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ABSTRACT. To an irreducible square integrable representation 7 of a classical p-adic group, C.
Moeglin has attached invariants Jord(m), mcusp and €. These triples classify square integrable
representations modulo cuspidal data (assuming a natural hypothesis). The definition of these
invariants in [M] is rather simple - in terms of induced representations, except at one case
when a coherent normalization of standard intertwining operators is required. In this paper
we show how one can define this case also in terms of induced representations.

1. INTRODUCTION

To an irreducible square integrable representation 7 of a classical p-adic group, C.
Meceeglin has attached a triple
(Jord(m), €x, Teusp)-

Such a triple satisfies certain requirements. Triples satisfying that requirements are called
admissible triples (see the end of the introduction, or [M], or [MT]). Under a natural
hypothesis (called the basic assumption), admissible triples classify irreducible square in-
tegrable representations of a classical p-adic group, modulo cuspidal data.

The above invariants are very natural and important from the point of view of the
representation theory (in particular, Jordan blocks Jord(mw) are very important for the
theory of R-groups and understanding of non-unitary duals). They are equally important
and natural from the point of view of theory of automorphic forms (in particular of local
Langlands correspondences).

The definition of these invariants is remarkable simple in almost all cases. This does
not mean that finding of these invariants is simple (particularly hard is finding of Jordan
blocks for given ).

We shall briefly explain the definition of these invariants. For simplicity, in this intro-
duction we shall deal with symplectic and split special odd orthogonal groups (our paper
deals with more general classical groups; see the following section). The group of (split)
rank n from one of these series will be denoted by S,, (we shall fix one series of these
groups). More details regarding notation in this case can be found in [T1].

A non-archimedean local field F' will be fixed. We shall denote by | | = the normalized
absolute value on F'. The character of GL(p, F'), obtained by composition of | | ~with the
determinant homomorphism, will be denoted also by | | .

Let p be an irreducible cuspidal representation of GL(p, F') and let n be a positive integer
(all representations considered in this paper will be smooth, and moreover admissible).
Denote

(o 120] == Aoy 14,00 Eooees] 20}
1991 Mathematics Subject Classification. Primary 22E50, 22E55.

The author was partly supported by Croatian Ministry of Science, Education and Sports grant #037-
0372794-2804.

Typeset by ApS-TEX



2 MARKO TADIC

Then | p, | \;p] is called a segment in cuspidal representations (of general linear groups).
Consider the parabolically induced representation

md“ P (| Pp@ | "o @] | p©p),

induced from a suitable parabolic subgroup, which is standard with respect to the minimal
parabolic subgroup of all upper triangular matrices in the group (the parabolic induction
that we consider in this paper is normalized, i.e. carries unitarizable representations to
the unitarizable ones). The above induced representation contains a unique irreducible
subrepresentation, which we denote by

5[l 70 ])-

The above representation is essentially square integrable. Denote

3(p.n) = 0o([| |17 .| |7 p)).

F

Let 7 be an irreducible square integrable representation of S,. We shall now consider
the parabolically induced representation

mdS+1(5(p,n) © ),

induced from a suitable parabolic subgroup, which is again standard with respect to the
minimal parabolic subgroup of all upper triangular matrices in the group.

1.1. Definition. Let 7 be an irreducible square integrable representation of S,. Jord(m)
can be defined as a set of all pairs (p,n) as above such that

(1) p is selfdual, i.e. p is isomorphic to its own contragredient representation p;
(2) IndSr»+a(5(p,n) @ ) is irreducible;
(3) IndSe+2mrta(§(p,n + 2k) @ ) is reducible for some positive integer k.

