ON THE REPRESENTATION THEORY OF GL(n) OVER
A p-ADIC DIVISION ALGEBRA AND UNITARITY IN
THE JACQUET-LANGLANDS CORRESPONDENCE

MARKO TADIC

ABSTRACT. Let F' be a local non-archimedean field of characteristic 0, and let A be an F-
central division algebra of dimension d 4 over F'. In this paper, we first develop some parts of
the representation theory of GL(m, A), assuming the conjecture that unitary parabolic induc-
tion is irreducible for GL(m, A)’s. Among others, we obtain the formula for characters of irre-
ducible unitary representations of GL(m, A) in terms of standard characters. Then we study
the Jacquet-Langlands correspondence on the level of Grothendieck groups of GL(pda, F)
and GL(p, A). Using the above character formula, we get explicit formulas for the Jacquet-
Langlands correspondence of irreducible unitary representations of GL(n, F') (assuming the
conjecture to hold). As a consequence, we get that the Jacquet-Langlands correspondence
sends irreducible unitary representations of GL(n, F') either to zero or to irreducible unitary
representations, up to a sign.

INTRODUCTION

A key aspect of the Langlands program is functoriality ([L]). One of the first examples
of functoriality which were studied in the local case was the connection between represen-
tations of various inner forms of GL(n) (see [KnRg]). The first example, studied already in
[JL], was the connection between irreducible representations of GL(2) over a local field F
and irreducible representations of the multiplicative group of the quaternion algebra over
F. (The L groups of these two groups are both GL(2, C) x Gal(F/F), and the functoriality
considered here corresponds to the identity mapping.)

Let F' be a local non-archimedean field of characteristic 0 and let A be an F-central
division algebra of rank d4 over F. For ecah positive integer p, P. Deligne, D. Kazhdan
and M.-F. Vigneras established bijections

LdeA

between irreducible essentially square-integrable representations of groups GL(pd4, F') and
GL(p, A) (|[Rg] takes care of the case p = 1). The crucial requirement which holds for these
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bijections, and which characterizes them uniquely, is that characters ©5 and O, i () of
the representations d and LJ,q, (9) satisfy the following character indentity

(—1)P4405(g) = (=1)POLy,,, 5)(9)

whenever g and ¢’ have the same characteristic polynomials, and when this polynomial is
separable. These bijections are called Jacquet-Langlands correspondences.

A 1. Badulescu observed that Jacquet-Langlands correspondences extend in a very nat-
ural way to mappings between Grothendieck groups

LJpa, : Groth(GL(pda, F)) — Groth(GL(p, A)),

such that the extensions are compatible with parabolic induction, i.e. that they com-
mute with parabolic induction. (Essentially, such extensions are unique if we require that
characters of GL(n, F)’s go to 0 if d4 /n.) Moreover, these extensions satisfy the above
character identity on the level of formal characters (for a precise description of the exten-
sions, see 6.1). We shall call these mappings Jacquet-Langlands correspondences on the
level of Grothendieck groups.

For the group G of rational points of a reductive group defined over a local non-
archimedean, we shall denote by G the set of all the equvalence classes of irreducible
smooth representations of G. The unitary dual G of G consists of all the unitarizable
classes in G.

We consider GL(n, F')” as a subset of Groth(GL(n,F')) in a natural way (it forms a
Z-basis). An interesting question is to understand what happens with irreducible represen-
tations under the Jacquet-Langlands correspondence on the level of Grothendieck groups,
and in particular, what happens with irreducible unitary representations. Already, very
simple examples will show that LJ,, will carry some irreducible representations to zero.
Further, it is not hard to see that an irreducible (unitarizable) representation can go to
the negative of an irreducible representation.

In this paper we study what happens with irreducible unitary representations under the
Jacquet-Langlands correspondence, assuming the following conjecture for general linear
groups over division algebras, introduced in [T5]:

(U0) unitary parabolic induction is irreducible for GL(m, A)’s

(i.e., if m and my are irreducible unitary representations of GL(my, A) and GL(mz, A),
then the parabolically induced representation Ind&L(mi+ma,4) (m ® my) is irreducible).

Note that D. Vogan’s paper [Vo] implies that (U0) holds in the archimedean case. Also,
J. Bernstein proved in [Be] that (U0) holds if A = F' (unfortunately the method of [Be]
can not be extended to the division algebra case).

In this paper, we first develop some directions of the representation theory of GL(n)
over division algebras over a local non-archimedean field, to be able to obtain the formula
for characters of irreducible unitary representations of GL(m,A) in terms of standard
characters. (Note that assuming (U0) to hold, [T5] and [BaRe| imply a classification of
the unitary duals GL(m,A)" of GL(m, A) for all m > 1.) Using this character formula,
we compute explicit formulas for LJ,(7), 7 € GL(n, F)" (Propositions 7.3, 9.5 and section
11). As a consequence, we get the following:
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Corollary. Assume that (U0) holds. Then
LJpas(GL(pda, F)) C + GL(p,A)" U {0},

i.e., Jacquet-Langlands correspodences send irreducible unitary representations of general
linear groups over F' either again to irreducible unitary representations of general linear
groups over A, up to a sign, or to 0.

A direct consequence of the above corollary is the following observation, which may
be of some interest. Let o be an element of GL(p, A)™ (resp. of Groth(GL(p, A))\{0}).
Suppose that (U0) holds and suppose that there exists 7 € GL(pda, F')" such that the
characters of o and 7 are equal up to (the same) sign on elements with same characteristic
polynomials. Then o is unitarizable (resp. o € + GL(p, A)").

Let us note that there are very strong formal similarities between the Jacquet-Langlands
correspondences studied in this paper and the Kazhdan-Patterson lifting studied in [T8].

A part of this work was done during our visit of the special period on the representation
theory of Lie groups in IMS, NUS, Singapore, while we finished the work during our
visit of Université Paris 7 - Denis Diderot. We are thankful to both institutions for their
hospitality. We are also thankful to the referee and to A.I Badulescu for a number of
suggestions, which helped a lot to improve the quality of the paper.

We shall now give a description of the content of the paper according to sections. In
the first section, the notation and basic results for general linear groups over a local non-
archimedean field are introduced (which are needed in the sequel). The second section
introduces notation and basic results for general linear groups over division algebras. In
the third section, we show that the canonical involution on irreducible representations of
GL(m,A) (introduced by A.-M. Aubert, and by P. Schneider and U. Stuhler) preserves
unitarity. Moreover, we obtain an explicit formula for the involution on irreducible uni-
tary representations. (We assume (UO) to hold throughout.) In the fourth section we
describe irreducible subquotients of ends of complementary series, obtaining in this way
a character identity, which enable us to compute in the fifth section characters of irre-
ducible unitary representations of GL(m, A) in terms of standard characters. We recall
the Jacquet-Langlands correspondence on the level of Grothendieck groups in the sixth sec-
tion. In the seventh section we compute LJ(7) for one of four basic types of 7 € GL(n, F)",
while the unitarity of LJ(m) is shown in the eighth section. Sections nine and ten study
the same problem for the second basic type of m. In the last section, we compute the
Jacquet-Langlands correspondence of the remaining two basic types of 7, using canonical
involutions.

1. SOME FACTS FROM THE REPRESENTATION THEORY OF GL(n, F)
In this section, we shall introduce notation and basic results that we shall need for

general linear groups over a local non-archimedean field.

1.1. We shall fix a local non-archimedean field F'. The modulus character of F' will be
denoted by | |r (it satisfies |z|r [, f(za)da = [, f(a)da for any continuous compactly
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supported complex-valued function f on F', where da denotes a Haar measure of the
additive group (F,+) of the field).

1.2. Let G be the group of rational points of a reductive group over F'. The set of all
equivalence classes of irreducible smooth representations of G will be denoted by

G.

The subset of unitarizable classes in G will be denoted by

~

G.

A representation 7 € G is called essentially square-integrable if there exists a character y
of G such that x is square-integrable representation modulo the center. All the essentially
square-integrable classes in G will be denoted by

D(G).

The Grothendieck group of the category of all representations of GG of finite length will be
denoted by
Groth(G).

1.3. Now we shall introduce the Bernstein and Zelevinsky notation for the general linear
group GL(n, F) (for more explanation regarding notation see [Z] and [T2]).

For two smooth representation 7 and 7o of GL(n1, F') and GL(no, F), we shall con-
sider m; ® 7y as a representation of GL(n1, F') X GL(ng, F'). Identifying in a natural way
GL(n1,F) x GL(n2, F') with the Levi factor of the parabolic subgroup

g x| . —
{lo gJ,gZGGL(nl,F),z 1,2},
we shall denote by

T X T

the smooth representation of GL(n; + ng, F') parabolically induced by m; ® ma. Then

(77'1 X 7T2) X T3 = m X (71'2 X 7T3).

1.4. The characters of F'* will be identified with characters of GL(n, F') using the deter-
minant homomorphism. The character of GL(n, F') corresponding to | | will be denoted
by

V.

For any character y of F'*,

x(m1 X me) = (xm1) X (x72).
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1.5. Let
R, .r = Groth(GL(n, F)).

