ty,

Writing in the above relation gg; instead of g, multiplying the relation by f(g1) and
integrating the expression that we got in this way over G, we get

ZTi(W(g)ﬂ(f)(ai(v))) =0, forall geG,feH(G)veV,,.
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First note that «;(v) are linearly independent (observe that > Im(a;) = @ ;Im(a;),
since n < dimcHom(V,,, ® ;Im(«;)), and the last dimension is the length of ©F_;Im(«;)
by the Schur lemma). Fix v # 0. Chose f such that 7(f)(aq(v)) # 0 and 7(f)(a;(v)) =0
for ¢ > 1. Then Ty (7w(g)7(f)(ca1(v))) = 0 for all g € G. The irreducibility of 7= implies
T1 = 0. This contradiction completes the proof of the lemma. [J

In the rest of this section we shall assume that 7, and 75 are irreducible. As we already
have mentioned, the case of generalized spherical functions corresponding to reducible 7
and (or) 75 reduces in a natural way to the case of irreducible 7y and 7.

Let w be the infinitesimal character corresponding to (M, p) € Q(G), where M is a Levi
subgroup of P. Then Frobenius reciprocity implies

(6-1) Hom g (73, Ind%(5)) = Homusnx (75, ).

As a consequence of these considerations we get:

6.4. Theorem. Ifw = (M, p) is irreducible and semi simple infinitesimal character of G,
then

dime(E,(G, 7)) = dime(Homprnk (11, p)) dime(Homparnk (T2, 5))-

Proof. Observe first that Proposition 5.5 and (iv) of Proposition 6.1 imply that that there
exists an isomorphism

A+ Homyy (o) (H(G) @3g10) Ve) <7, Vi) — Eu(G 7).
Using (éx,® )® , we shall identify

Homyy(rc) (H(G) @rrc) V) =7, V)
— HOmH(K)(va (H(G) OH(K) VTQ)<G.J>) ® HomH(K)((H(G) DH(K) VT2)<®>, Vi)

Now
DH(G) D1y 1) Vig ) <5>

extends A (see (iii) of Remarks 6.2). Since A is an isomorphism (in particular, an epimor-
phism), @(H(G)®H(K)V72)<@> is an epimorphism.

Suppose now that 73 is no K-type of Ind%(p). Then the fact that ) is an isomorphism,
(iv) of Remarks 6.2 and Frobenius reciprocity (6-1) imply the formula of the theorem.

Suppose now that 75 is a K-type of Ind%(p). Now (iv) of Remarks 6.2 imply that
Homyy (i) (Vry, (H(G) @21y Vir)<7) is a (finite) sum of representations isomorphic to
Ind%(p). We shall fix one such irreducible subrepresentation, and identify it with Ind% ().
Having in mind this identification, (i) of Lemma 6.3 implies that the restriction of the
MappPing P (14(G)@ i Vi) <@> t0 Homyy (k) (Ind$(5), IndG(p)) is surjective. By (i) of Lemma
6.3, this restriction is injective. Thus, the restriction is an isomorphism. Now Frobenius
reciprocity (6-1) implies the claim of the theorem in this case.

This completes the proof of the theorem. [
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6.4. Remarks. (i) Proposition 3.9 tells that the conditions required in the above theorem
hold on a Zariski open dense subset of infinitesimal characters Q(G).

(ii) The formula in the theorem and Proposition 3.9 implies that the dimension of the
space of generalized functions &,,(G,T) is constant on a Zariski open dense subset of each
connected component of Q(G).

(iii) Using isomorphism of this section one can easily write the formulas for generalized
spherical functions. By these formulas generalized spherical functions are given by integrals
(these are FEisenstein integrals). The integral in these formula for generalized spherical
functions comes from the isomorphism Ind%(p)” = Ind%(p), which is given by integrating
over K.
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