1.2. Remarks. (i) We can define the Jordan blocks of 7 in a slightly different way. From
this definition is more clear precise meaning (and importance) of the Jordan blocks for the
representation theory (and R-groups). Here we shall assume a natural hypothesis (BA)
from [MT] (see the the end of the introduction). Theory of R-groups reduces the question
of understanding of tempered representations of S,’s to the question of reducibility of
representations Ind“»r+4(§(p, n)@7). If p is not selfdual, then we always have irreducibility.
Suppose that p is selfdual. Then for one parity of n’s (even or odd; this should depend only
on p and series of the classical groups that we consider), Ind®»r+e(§(p,n) ® =) is always
irreducible, and for the other parity this representation is reducible with finitely many
exceptions. Denote this exceptions by

Jord, ().

So, for understanding tempered representations one needs to know parities and exceptions.
Now Jord(m) is the union of all {p} x Jord,(w)., when p runs over all selfdual irreducible
square integrable representations of general linear groups.
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(ii) The parity for which we can have reducibility in (i) is the following (if we assume basic
assumption):
e even, if Ind®» (| |§p ® 1g,) reduces;

e odd, if Ind®» (| |F%p ® 1g,) is irreducible.

1.3. Definition. Let 7w be an irreducible square integrable representation of S,. The
partial cuspidal support m.,s, of 7 is defined to be an irreducible cuspidal representation
of some S, such that there exists a representation 7 of GL(q — ¢/, F') such that

7 — Ind% (1 ® Teusp)-

The invariant €, is called partially defined function. Partly, it is related to a parame-
terization of some tempered representations (and characters of R-groups, which are Z/27-
modules in this case; such characters is enough to define on a bases, and they take values
+1). On the Galois side, €, is (partly) related to the characters of the component groups.
Since the classification in [M] and [MT] is only modulo cuspidal data, only a part of the
character of the component group shows up in the classification (a part will come also
from the corresponding character of the partial cuspidal support). We shall not describe
here how partially defined function is defined exactly (one can see [M] or [MT] or [T4] for
this), but we shall present definitions which determine completely this function (one gets
the rest from certain multiplicativety of these functions).

Recall that the partially defined function takes values in {£1}.

1.4. Definition. Let 7 be as above.

(1) Let a— < a be neighbor elements in Jord,(r). Then e((p,a—))e<((p,a))" is
always defined. It is equal to 1 if and only if there exists a representation 7’ of
Sq—(a—a_)p/2 such that

a_ +1

r o ndS ([ [ 5] 9 ).

(2) Let Jord,(m) # 0 consists of even numbers. Denote a, min = min (Jord,(m)). Then
€x((p, apmin)) is defined. It is equal to 1 if and only if there exists a representation
7’ of Sq_ a, min such that
2

@p min—1

m = IndS@3([] 2o, | [ZF 0D @ ).

F

Up to now, all the definitions of invariants were quite simple (which does not mean that
computing of them is simple). There is only one additional case to define, to have com-
pletely determined partially defined function. This is the case when Jord, () is non-empty,
consists of integers of odd parity and Jord,(meyusp) = 0 (the last condition is equivalent to
the fact that Ind»+«' (p ® m.ysp) reduces). In this case, it is enough to define e, ((p,a)) for
some a € Jord,(m). As we have already mentioned, C. Moeglin used suitable normalized
standard intertwining operators to define €,((p,a)). Her definition involves much more
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subtle theory then the all other (previous) cases of definition (in particular, it involves
standard intertwining operators, their analytic continuation, (coherent) normalization us-
ing L-functions and e-factors, realizations of families of induced representations etc.).

It is natural to ask if we can find another definition in this case, which would be in
the spirit of the previous definitions of the invariants - simply using the basic language of
induced representations.

Let o be an irreducible cuspidal representation of S,/ and p selfdual irreducible cuspidal
representation of GL(p, F), such that Ind®»« (p ® 7) reduces. Then it reduces into two

nonequivalent irreducible pieces. Denote them by Tl(p ) and Tﬁpl"’). J.-L. Waldspurger
noted that the normalization of standard intertwining operators that uses Mceglin in her
definition of €, ((p,a)) is determined by the choice of the signs that one attaches to the
irreducible pieces. Natural question is, do we need to pass through complicated procedure
of normalization determined by the above choices, to define partially defined function in
this case, or can we proceed directly. In this paper we give affirmative answer to this
question. We prove the following result, that we can now take for the remaining part of
Definition 1.4.