Then GL(n,F) is a Z-basis of R, p. If 7 is an admissible smooth representation of
GL(n, F) of finite length, the semisimplification of 7 will be denoted by s.s.(7) (which is
in Rm F)

We can lift x to a Z-bilinear mapping X : Ry, r X Ry, r — Ry, 4n, F since the semisim-
plification of m; X w9 depends only on semisimplifications of m; and ms. Set

Rp = @n>o0Rn, F-

One extends x to an operation X : Rp X Rp — Rp in an obvious way, and Rr becomes
an associative, commutative graded ring.

Fix a character y of F'*. Lift the mappings 7 +— x7 : R, p — R, r to a Z-linear map
X : Rp — Rp. In this way we get an endomorphism of the graded ring Rp .

We have a natural partial ordering on R,, p. (GL(n,F)” generates the cone of positive
elements in R,, p.) Then orderings on the R, r’s determine an ordering < on Rp in a
natural way. An additive homomorphism ¢ : Rp — Rp will be called called positive if
x € Rp, x > 0 implies ¢(z) > 0.

1.6. Denote

D = ng(GL(n, F)).
For § € D there exists a unique e(d) € R such that »~¢()§ is unitarizable. The represen-
tation ¢ § will be denoted by §*. In this way,

§ = vg,
where e(d) € R and §* is unitarizable.

1.7. Now we shall describe the Langlands classification for general linear groups. Let
M (Dp) be the set of all finite multisets in Dp and d = (d1,62,...,0,) € M(Dp). Let
7 be a permutation of {1,2,...,k} such that e(dy(1)) > e(dy2)) > -+ > e(dym)). The
representation

Md) = 0(1) X Oy(2) X - Xy

has a unique irreducible quotient. Its class depends only on d (not on 7 as above). This
unique irreducible quotient will be denoted by L(d) or L(d1,d2,...,dx). From 1.4 it follows
that for a character y of F'*,

XL(517527 R 75/6) = L(X517X527 e 7X5k)

To have shorter notation, we shall often denote s.s.(A(d)) € Rp simply by A\(d) € Rp.
This will produce no confusion. From the properties of the Langlands classification it is
well-known that the \(d) € Rp, d € M (Dp), form a basis of Rp.
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Proposition ([Z]). The ring Rr is a polynomial ring over Dp. O

1.8. One defines addition of elements of M (Dp) by
(81,09, 0k) + (07,05, ..., 0p) = (01,02, ., O, 01,05, -y Opr)-

Then

Proposition ([Rd]). For dy,ds; € M(Dp), L(dy + ds) is a subquotient of L(dy) x L(ds).
The multiplicity is one. [J

1.9. Let Cr be the set of all the equivalence classes of irreducible cuspidal representations
of all general linear groups GL(n, F'), n > 1. For p € Cp and k € Z,k > 0, the set

[0, v"p) = {p,vp,V?p, ..., V" p}

is called a segment of irreducible cuspidal representations. We shall also write the segment
W™ o, 02 p] = [k, ko))

(where ki1, ko € R are such that ko —k; € Z and ky — k1 > 0). The set of all such segments
will be denoted by Sp. The set of all finite multisets in Sp will be denoted by M (Sp).
We consider the partial ordering < on M (Sp) introduced in 7.1 of [Z], defined by linking
segments.

1.10. Let A = [p,v*p] = {p,vp,?p,...,v*p} € Sr. The representation

pXupXVipx - xVFp
has a unique irreducible quotient, denoted by

§5([p, V" p)),

and a unique irreducible subrepresentation, denoted by

5([p,v*p])".
The representations 6([p, v¥p]) are essentially square-integrable. Further, the representa-
tions 0([p, v*p])? are called Zelevinsky’s segment representations.
By Bernstein-Zelevinsky theory, the mapping
5ZSF—>DF, AHé(A),

is a bijection.
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We can state this also in the following way. For n € N and p € Cr denote
8(pin) = 8([—(n —1)/2, (n —1)/2]"").

Then (p,n) — d(p,n) is a bijection of Cr x N onto Dp.
We lift A — §(A) naturally to a bijection

Using the above bijection we get the Langlands classification in terms of M (Sg).
For a € M(SF) we denote

We also denote

1.11. Note that 1.10 and Proposition 1.7 imply that Rr is a polynomial algebra over
d(A), A € Sp. Therefore the mapping

§(A) — 6(A), A€ Sk,
extends uniquely to a ring morphism ! : Rp — Rp. This ring morphism is involutive.
A fundamental fact is that it carries irreducible representations into irreducible ones ([A],
[ScSt]).

Obviously, for a character xy of F*, (x6(A))" = x(6(A)Y) for A € Sp. Therefore,
:Rr — Rp and Y : Rp — Rp commute, since they commute on generators.

1.12. For an irreducible representation 7 of a general linear group, there exists a unique
(p1,...,pr) € M(Cr) such that

T p1 X .. X Pg.
The multiset (p1, ..., px) is called the cuspidal support of 7 and it is denoted by
supp(7).

It is well-known (and one easily sees it) that * : Rp — Rp preserves the cuspidal support
of irreducible representations.

1.13. Denote the set of all unitarizable classes in Dp by D% (in other words, D} consists
of the square-integrable classes). For 6 € D" and a positive integer n denote

u(d,n) = L(l/anl(S,VnTi?’é, ce, VT2 6).

The following theorem describes irreducible unitarizable representations.
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Theorem ([T2]). Let
Br ={u(d,n), v*u(d,n) x v u(d,n) | 6 €Dy, neN, 0<a<1/2}.

Then

(i) If 0q,... ,0k € Bp, then 01 X ... X 0o, is an irreducible unitarizable representation
of some general linear group over F.

(ii) If 7 is an irreducible unitarizable representation of some general linear group over
F', then there exist 01,... ,0, € Bp, unique up to a permutation, such that

T 0o X...X0p. U

1.14. Let p € Cp. Fix positive integers d and n. Let
a(l,d)(p) - [V—(d—l)/2p, V(d—l)/2p] € Sp,

Jl—(n—1)/2

a(n,d)?) = (a(1,d)” """ a(1,d)" o a(l,d) ") € M(Sp).

We shall take (formally) a(0,d)®) to be the empty multiset (then L(a(0,d)()) is the one-
dimensional representation of the trivial group GL(0, F'), which is the identity of Rp).
Similarly, we also take a(n,0)”) to be the empty multiset (so again L(a(n,0)()) is the
identity in R). Observe that

(k1 +k2)/2p)7

(R p, %2 p) = [k, ko)P = a(1, ko — ky + 1)
AL, d)") = [~(d = 1)/2+ 0, (d — 1)/2+ 0],

From 1.7 follows that for a character y of F'*
xL(a(n,d)*) = L(a(n,d)x").

Further
u(d(p,d),n) = L(a(n, d)(p)).

1.15. There are two important distinguished bases of R, irreducible representations and
standard modules A(d),d € M(Dp). Theorem 1.13 implies that the following theorem
solves the problem of expressing irreducible unitary representations (resp. irreducible uni-
tary characters) in terms of standard modules (resp. standard characters). It is convenient
to present it in the following form:
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Theorem ([T7]). Let n,d € Z,n,d > 1. Let W,, be the group of permutations of the set
{1,2,...,n}. Denote Wi = {w € Wy;w(i) +d >i for all 1 <i < n}. Then we have the
following identity in Rp

L(([vp, v?pl, - "o v Mol = > (=1 [T (' p, v 1)),
e =1

where sgn(w) denotes the sign of permutation w. [

1.16. From the following theorem one can get all the irreducible subquotients of ends
of complementary series. (This is crucial information for determining the topology of the
unitary dual.)

Theorem ([T3]). For positive integers n and d, and p € Cr, we have
v2L(a(n,d) ) x v=Y2L(a(n,d)P) =
L(a(n+1,d)?) x L(a(n —1,d)") + L(a(n,d + 1)) x L(a(n,d —1)®). O

1.17. The following theorem implies that the involution ! carries class of irreducible

unitary representations to itself. Moreover, it implies an explicit formula for the involution
on irreducible unitary representations.

Theorem ([T2]). For positive integers n and d, and p € Cr, we have

(L(a(n,d)))" = L(a(d,n)®).

2. REPRESENTATIONS OF GL(n) OVER A DIVISION ALGEBRA A

In this section, we shall introduce notation and basic results that we shall need in
this paper regarding general linear groups over division algebras. Since the situation is
very similar to the case of general linear groups over a field, we shall only point out the
differences between these two cases. (More details can be found in [T5].)

We shall assume in the sequel that the characteristic of F' is 0.

2.1. Let A be a finite dimensional division algebra over F' whose center is F. Let

dimpA = d%.
Let Mat(n x n, A) be the algebra of all n x n matrices with entries in A. Then GL(n, A)
is the group of invertible matrices with the natural topology. The commutator subgroup

is denoted by SL(n, A). We shall denote by

det : GL(n, A) — GL(1, A)/SL(1, A)
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the determinant homomorphism, as defined by J. Dieudonné (for n = 1 this is just the
quotient map). The kernel is SL(n, A).
The reduced norm of Mat(n x n, A) will be denoted by r.n., .\ ..

characters of GL(n, A) with characters of F™* using r.n. . ... . - Let

We shall identify

V= \r.n.Mat(an,A)/F\F :GL(n,A) — R*.

2.2. Now we shall comment on modifications that one needs to make to 1.3 - 1.12 so that
these sections apply also to the case of general linear groups over division algebras. (More
details can be found in [T5]). Particularly, small modifications are required for 1.3 - 1.8.
We shall first deal with these modifications.

ad 1.3. We define by the same formula, as in 1.3, the multiplication x of smooth
representations of general linear groups over A. Then, as in 1.3, we have
(7'(‘1 X 7T2) X T3 = m X (7T2 X 7T3).

ad 1.4. In 2.1 we identified characters of GL(n, A) with characters of F'* using the
reduced norm r.n., . ... The character identified with | |r was again
denoted by v. Again, for a character x of F'*, we have y(m; X m3) & (x71) X
(x72).

ad 1.5. Define

R, 4 = Groth(GL(n, A))

(recall that Rp = @,,>0Ry,r). One defines on R4 the structure of an (asso-
ciative, commutative) ring in the same way as in 1.5 was done for the field
case. Also, characters of F'* lift to automorphisms of R4 (as in 1.5).

ad 1.6. All essentially square-integrable classes in U,>1GL(n, A) are denoted by D 4.
One defines e(6) and 6" for § € D4 as in 1.6.

ad 1.7. For d € M(D4) we define A\(d) and L(d) in the same way as in 1.7. The
Langlands classification for general linear groups over division algebras have
the same expression as in the field case. (The parameters are in M (Dj4).)

Here R4 is a polynomial algebra over D 4.

ad 1.8. Proposition 1.8 holds in the same form for general linear groups over division

algebras (Proposition 2.3 of [T5]).

2.3. By [DeKaVi] there exists a bijection
JL, : D(GL(p, A)) — D(GL(pda, F))
§ 6
such that characters O4 and ©; satisfy
(—=1)!Os (9') = (~1)***O5(g)

whenever ¢’ and ¢ have same characteristic polynomials, and when this polynomial is
separable.
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This bijection is uniquely determined by the above character requirement and is called
the Jacquet-Langlands correspondence between irreducible essentially square-integrable
representations of GL(p, A) and GL(pda, F).

This bijection commutes with twisting with characters (see [Ba2]).

Take ¢’ € D(GL(p, A)) cuspidal and let ¢’ correspond to 6 € D(GL(pda, F)) by the
above correspondence. We know that

6=10(p,q)

for some positive integer ¢ which divides pd4 and for some irreducible cuspidal represen-
tation p of GL((pda)/q, F'). Further, it is known that ¢|d4 and that p is relatively prime
to q (pd 4 is the lowest common multiple of d4 and (pda)/q).

We define

S5r = ¢,

and a character
v = 1/85/

of F*. As we noted in 2.1, we use r.n., ... . to identify the characters of F'* with
characters of GL(n, A). Therefore, we can view v as a character of any GL(k, A). (Note
that in this definition, ¢’ is cuspidal; soon we shall give a definition also in the case that
' is essentially square-integrable.)

2.4. We shall continue now with modifications that one needs to make to 1.9 - 1.12 in
order for these sections to apply also to the case of general linear groups over division
algebras.

ad 1.9. We shall denote by C4 the set of all equivalence classes of irreducible cuspidal
representation of all GL(n, A), n > 1. For p' € C4 and k € Z,k > 0, the set

10, Vg,p’] ={p,vyp, Vi/pl, ey 1/5,,0’}

is called a segment of irreducible cuspidal representations of general linear
groups over division algebras. In this case, we shall also write the segment

[WE p,vh2 p] = [k, ko))

(k1,ko € R, ko — k1 € Z and ko — k1 > 0). The set of all such segments will
be denoted by S4. The set of all finite multisets in S4 will be denoted by
M (SF) and we shall consider the partial ordering < on M (S4) introduced
in section 4 of [T5] (defined again by linking segments).

ad 1.10. For A’ = [p’,yg,p’] = {p’,up/p’,yi,p’,...,ug,p’} € S4, the representation
P X vyp X yz, pX . X 1/}’;, p" has a unique irreducible quotient, denoted by
5([p, 1/5, p']), and it has a unique irreducible subrepresentation, denoted by

5[/, vE P
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The mapping
§:84 — Da, A=A,
is a bijection. If we let

5(p' ) = 8([=(n = 1)/2, (n — 1)/2]¢"),

then we can state the above fact in the following way: (p’,n) — d(p’,n) is a
bijection of C4 x N onto Dy4.
We define vs(, ) to be vy, i.e.

Vs(p'n) = Vp'-

We lift A’ — 0(A’) naturally to a bijection M(J) : M(Sa) — M(Da).

This gives the Langlands classification for general linear groups over a divi-
sion algebra A in terms of M(S4). For a € M(Sa) let L(a) = L(M(8)(a))
and A(a) = A(M(0)(a)) as before.

ad 1.11. Since R4 is a polynomial algebra over 6(A’), A’ € S4, the mapping §(A’) —
§(A")t, A € 84, extends uniquely to the ring morphism * : Ry — Ra,
which carries irreducible representations into irreducible ones ([A], [ScSt]).
This homomorphism of rings is an involution. Again, for a character x of
F* 'Ry — Rj and x: Ry — R4 commute.

ad 1.12. One defines the cuspidal support of an irreducible representation in the same
way as before (it is an element of M (C4)). The involution * preserves the
cuspidal support.

2.5. Let DY be the set of all the unitarizable classes in D 4. Let
n=1 n=3 _n=1
w(d’',n) = L(vs® 0 v5° 6, .. 5 2 0).
for 0’ € DY and a positive integer n.

Let us first recall a conjecture (U0) from [T5]:

(Uo) if 7 and mo are irreducible unitarizable representations of general linear
groups over A, then m; X my is irreducible.

Now section 6 of [T5] and [BaRe] imply the following
Proposition. Assume that (U0) holds. Let
Ba={u(d',n), vgu(d',n)x vy u(d’,n) | & €Dy, neN, 0<a<1/2}.
Then

(i) If 01,... ,0k € Ba, then 01 X ... X 0y, Is an irreducible unitarizable representation
of some general linear group over A.

(ii) If 7 is an irreducible unitarizable representation of some general linear group over
A, then there exist o1,... ,0, € B, unique up to a permutation, such that

T o1 X ...X 0. U
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2.6. For p’ € C4 and positive integers d, n, let

a(1,d)*) = [v T2 D e 8y,

1—(n— 2
v (n=n/ P/)

/ —(n—=1)/2 ; (n—=1)/2 4
a(n,d)?) = (a(1,d)" ) a(1,d)" ca(Ld) e TPy e M(Sa).

Further, a(0,d)®") and a(n,0)*") are empty multisets (so L(a(0,d)®")) and L(a(n,0)®")
are both the identity in R4). Similarly as before we have

! (k1+k2)/2
[Vs,lp/’ylg,zp/] - [k17k2](p) = a(l,ky — k1 + 1)(,,p,1 2)/2,, )’

a(1,d)"7) = [~(d = 1)/2+ a, (d = 1)/2+ a]*.
For a character x of F* we have xL(a(n,d)®")) 2 L(a(n,d)x?")). Also
w(§(p',d),n) = L(a(n,d)®")).

3. INVOLUTION AND UNITARITY, ON UNITARY DUALS OF GL(n, A)

3.1 We shall call an irreducible representation 7 of a general linear group over A rigid if

e(p) /5y € (1/2)2

for all p’ in the cuspidal support of .
Lemma. Assume that (U0) holds. For d,n € N, p’ € C4 we have

L(a(n, d)*)t = L(a(d,n)®)).

Proof. Since ! commutes with character automorphisms y : R4 — Ra, it is enough to
prove the above relation for unitary p’ € C4.

The proof goes in several steps.

First we shall prove that L(a(n,d)®))! is unitarizable. We prove it by induction with
respect to n. For n = 1 we know L(a(1,d)*®))! = L(a(d, 1)), which is unitarizable by
Proposition 2.5.

Let n > 1 and suppose that we have proved the unitarity of the representations
L(a(n,d)®))t for that n. Proposition 1.8 for the division algebra case (see 2.2) and (U0)

imply
La(n+1,0)") x Lia(n = 1,d)*)) < v, "> L(a(n,d)*") x ,/*L(a(n,d)*").
Applying the involution * : R4 — R4 to the above relation, we get

L{a(n+1,d)))" x L(a(n —1,d)*")* < V;l/ZL(a(n,d)(pl))t X V;//2L(a(n,d)(/’/))t_
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First observe that L(a(n,d)®"))! is rigid (since * preserves the cuspidal support). This
fact, the unitarity of L(a(n,d)®"))* and Proposition 2.5 imply that L(a(n, d)®"))t is a prod-
uct of elements of the form L(a(n/,d’)*")), where p € C4 are unitarizable. Proposition
2.5 implies that all representations

V;?L(a(n',d')(p )y x vs, Lia(n/,d) ™)), 0<a<1/2,
are unitarizable. This implies that the representations
l/p_,O‘L(a(n,d)(p/))t X V&L(a(n,d)(pl))t, 0<a<1/2,

are also unitarizable. Recall that all the irreducible subquotients at the end of comple-
mentary series are unitarizable ([M], see also [T2] and [T4]). This implies that all the
irreducible subquotients of V;1/2L(a(n,d)(p/))t X V;,/QL(a(n,d)(p/))t are unitarizable. In
particular,

L(a(n+1,d)*)t x L(a(n — 1,d)))!

is unitarizable (and irreducible, since * carries irreducible representations to the irreducible
ones).