1.5. Proposition (continuation of Definition 1.4). Let 7 be as in the definition 1.4.

(3) Suppose that Jord,(w) is non-empty, consists of odd integers, and that Ind“»+4 (p®
Teusp) reduces (equivalently Jord,(meysp) = 0). Denote ap max = max (Jord,(r)).
Then €, ((p, @pmax)) is defined. It is equal to 1 if and only if there exists a repre-
sentation 7’/ of a general linear group, such that

ap max—1

m e Ind% (7 @ 6([| 1,0, | [ p]) @7y ")),

The classification in [MT] is modulo basic assumption. We shall recall of the basic
assumption in this case.

1.6. Basic assumption. Let p be an irreducible selfdual cuspidal representation of
GL(p, F) and let o be an irreducible cuspidal representation of S;. Then v®p x ¢ reduces
for some o > 0. From [S] follows that such « is unique, and we denote it by a(p, o). Shahidi
proved that a(p, o) € {0,£1/2, £1} if o is generic. In particular, a(p, 1g,) € {0,£1/2,+1}
(here 1g, denotes the trivial representation of Sy). Now basic assumption in this case is
equivalent to the following claim: for all p and o as above holds

a(p,o) —a(p,1s,) € Z.
For the basic assumption in the general case see the following section.

1.7. Admissibility condition. Let 7 be an irreducible square integrable representa-
tion of S,. Denote Jordy := Jord(m). Consider all the (k + 1)-tuples (Jordy, Jordy, ...
..., Jordy) of sets (k > 0), such that for each 1 <i < k holds:
(1) Jord; C Jord;—q;
(2) card(Jord;—1\Jord;) = 2, and if we write Jord;_1\Jord; = {(p,a), (p’,a’)}, then
p=p
(3) (p,b) & Jord;_; for all b satisfying min(a,a’) < b < max(a,d’);

(4) ex((p,a)) = ex((p, ).
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Let (Jordy, Jordy, ..., Jordy,,, ) be a (k+1)-tuples as above, of maximal length. Then the
admissibility condition can be expressed in the following way: for any selfdual irreducible
cuspidal representation p of a general linear group, such that Jord,(mw) # 0, if we denote
J3ex = {b; (p,b) € Jordy,,,, }, then holds

° card(J;)naX) = a(p, Teusp) if a(p, Teusp) € Z;

° Card(ngax) = a(p, Teusp) = % if ap, Teusp) € (% + Z), and then we have

1 if Card(JmaX) = Oé(/), 71-cusp) + %7
- , : Jmax — P
€ ((p mln( p ))> { 1 if Card(J;nax) _ a(p, stp) _ %

At the end of the introduction, we shall describe briefly the content of the paper. In the
next section we introduce notation and recall of some definitions. The third section deals
with the proof of the above proposition in a simple case, while the fourth section uses this
simple case to prove the proposition in the general case.

We are thankful to C. Moeglin for discussions on the topic of the paper, and for reading
of the paper and remarks. Conversations with C. Jantzen, A. Moy and G. Mui¢ motivated
writing of this paper.

2. NOTATION

In this section we shall very briefly recall of the notation for classical groups and general
linear groups that we use in the paper. Detailed description of notation can be found in
[MT] and [Z] (see also [T1] for connected split classical groups).

Fix a local non-archimedean field F'. In the paper we shall consider symplectic, orthog-
onal and unitary groups. If we are working with the unitary groups, then F’ will denote
a separable quadratic extension of F' which enters the definition of the unitary groups.
Otherwise, F’ denotes F. If F/ # F, then 6 denotes the non-trivial F-automorphism of
F’. Otherwise, # denotes the identity mapping on F'. The modulus character of F’ is
denoted by | |ps. The character |det|p of GL(n, F') will be denoted by v.