For an irreducible representation 7 denote by 7 the Hermitian contragredient of .
Then 7 +— 7 lifts to an automorphism of R4. Observe that ! carries the class of irreducible
Hermitian representations to itself, since the automorphisms ! and 7 — 71 of R4 commute
(one directly checks this on generators). Therefore, L(a(n+1,d)*)) @ L(a(n—1,d)®))t is
Hermitian. Now (d) in section 3 of [T6] implies that L(a(n+1,d)*)) @ L(a(n—1,d)*®)) is
(irreducible) unitarizable, which implies that L(a(n+ 1,d)®))t is unitarizable. Therefore,
we have proved the inductive step.

So, we have proved that representations L(a(n,d)®)) for p' € C4 unitarizable, are
unitarizable in general.

Now we are going to get an explicit formula for L(a(n,d)®))!.

First note that L(a(n, d)(p/)) is not induced from a proper parabolic subgroup by an irre-
ducible unitarizable representation (see Proposition 2.5). Therefore, L(a(n,d)®))! is also
not induced in that way. Proposition 2.5 implies that (L(a(n,d)®)))* = L(a(n’,d’)*")
for some n’,d and p”. Since ! preserves the cuspidal support, one gets directly p’ = p”
and {n,d} = {n/,d’'}. This implies the lemma if n = d.

It remains to consider the case n # d. Actually, in this case it is enough to prove

L(a(n,d)\"))" # L(a(n,d)*?).

Since t is an involution, our previous discussion implies that it is enough to prove the above
relation only in the case
d < n.

We shall prove this by induction with respect to d. For d =1,

L(a(n,1)*V)" = L(a(1,n)"")),
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which is different from L(a(n,1)®")) since n > 1.

Suppose d > 1 and that we have proved the claim for d’ < d. Let d +1 < n. We
have already observed that L(a(n 4+ 1,d)®)) x L(a(n — 1,d)®)) < V,J_l/QL(a(n, d)P)) x
1/;/ 2L(a(n, d)(p/)). Applying ? to this relation and using the inductive assumption, we get

L(a(n +1,d)*)t x L(a(d,n — 1)) < v 2 L(a(d,n)*)) x v}/2L(a(d,n)").

Suppose
L(a(n +1,d)))* = L(a(n 4+ 1,d)®)).

Then
L(a(n+1,d)®Y) x L(a(d,n — 1)) < v V2L(a(d,n)?)) x v}/2La(d,n)*")).

Then by the definition of the ordering < on M (S4), we can not have on the left hand
side more segments than on the right hand side (since ordering is generated by linking
segments). This implies n + 1+ d < 2d, i.e. n+ 1 < d which implies n < d. This
contradicts d + 1 < n. Thus L(a(n 4 1,d)®))* # L(a(n + 1,d)®?)), what we needed to
prove. [J

3.2. Corollary. Assume that (U0) holds. Then * carries the class of irreducible unitary
representations to itself. []

4. ON ENDS OF COMPLEMENTARY SERIES OF GL(n,A); CHARACTER IDENTITIES

4.1 The following proposition describes irreducible subquotients in the ends of complemen-
tary series. Besides the fact that this is crucial information for determining the topology of
the unitary dual, this result (essentially character identity) will be crucial for us in obtain-
ing formulas for (characters of) irreducible unitary representations in terms of (characters
of) standard modules.

Proposition. Assume that (U0) holds. Then for n,d € N, p’ € C4 we have in R4

—1/2 / 1/2 !
v, / L(a(n,d))) x Vp// L(a(n,d)")) =
L(a(n —1,d)?)) x L(a(n + 1,d)*)) + L(a(n,d — 1)) x L(a(n,d + 1)),

Proof. First note that it is enough to prove the above equality for p’ unitarizable.

Further, Proposition 4.3 of [T5] implies that it is enough to prove the proposition for
n > 2. Applying involution !, we conclude that it is enough to consider only the case
d>2.

Let 1/2 ’ 1/2 ’

T=v, L(a(n,d)?)) x v, L(a(n,d))).

We know that L(a(n —1,d)®")) x L(a(n+1,d)®)) is a subquotient of multiplicity one

in 7 (see 2.2).
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Applying the same argument to 7’/ = V;1/2L(a(d, n)®)Y x y;,/QL(a(d, n)*)), we get
that L(a(d —1,n)®)) x L(a(d + 1,7)®")) is a subquotient of 7’ of multiplicity one.

Applying * to 7/, we get from Lemma 3.1 that L(a(n,d —1)*)) x L(a(n,d+ 1)) is a
subquotient of 7 = (7')* of multiplicity one. Therefore, to complete the proof, it is enough
to prove that there are no additional irreducible subquotients besides these two.

Let o be an irreducible subquotient of 7 different from the above two subquotients.
Since 7 is an end of complementary series, ¢ must be unitarizable. Since 7 is rigid, o must
be rigid. This easily implies that

o= L(a(m,dl)(p/)) X ... X L(a(nk,dk)(f">)
for some n;’s and d;’s. After renumeration, we can (and shall) assume that

ny+dy >ng+dp > > ny +dy.
Look at the cuspidal representation u/;(n+d)/2+1_1/2p’ = V/;(”+d)/2+1/2p’. This is the
first representation (from the negative left hand side) in the cuspidal support of 7. Then
the cuspidal support tells

(Observe that we must have n; + d; > ng + do, since the multiplicity of V;(n+d)/ 241/ 2p’

in the cuspidal support of 7 is one.)
The rules for linking segments imply

d < d.

(n+d)/2+1/2 p' is the left end of only one segment in 7, and there are no segments

(n+d)/2+1/2p/

(Since v,
which are more to the left, the segment starting with 1/; must be at least of

length d.) Applying *, Lemma 3.1, and repeating the above argument in this situation, we
get
n < nj.

The three above relations imply
(n1,d1) =(n+1,d) or (ni,d1)=(n,d+1),
ie.
L(a(ny,d)®)) = L(a(n + 1,d)®)) or  L(a(ni,d1)®?) = L(a(n,d + 1)").

Now the first remaining representation in the cuspidal support is y;(ner)/ 2+1/2+1 p =

1/;(”+d)/ 2+3/2 p. (Similarly as above, looking at the cuspidal support of 7, we can conclude

that no + doy > ns + d3 if k> 3) This implies

no+do=n+d—1.
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Now looking at the rules for linking segments, one gets directly
d—1<d,.

(Note that V;(n+d)/2+3/2p’ must be the beginning of a segment in a(ns,dsz)®"), and the

shortest segment that can have this beginning is of length d — 1, which one gets by inter-

secting the most left segment in © with the segment in 7 starting at 1/;(”+d)/ 2+1/ 2,0’ ).

Repeating the above argument in the case of 7t and using Lemma 3.1 we get
n—1<ns.
The three above relations imply
(n2,d2) = (n—1,d) or (ng,d2)=(n,d—1),
ie.
L(a(ns, ds)?)) = L(a(n — 1,d)*)) or  L(a(ns,ds)*)) = L(a(n,d — 1)),

We have now four possibilities for the first two factors of 0. We shall analyze two
possibilities. Let
o' = L(a(ns, d3)?)) x ... x L(a(ng, d)))

if £ > 3. Otherwise, we take o/ = 1.
Suppose that ¢ is isomorphic to

Lia(n+1,d)*)) x L(a(n,d — 1)) x ¢’ or L(a(n,d+1)%)) x L(a(n—1,d)*)) x o

The first representation cannot be a subquotient of 7 since it corresponds to at least 2n+1
segments, while 7 is defined by 2n segments. For the second representation, observe that

(L(a(n,d+1)®)) x L(a(n —1,d)*)) x 0)" = L(a(d+1,1)*)) x L(a(d,n —1)®)) x (¢')*

is a subquotient of ¢ = Vp_,l/zL(a(d, n)®)) x V;,/QL(a(d, n)(®")). This is impossible, for the
same reason as in the first case.
Therefore, the only two remaining possibilities for o are
L(a(n —1,d)?)) x L(a(n+1,d)*")) x o,
La(n,d —1)*)) x L(a(n,d + 1)) x o
But since both
L(a(n — 1,d)?)) x L(a(n +1,d)*)) and L(a(n,d —1)®)) x L(a(n,d + 1)®")

have in their cuspidal supports 2nd representations (counted with multiplicities), which is
exactly the number of representations in the cuspidal support of 7 (counted with multi-
plicities), we conclude that ¢’ = 1.

This completes the proof of the lemma. [J
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5. ON CHARACTERS OF IRREDUCIBLE UNITARY REPRESENTATIONS OF GL(n, A)

5.1. The set of non-negative integers is denoted by Z,. Fix p € Cr and p’ € C4. Let
Rp(p) (resp. Ra(p’)) be the subalgebra of Rp (resp. R4) generated by

{6(W"p,v*2p]) | ki,ko € (1/2)Z, ks — k1 € Z4 }
(resp. (55 V2 0)) | Raka € (1/2)Z0ks — o € z+}) ,

Then clearly, both algebras are polynomial over the above sets of generators. Define an
algebra isomorphism ¥, , : Rp(p) — R4 (p’) by

Wy 0([M p, 2 p]) v (W o vE2 o))

for all ki, ko € (1/2)2, ko — k1 € Z+.

Lemma. If we assume (U0), then
k Uk/ ’
U, o (L(a(n,d)¥ ?) = L(a(n,d)“» "))

for all n,d € N and k € (1/2)Z.

Proof. We shall prove the lemma by induction with respect to n. For n = 1 (and all d)
the lemma holds by definition of ¥, ,» (see 1.14 and 2.6). Fix n > 1 and assume that the
formula of the lemma holds for all n’ < n. Applying ¥, , to the formula of Theorem 1.15
(with v*p instead of p in the formula), and using the inductive assumption we get
1/2 l/k/ ’ —1/2 I/k/ ’
I/p// L(a(n,d)¥»?)) x v, / L(a(n,d)¥» )y =
0 (Lla(n+1,d)"" ) ) xLa(n=1,d)* )+ L(a(n, d+1) "> ") x L(a(n, d-1) "),

Now subtracting the above formula from the formula of Proposition 4.1 (with V’;, p' in-
stead of p’ in the formula) and using the fact that R4 is an integral domain, one gets

U, »(L(a(n + 1,d)" ) = L(a(n + 1,d)(”§’p/)). The proof of the lemma is now com-
plete. [

5.2. As a direct consequence of the above lemma and Theorem 1.15 we get the following

Proposition. Assume that (U0) holds. Let p' € C4 and n,d € Z,n,d > 1. Let W,, be
the group of permutations of the set {1,2,...,n}. Denote Wi = {w e Wy,w(i)+d >
i for all 1 <1i <n}. Then we have the following identity in R4

L(([vp ', vip'), Vap, ngrlp'], N | z/gfnflpl]))

_ Z (_1)sgn(’w) H 5([,//1),[)”I/;‘i(i)Jr(d*l)pl])' ]
wew Y i=1
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6. JACQUET-LANGLANDS CORRESPONDENCE

6.1. A.L. Badulescu in [Ba2| studied very natural extensions of Jacquet-Langlands corre-
spondences. We shall recall here some of his considerations (in a slightly different notation).
In section 2.3 we recalled the Jacquet-Langlands correspondences

(6-1-1) JL, : D(GL(p,A)) — D(GL(pda, F)),

which are uniquely determined by the requirement that the characters ©s and Ojr, (s)
satisfy

(6-1-2) (—=1)POs (9') = (=1)*™* 01,51 (9).

whenever ¢’ and g have the same characteristic polynomials, and when this polynomial is
separable.

The above correspondences are bijections, so instead of the correspondences JL,, we
could consider their inverses JL L

The mappings JL,, p > 1, define in a natural way an injective mapping

JLIDA —>DF

Since the algebras R4 and Rp are polynomial over D4 and Dp respectively, JL, can be
uniquely extended to a ring homomorphism of R4 into Rp, which will be again denoted
by

(6-1-3) JL:Ras — Rp.
Clearly, the extension is also injective.
The homomorphism JL carries Groth(GL(p, A)) to Groth(GL(pda, F')), and we shall
denote this restriction again by
(6-1-4) JL, : Groth(GL(p, A)) — Groth(GL(pda, F)).
Then this extended JL, again satisfies the relation
(6-1-5) (~1)POm (") = (=1)PO1,, (=) (9)
for any m € GL(p, A)".

Let
D) = U D(GL(pda, F)).
p>1

Then JL defines a bijection of D4 onto D%d“). Denote the inverse mapping by

L] : D) — D,
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There exists a unique ring homomorphism Rr — R4 which extends LJ and which sends
all the elements from Dp \ D](PfiA) to 0 € R4. This extension will be denoted again by

L) : Rr — Ra4.
If d4|m, then we shall denote by LJ,, the restriction
LJ,, : Groth(GL(m, F)) — Groth(GL(m/d4, A)).

Otherwise, we shall take (formally) LJ,, = 0 (as a mapping from Groth(GL(m, F)) into
Ra).
Let
Ir a

be the ideal in Rp generated by Dp \ Dg,dA) (clearly, this ideal is graded). This is just the
kernel of LJ. Therefore, R4 = Rp/Ip 4.
Further, suppose that ¢ € Groth(GL(m,F)) is in Ip 4 and da|m. Then for regular
semisimple g € GL(m, F') we have
@tp(g) = 07

where O, denotes the formal character of ¢. Therefore,

(6-1-6) (—1)™B4(g) = (—1)T4 Ory() (¢)

whenever ¢ and ¢’ have the same characteristic polynomials, and when this polynomial is
separable. Clearly, LJ o JL=idg,.

The correspondence JL: R4 — Rp, which we considered first, does not behave well
with respect to irreducibility. Namely, one sees easily (as in the Comments after Theorem
3.1 in [Ba2|) that JL does not in general carry irreducible representations to irreducible
ones (up to a sign). A similar situation happens with unitarity. In general even irreducible
unitary representations are carried neither to irreducible unitary representations (up to a
sign), nor to linear combinations of irreducible unitary representations.

Assuming (U0) to hold, we shall see in the rest of the paper that the correspondence
LJ: Rr — R4 behave well with respect to irreducible unitary representations, i.e., that it
carries such representations either again to the irreducible unitary representations (up to
a sign) or to 0.

6.2. Let p' € C4. Suppose that
§([p,v*' ~'p]) € Dp corresponds to  p’

under the Jacquet-Langlands correspondence (here p € Cp). Then

s 1k—1 / k—1 1
6([p,v**"" " p]) corresponds to  ([p’, vy p']).
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6.3. Fix an irreducible cuspidal representation p of GL(m, F'). Let s’m be the smallest
common multiple of m and d4. The fact s'm|dam implies

s'|da.

Note that &([p,v* ~1p]) is an irreducible essentially square-integrable representation of
GL(s'm, F). Therefore, it lifts under the Jacquet-Langlands correspondence to an irre-
ducible essentially square-integrable representation p’ in R4. A short discussion implies
that p’ is cuspidal, and then s, = s'.

Now p’ is a representation of GL(p, A), where p = ﬂ;i”/. Since s’m is the smallest

common multiple of m and d4, this implies (p,s,) = 1 (if k& were the greatest common
divisor, then kds and km would divide s'm). Further, the smallest common multiple of
da and deT,/q =mis sym=pda.

6.4. Assuming (UO) we shall compute LJ(7) for irreducible unitary representations of
general linear groups over the field. Since LJ is a ring homomorphism, for this it will be
enough to compute

LI(L(a(r,d)®) € Ry, r,dcN.

Suppose that we are in the situation of 6.3, and suppose that s, = 1 (which means
that p corresponds to p’ under the Jacquet-Langlands correspondence). Then Theorem
1.15 and Proposition 5.2 directly imply

LI(L(a(r,d)*))) = L(a(r,d)'").
It remains therefore to consider the case
Sp/ Z 2.

We shall assume this in the rest of the paper.
If 7 = 1, then we know LJ(L(a(1,d)())) by 6.2, so we can assume also r > 2.
To simplify notation, we shall often denote bellow s, by n, i.e.

Sp/ =N.

7. CALCULATION OF THE JACQUET-LANGLANDS
CORRESPONDENCE IN THE UNITARY CASE I,
THE CASE OF r < d AND s,/|d

7.1. In this section, we shall assume r < d and s, |d (i.e. n|d).

We shall use below the following Lemma 3.1 of [T8]. To follow later calculations more
easily, we shall repeat this technical lemma here.

Denote by W)/ the group of permutations of {0,1,...,7 — 1}. The signature of a per-
mutation w will be denoted by sgn(w).
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Lemma. Write r = an + b, with a,b € Z such that 0 < b <n — 1.
(i) Let
W/ (n)={w e W, ; n|(w(i) —i) forall 0 < i <r—1}.

For 0 < ¢ < min(n,r) — 1 denote by
W/ (n; ) ={we W, ; wi)=1iifn [(i —0)}.

Then W/(n) is a subgroup of W/, W/(n;{) are subgroups of W/(n) and W/(n) is a direct
product of W/(n;¢), £ =0,1,2,...,min(n,r) — 1.
(ii) Let 0 < £ < b—1 (resp. b < ¢ < min(n,r) —1). Forw € W/, (resp. w € W) define

w* € W/ by
o 7, if nf(i—4);
w(j) = {£+nw(z'), if j=0+ni.
Then w — w* is an isomorphism of W, (resp. W) onto W/(n;(). Further, sgn(w) =

sgn(w*). O

7.2. Let
= L(([o,v" ], [vp,vpl, . 07 p, " 2],

Now we shall start computation of

LI(IT) = LI (L(([p, v* ), [vp, vop), . [ o, v =11 ])))
_ Z (_1)sgn(w) ﬁ L] ((5([Vip, Vw(i)—!—(d—l)p]))
weW/ =0

= Y (e HLJ( v p, @A)

weW;(m
since n|d and r < d.

Write r = an + b,a,b € Z,0 < b <n — 1. We shall now use the above lemma to modify
the above sum:

LM = Y (1@ [ LI (3(ip. @)
1=0

wEW,(n)

=X D

Wo,W,... 7wb71€Wl;+1 Wp,Wh+41 -+ 7wmin(n,'r)—1€W¢;

b—1
(H sgn(we) HLJ €+m €+nwe(i)+(d—1)p]))>
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min(n,r)—1

> H sgn(wg) H LJ £—|—nz £—|—nw4(i)+(d—l)p]))
4=b

H Z sgn(wg) H LJ Z—i—nz Jn wg(i)—f-(d—l)p]))

=0 wZEW’

min(n,r)—1

> H Z sgn(wz H LJ £—|—nz £—|—n wz(i)—i—(d—l)p]))

weeW/,

(we assume in the sequel that §([p, 7" 1p]) and p’ correspond under the Jacquet-Langlands
correspondence as in 6.2)

H Z sgn(wz) H6 E-l—n zpl L+n zV;ﬂé( i)— H‘(i_l)pl])

=0 ngW i=0
min(n,r)—1 a—1 o v
i i we(l)—i+(2—1
X H Z sgn(wg) H 5([Vﬁ+n zpl, V£+n zyp/e - P,])
weeW/ =0
b—1
" n (i)+(2-1)
=1L » 2 o= “””Hé vy )
=0 szW{;+l

< I v 3 - sgn(wwH(; i O HED

{=b weeW/

Note that r < d implies r — b < d, which implies an < d, i.e.
a<d/n.

If
b>1,

then » — b < d, which implies a < % and further
a+1<d/n

(since n|d).
Therefore
LI(IT) =

o £ T ;oL atd-1 ,
= H Vp’ L(([payp/ p]a[l/p’payp’p] [V ’p V p]))

£=0
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min(n,r)—1
¢=b
7.3. Now suppose that p is unitary and that
/!

d(p,s,r) =0(p,n) corresponds to p

under the Jacquet-Langlands correspondence. Then p” is unitary.
Further

o' =LI(0(pn) = LI~ "% 8([p,v" " p]) = v~ T LIG(p " p]) = vy

ie. L
p// — I/; 2n pl
(and p’ = 1/;2;” p"). Note that
Vpr = Vprr.
Now we shall compute (for » < d and n|d)
LI(L(a(r, d)®)) = LJ(u—#“L(qp, VL), [wp, gl ..., [ p, v )

min(n,r)—1 ,  atd
2 = (p
X H vy Uy L(a(a,d/n)\""’) }
(=b
A _ r+d —r—d42 —an—b—d+2
Sincev=—2 tl=y, 2 =p, 2n we have
p p )

—b+2420—n

LI(L(a(r,d)'))) (H v, > Lla (a+1,d/n)(”/)))

min(n,r)—1 Chioioi_om

X H v, *  L(a(a, d/n)))
£=b
—b+2424—n n_—nl 1"
(H vy Llaat1.d/n)" ”)
min(n,r)—1 n—1

—b42420—2n V2
X H v, " L(a(a,d/n)(v p))

{=b
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b= _bi142¢ (o)
= H vy * Lla(a+1,d/n)'" )
£=0
min(n,r)—1 Chi1izen o
<\ I v ™ Late,d/m)?)
£=b
b—1
> 4 "
= H v L(a(a+ 1,d/n)®))
o=-51
min(n,r)—1 7b72n+1 Le .
X IT v " Lia(a,d/m))
{=b

For an irreducible representation m of GL(I, A), positive integer | and a non-negative
integer k, define
—(k—1)/2 —(k—1)/2+1 —(k—1)/2+2 (k—1)/2

b m)x (v, ) X (v, ! T) XX (v, b

string, , (k,l,m) = (v,

If kK = 0, we take the string to be the identity of R4 (i.e., the trivial representation of the
trivial group GL(0, A)).
From this directly follows the

Proposition. Suppose that (U0O) holds. Assume that 6(p,n) corresponds to p"” € Cy
under the Jacquet-Langlands correspondence. Let

r<d, n|d, 1<n.

Write
r=an-+b, abeZ, 0<b<n-—1.

Then
LJ(L(a(r, d)(P))) = string,,p,,(b,n,L(a(a n 1,d/n)(p”)))
xstring, ,, (min(n,r) — b,n, L(a(a, d/n)(P”)))' -

Remark. (i) Our definition of string,, , (k,, 7) is more general that we need for the present

paper. In this paper, whenever we use stringyp,(k:,l,w), it will be [ = s, = n. Then

string,, , (k,n, ), which equals string, (k, 1, 7) in this case, will be denoted simply by
string(k, ).

In this case string(k, w) has the following simpler form:

string(k, m) = (v~ * D727y 5 (p= k=024 10y 5 (= R=D/2420) oo (002,

Note that neither v, nor n = s, show up on the right hand side.
We shall use both notation, string(k,7) and string, , (k,n, 7). The later will be conve-
nient to us when we study unitarity.

Now the above proposition can be written in the following form:



20 MARKO TADIC
Proposition’. With the same assumptions as in the above proposition, we have
LJ(L(a(r,d)")) = string(b, L(a(a + 1, d/n)(p”)))

xstring(min(n, r) — b, L(a(a, d/”)(p”)))- O

We can rewrite the above formula as
LI(L(a(r,d)*))) = string(r — [r/n]n, L(a([r/n] + 1,d/n)*")))

xstring(min(n,r) — r + [r/n]n, L(a([r/n], d/n)*"))).

where [z] denotes the greatest integer which does not exceed x.

8. UNITARITY OF THE JACQUET-LANGLANDS CORRESPONDENCE
OF IRREDUCIBLE UNITARY REPRESENTATIONS I

8.1. We shall now show that LJ(L(a(r,d)()), which we have computed in the previous
section, is irreducible and unitary if p € Cp is unitary. (After this, we shall show that
LJ(v?(L(a(r,d)?)) x v=8(L(a(r,d))))) is unitary for 0 < 8 < 1/2.)

If b = 0, then string, , (b,n, L(a(a + 1,d/n)®"))) = 1. So string, , (b,n, L(a(a +
1,d/n)®")) is irreducible unitary. Suppose b > 1. Then 0 < (b—1)/(2n) < n/(2n) = 1/2.
Therefore, string, , (b,n, L(a(a +1,d/ n)*"))) is again irreducible unitary.

If r < n, then S/‘Eringl,p,, (min(n, r)—b,n, L(a(a,d/n)*"))) = 1, and string, ,, (min(n, ) —
b,n, L(a(a,d/n)?"))) is irreducible unitary. Suppose r > n. Then

string,, , (min(n, 7) — b,n, L(a(a, d/n)"?")) = string,,, (n — b,n, L(a(a,d/n)*"))).

Since now 0 < (n—b—1)/(2n) < (n—1)/(2n) < 1/2, this implies that string, , (min(n,r)—
b,n, L(a(a,d/n)®")) is irreducible unitary. Therefore, LI(L(a(r, d)(®))) is irreducible uni-
tary.

For 0 < 8 <1/2 let
7(L(a(r,d)?), 8) = v°L(a(r,d)”) x v=PL(a(r,d)").

Now we shall show that
LI(n(L(a(r,d)')), B))

is irreducible unitary. Observe
LI(r(L(a(r,d)\"), 5))

= VPLI(L(a(r,d)P)) x v PLI(L(a(r, d))
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E 12 J— 1"
= v, string, , (b,n, L(a(a + 1, d/n)P))) x v, string, , (b,n, L(a(a + 1, d/n)?)Y)
é 17
XV, string, , (min(n,r) — b,n,L(a(a,d/n)(p ))
_ﬁ 1
XV, string, , (min(n,r) — b,n, L(a(a,d/n)*")).
This implies that it is enough to show unitarity (and irreducibility, which follows from
unitarity) of

B B

v string,, (b,n, L(a(a+1,d/n)®"))) x v, string, ,, (b,n, L(a(a + 1,d/n)*"))

for b > 1, and of

g 1 _é 12
vy, string, , (n — b, n, L(a(a, d/n)?")) x v, string, , (n — b,n, L(a(a,d/n)*"))

for » > n. For the first representation, we need to show

0< (b—1)/(2n) + B/n < 1/2 it b> 1,
and for the second,

0<(n—b—-1)/2n)+0/n<1/2 if r>n.
This obviously holds since 8 < 1/2.

9. CALCULATION OF THE JACQUET-LANGLANDS
CORRESPONDENCE IN THE UNITARY CASE II,
THE CASE OF r < d AND s, NOT DIVIDING d

9.1. In this section we shall assume that » < d and s, fd (i.e. n [d).
If n frd, then one sees directly that

LI (L(([p, v pl, vp, vip], - [ o 171 ]))) = 0.

Therefore, we need only to consider the case n|rd. Soon we shall see that a stronger
assumption needs to be imposed to get a non-zero result.
Write
r=an-+b, abeZ, 0<b<n-—1.

Now n|rd implies n|bd.
We continue to assume
n > 2.

If » = 1, then LI(L(([p,v*'p]))) = 0 since n /[d. Therefore, we shall assume in the
sequel
r > 2.

9.2. The following lemma is a modification of Lemma 4.1 of [T8].
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Lemma. Suppose n [d. If the set
X, (n,d) ={weW,; n|(d+w(i)—1i) forall 0 <i<r—1}

={we W/ n|(d+i—w (i) forall 0 <i<r—1}
is non-empty, then n|r.

Proof. Suppose X, (n,d) # 0. Clearly, the identity is not in X, (n,d) since n /d.

Take some w € X,.(n,d). Note that for 0 <i <r —2, n|(d+ w(i) — i) and n|(d + w(i +
1)—i—1) imply n|(w(i) —w(i+ 1) + 1) Suppose w(i) —w(i+ 1)+ 1 = 0 for all i as above.
This implies w(1) = w(0) + 1, w(2) = w(0) +2, w(r —2) = w(0) 4+ — 2, which implies
w(0) =1 (since w cannot be identity). This 1mp11es w(r—1) =0.

Since w € X, (n,d), we get n|(d+1) and n|(d+w(r—1) —(r—1)) = (d+1—1r). These
two relations imply n|r.

Therefore it remains to consider the case when

w(i) —w(E+1)+1#0

for some 0 < i < r — 2. If the above number is negative, then w(i) —w(i+1)+1 < —n,
which implies w(i) + n+ 1 < w(i 4 1). This implies n + 1 < r — 1. If the above number is
positive, then n < w(i) — w(i 4+ 1) + 1, which implies n < r. Thus we have proved (up to
now) that

n <r.

We have written r =an+ba,be Z,0<b<n-—1. We know a > 1.
Write
d=cn+d, cdeZ,

1<d <n-1(<r-1)

(since n fd).
Since elements in X, (n,d) C W/ are bijections, for each ¢« € {0,1,...,n — 1} it must
hold that

card({t + kn;k € Z} N [0, — 1])
=card({i —d+kn;k € Z} N [0,r —1])
rd({i —d' + kn;k € Z} N [0,r — 1])
=card({i + kn;k € Z}y N [d',d +r —1]).

From the above relation we get

card({i + kn;k € Z} N [0,d" — 1)) + card({i + kn; k € Z} N [d',r — 1])
=card({i + kn;k € Zy N [d',r — 1]) + card({i + kn; k € Z} N [r,d" + 1 — 1]).

Thus for each i € {0,1,...,n — 1} we have

card({i + kn; k € Z} N [0,d" — 1]) = card({i + kn; k € Z} N [r,d' +r —1]).
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The last relation can be written as
card({i + kn; k € Z} N [0,d" —1]) = card({i + kn; k € Z} N [an + b,an + b+ d’ — 1]).
Therefore, for each i € {0,1,...,n— 1}

card({i + kn;k € Z} N[0,d" — 1]) = card({i + kn;k € Z} N [b, b+ d' — 1]),

ie., card({i} N [0,d" —1]) = card({i + kn;k € Z} N [b, b+ d' — 1]).

Suppose b > 1. The above relation for ¢ = d’ — 1 implies b < d’ — 1, and further b < d'.
The case i = d’ implies d’ < b. This is a contradiction. The proof is now complete. [J

9.3. We shall also need the following lemma. It is a slight modification of Lemma 4.2 of
[T8]. The proof is almost the same. Therefore, we omit it here.

Lemma. Supposer =an (a € Z,a > 1) and n fd. Then:

(i) Wi(n) X, (n, )W (n) = X.(n,d).

(ii) X, (n,d) normalizes W/(n).

(iii) For any w € X, (n,d) we have X,(n,d) = wW/(n) = W/(n) w.

(iv) BEach i € {0,1,2,...,7 — 1} write i = s(i)n + t(i) where s(i),t(i) € Z and 0 < t(i) <
n—1. Let d = en+d', where ¢,d € Z,1 <d <n—-1(<r—1) (d # 0 since n /d).
Define w(,,.qy € W, by

o (it (n—d), if t() <
w(n,co(Z)—{ i—d, if (i)

Then wy, q) € X(n,d) and sgn (w(n,q)) = (_1)%(n—d’)d/ _ (_1)%(n—d)d.

9.4. As before, let

I = L(([ﬂ? Vd—lp]7 [va Vdp]7 KR [VT_1p7 VT—H_d_lp]))'

Recall that we assume in this section » < d and s,, = n fd. To get a non-trivial LJ(II),
we have seen that one needs to consider only the case s, = n|rd. Lemma 9.2 gives further
reduction to the case s, = n|r (see the calculation bellow). This is the reason why we
shall assume it in the sequel.

Now we shall compute in this case

LI(IT) = LI (L(([p, v* ), [vp, vop), . [ o, v =101 ])))

_ Z (—1)ssn(w) ﬁ LJ ((5([Vi,0, I/w(iH(d_l)ﬂ]))

weW/

_ Z (_1)sgn(w) f[ L] ((5([Vi,0,1/w(i)+(d_1)p]))

weX,(n,d)
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_ S (e 1:[ LJ (6([Vip, uw“)*(d*l)p]))
=0

WEW(y, q) W/ (1)

r—1
— (_l)sgn(w(n,d)) Z (_1)sgn(w) H L] (5([l/ip, Vw(n,,d)w(i)—&—(d—l)p]))
1=0

weW/ (n)

_ (_l)a(n—d)d Z Sgn(w) H H L] < é—i—ng w(nyd)w(Z—&—nj)—F(d—l)p]))

weW/(n)

— (_1)a(n—d)d Z

w{EW/(n;0),...,w!, _ EW/(n;n—1)

n—1

n—1
H (_1)sgn(w2) H LJ < E—l—nj w(nyd)wé(ﬁ—i—nj)—&—(d—l)p]))

£=0
H (_1)sgn(wg) H L] < E-l-nj W (n,d) (Z"‘”wi(j))‘f'(d_l)p]))

_ (_1)a(nfd)d Z

W0,y 1 EW!,

d —1

[T (—1yenceo HLJ< i w<n,d><e+nwe<j)>+(d—1>p]))
£=0
n—1
IR HLJ< i+ w<n,d)<e+nwe(j>>+<d—1>p])>
{=d’

_ (_1)a(n—d)d Z

W0,y 1 EW/

d -1
H (_1)sgn(w4) H L] ( E+ng é—i—nwg(j)—l—(n—d’)—i—(d—l)p]))
£=0

% H (_1)sgn(we) H L] ( Z—i—ng £+nwg(j)—d’+(d—1)p])>
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d—1
)a(n—d)d H Z (—1)sen(wn) HLJ( i €+nwe(j)+(n—d’)+(d—1)p])>
(=0 weW!
n—1
« H Z (_ sgn (wye) HLJ( é—l—ng E+nwg(j)—d’+(d—1)p]))

t=d’ w,eW!,

(we assume in the sequel that 6([p, 2"~ 1p]) corresponds to p’ under the Jacquet-Langlands
correspondence as in 6.2)

d -1 a—1
_ (_1)a(n—d)d H Z (_1)sgn(wg) H 5<[V€+njpl VZ+nij£(j)_j+Cp/])
) o
0=0 weeW! =0
n—1 a—1
X H Z (_1>sgn(wz) H5([V€+njp/’V€+njyll)tjz(j)—j+c—1p/])
t=d' w,eW! =0
d'—1 .
1)a(n—d)d H un Z Sgn(wz) H5 /p sz(J)JGC/])
P P!
£=0 weeW/
n—1 ’
17D DECHAR Hé A
{=d’ weeW/!
d -1 .
= (=)= T vn L[, v5p), - - v ol v ')
=0
XHV LU e o), o s e )

L=d’

since a < ¢, and then clearly a < ¢+ 1. (Note that we assume r < d, i.e. an < cn+ d’,
which implies an < ¢n, i.e. a < ¢; therefore in particular a < ¢.)
We have proved

L) = LI (L(([p, v* 1 pl, .o 7 p, 11 p]))

d'—1
£ - a c
_ (_1)a(n—d)d( H V;L(([p/,l/g/p/], o [Z/;L/ 1p/71/p/ 1+ pl]))>
£=0

x(ﬁuﬁL(([p',v;rlp’],'- W) ).

{=d’
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9.5 Suppose now that p is unitary and that p” corresponds to 6(p, s,/) = d(p, n) under the
Jacquet-Langlands correspondence (as at the beginning of 7.3). Then p” is unitary and

=LI(d(p,n)) = LIv="= 8([p,v"1p])) = v, ™ p', ie.

n—1
o= = T Uy = v,
Now (for n fd)
LI(L(a(r,d))) = LI~ L(([p, v pl, .. " p, v 7141 p)))
d'—1
_ a(n— d)d —T+d+1 - / a 1+c 7
= (-1) 1T vo oo v ), v e, /)
£=0
n—1 p
w TT v 005 o) ol e 1p’]>>]
(=d

20— d+1 .
= (=1)7*~ d)d( H v 2 Lla(a, e+ 1)1 )))
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d’ —1
2

= (—1)a<"—d>d< [1 viLa(ac+ 1)<P”>))

i d—1
= 3

—n—d/+1

n—1 =—n-d' 41,
x( H Yy = L(a(a,c)® )))
t=d’
Therefore, we have proved

Proposition. Suppose that (U0) holds. Assume n fd, n|r and r < d. Write
d=cn+d, cdeZ, 1<d <n-1.
Then
LI(L(a(r,d)®))) = (=1)*"~Dstring, , (d',n, L(a(r/n,c+ 1))
xstring, , (n — d',n, L(a(r/n, c)(p”)))
= (—=1)2=Dstring(d’, L(a(r /n,c+ 1))
xstring(n — ', L(a(r/n,c)®)). O
This can be also written as
= (=1)*=Ddstring(d — [d/n]n, L(a(r/n, [d/n] + 1))
xstring(([d/n] + 1)n — d, L(a(r/n, [d/n])?")),

where [x] denotes the greatest integer which does not exceed x.

10. UNITARITY OF JACQUET-LANGLANDS CORRESPONDENCE
OF IRREDUCIBLE UNITARY REPRESENTATIONS II

10.1. Under the assumptions of the previous section, we shall first show in this section
that LJ(L(a(r,d)())) is unitary (we assume p to be unitary). Then we shall show that

LI (L(a(r,d)”)) x v=7(L(a(r,d)\")))
is unitary for 0 < § < 1/2 (under the same assumptions).
For the unitarity of LJ(L(a(r,d)())), it is enough to show
0<(d—1)/(2n) <1/2

and
0<(n—d —1)/(2n) < 1/2.

Both obviously hold (recall 1 < d' <n —1).
For the complementary series, we need to see that for 0 < 8 < 1/2

0<(d —1)/(2n) + B/n < 1/2

and
0<(n—d —1)/2n)+B/n <1/2

(see section 9). This holds since 1 <d' <n—1and 8 < 1/2.
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11. JACQUET-LANGLANDS CORRESPONDENCE IN THE UNITARY CASE,
THE REMAINING CASES

11.1. It remains to compute LJ(L(a(d,r)()) in the case d > r. Since by Theorem 3.17
of [Ba2|, LJ and * commute up to a sign, we have

LI(L(a(d, 7)) = LI(L(a(r, d)®)t) = £LI(L(a(r,d)?))*.

Therefore, we can apply our previous calculations. We have two cases.
If
r<d, n|d, r=an+b, abeZ, 0<b<n-1, 1<mn,

then
LI(L(a(d,r)")) = £LI(L(a(r,d)?))" = £string(b, L(a(d/n,a + 1))

xstring(min(n,r) — b, L(a(d/n, a)®")).

If
nfd, nlr, r<d, d=cn+d, cdeZ, 1<d<n-1,

then
LI(L(a(d, 7)) = £LI(L(a(r, d) )t = +(—1)2C=Ddgpring(d, L(a(c + 1, 1/n) "))

xstring(n — ', L(a(c,7/n)®")).

Note that here unitarity is also preserved by sections 8 and 10, since the involution
preserves unitarity. (We assume (U0) to hold as before.)

One can compute the exact sign in the above two formulas using Theorem 3.17 of [Ba2].
(Note that our involutions differ up to a sign from the ones used in [Ba2].)

REFERENCES

[A] Aubert, A.-M., Dualité dans le groupe de Grothendieck de la catégorie des représentations lisses
de longueur finie d’un groupe réductif p-adique, Trans. Amer. Math. Soc. 347 (1995), 2179-2189
(and Erratum, Trans. Amer. Math. Soc 348 (1996), 4687-4690).

[Bal] Badulescu, A.I., Correspondance de Jacquet-Langlands pour les corps locaux de caractéristique
non nulle, Ann. Sci. Ecole Norm. Sup. 35 (2002), no. 5, 695-747.
[Ba2] Badulescu, A.Il., Correspondance de Jacquet-Langlands étendue a toutes les représentations,

preprint (2002).

[BaRe]  Badulescu, A.l. and Renard, D.A., Sur une conjecture de Tadié, Glasnik Mat. 39 (2004), no. 1,
49-54.

[Be] Bernstein J., P-invariant distributions on GL(N) and the classification of unitary representa-
tions of GL(N) (non-archimedean case), Lie Group Representations II, Proceedings, University
of Maryland 1982-83, Lecture Notes in Math. 1041, Springer-Verlag, Berlin, 1984, pp. 50-102.

[BeDe] Bernstein, J., rédigé par Deligne, P., Le “centre” de Bernstein, in book “Représentations des
Groupes Réductifs sur un Corps Local” written by J.-N. Bernstein, P. Deligne, D. Kazhdan,
M.-F. and Vignéras,, Hermann, Paris, 1984.



[BuH]

[DeKaVi]

ON UNITARITY IN JACQUET-LANGLANDS CORRESPONDENCE 35

Bushnell, C.J. and Henniart, G., Correspondance de Jacquet-Langlands explicite. 1I. Le cas de
degré égal a caractéristique résiduelle, Manuscripta Math. 102 (2000), 211-225.

Deligne, P., Kazhdan, D. and Vignéras, M.-F., Représentations des algébres centrales simples
p-adiques, Représentations des Groupes Réductifs sur un Corps Local, by Bernstein, J.-N.,
Deligne, P., Kazhdan, D. and Vignéras, M.-F., Hermann, Paris, 1984.

Dijk, G. van, Computation of certain induced characters of p-adic groups, Math. Ann. 199
(1972), 229-240.

Flath, D., A comparison of the automorphic representations of GL(3) and its twisted forms,
Pacific J. Math. 97 (1981), no. 2, 373402.

Jacquet, H and Langlands, R.P., Automorphic Forms on GL(2), Lecture Notes in Math 114,
Springer-Verlag, Berlin, 1970.

Knapp, A. W. and Rogawski, J. D., Applications of the trace formula, Representation theory
and automorphic forms (Edinburgh, 1996), Proc. Symp. Pure Math. 61, Amer. Math. Soc.,
Providence, Rhone Island, 1997, pp. 413—431.

Langlands, R.P., Problems in the theory of automorphic forms, Verlag, Berlin, 1970.

Mili¢i¢, D., On C*-algebras with bounded trace, Glasnik Mat. 8(28) (1973), 7-21.

Rodier, F., Représentations de GL(n,k) ot k est un corps p-adique, Séminaire Bourbaki no 587
(1982), Astérisque 92-93 (1982), 201-218.

Rogawski, J. D., Representations of GL(n) and division algebras over a p-adic field, Duke Math.
J. 50 (1983), no. 1, 161-196.

Schneider, P. and Stuhler, U., Representation theory and sheaves on the Bruhat-Tits building,
Publ. Math. THES (1997), 97-191.

Tadié¢, M., Proof of a conjecture of Bernstein, Math. Ann. 272 (1985), 11-16.

Tadié, M., Classification of unitary representations in irreducible representations of general
linear group (non-archimedean case), Ann. Sci. Ecole Norm. Sup. 19 (1986), 335-382.

Tadié¢, M., Topology of unitary dual of non-archimedean GL(n), Duke Math. J. 55 (1987),
385-422.

Tadié, M., On limits of characters of irreducible unitary representations, Glasnik Mat. 23 (43)
(1988), 15-25.

Tadié¢, M., Induced representations of GL(n,A) for p-adic division algebras A, J. reine angew.
Math. 405 (1990), 48-77.

Tadié, M., An external approach to unitary representations,, Bulletin Amer. Math. Soc. 28
(1993), no. 2, 215-252.

Tadié, M., On characters of irreducible unitary representations of general linear groups, Abh.
Math. Sem. Univ. Hamburg 65 (1995), 341-363.

Tadi¢, M., Correspondence on characters of irreducible unitary representations of GL(n,C),
Math. Ann. 305 (1996), 419-438.

Vogan, D.A., The unitary dual of GL(n) over an archimedean field, Invent. Math. 82 (1986),
449-505.

Weil, A., Basic number theory, Springer-Verlag, New York, 1974.

Zelevinsky, A.V., Induced representations of reductive p-adic groups II. On irreducible repre-
sentations of GL(n), Ann. Sci. Ecole Norm. Sup. 13 (1980), 165-210.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ZAGREB, BIJENICKA 30, 10000 ZAGREB, CROATIA
E-mail address: tadicQmath.hr