Denote by G the group of rational points of a reductive group defined over F. We
shall consider in the paper only smooth representations of such groups. The Grothendieck
group of the category Algs) (G) of all the representations of G of finite length is denoted
by R(G). It carries a natural ordering <. We denote by s.s.(7) the semi simplification of
7 € Algs) (G). For my, e € Algs1 (G), the fact s.s.(m1) < s.8.(m2) we write shorter w1 < mo.

We shall now recall of the notation for the general linear groups mainly [Z].

Let 0 < k& < n. There exists a unique standard parabolic subgroup P ,—x) =
M n—1)N(kn—k) of GL(n,F') whose Levi factor M k) is naturally isomorphic to
GL(k,F'") x GL(n — k,F’) (standard parabolic subgroups are subgroups that contain
the subgroup the of upper triangular matrices in GL(n, F”’)). For representations m; €
Alge) (GL(k, F')) and w9 € Algs) (GL(n;, F')), 1 xmy € Algs) (GL(n1+n2, F')) is defined
to be the representation parabolically induced representation by m; ® w2 from Py, ,—y). Let
R = &,>0R(GL(n, F')). Now x defines in a natural way a Z-bilinear mapping Rx R — R,
which will be also denoted by x. Further, x : R x R — R factors through R ® R by a
map which will be denoted by m: R® R — R.
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The normalized Jacquet module of 7 € Alg¢1 (GL(n, F')) with respect to Py ,_p) is
denoted by 7(x n—x) (7). The comultiplication m*(7) of 7 is defined by

m*(m) = Z&S'(T(k,n—k)(ﬂ')) € RQR.

One extends m* additively to a mapping m* : R — R ® R in a natural way. With m and
m*, R is a graded Hopf algebra.

For an irreducible cuspidal representation p of a general linear group over F’, and
n € Zso, |p,v"p|] denotes the set {p,vp,...,v"p} (called a segment in the irreducible
cuspidal representations of the general linear groups). The representation v"p x v" 1p x
... X vp X p contains a unique irreducible subrepresentation, denoted by d([p, v"p]). These
representations are essentially square integrable. We denote d(p, a) = [V_% 0, Vi p|) for
a < ZZO

For an irreducible essentially square integrable representation § of GL(n, F’), we can
find unique e(d) € R and irreducible unitarizable square integrable representation §* such
that 6 = ve0)§u,

Now we recall of the notation for the classical p-adic groups following [MT] (see also
[MVW] and [T1]). We shall fix one of the following series {S,,}, of classical groups over
F.

The symplectic group Sp(2n, F') is denoted by S,,. We have here the Witt tower; we
denote by V,, the symplectic space of dimension 2n in this tower (we denote Vj also by
Yy).

Consider now the case of odd orthogonal groups. We fix an anisotropic orthogonal
vector space Yy over F' of odd dimension (1 or 3), and consider the Witt tower based on
Yy. For each n satisfying 2n + 1 > dim YY), we have exactly one space V,, in the tower of
dimension is 2n + 1. The special orthogonal group of this space is denoted by S,,.

In the case of even-orthogonal groups, we fix an anisotropic orthogonal space Y over F' of
even dimension, and consider the Witt tower based on Y. For n satisfying 2n > dimg(Yj),
there is exactly one V,, in the tower of dimension 2n. The orthogonal group of V,, is denoted
by S.,.

At the end, consider the case of unitary groups U(n, F’/F') . Here F’ denotes a separable
quadratic extension of F. We have also an anisotropic unitary space Yy over F’, and the
Witt tower of unitary spaces V,, based on Yj.

If dimp/(Yp) is odd (i.e. 1), then for each n satisfying 2n + 1 > dimpg/ (Yy), there exists
the unique V,, in the tower of dimension 2n+ 1. The unitary group of this space is denoted
by S,.

If dimg» (Yp) is even (i.e. 0), then for each n satisfying 2n > dimg- (Yp), take the unique
V, in the tower having dimension 2n. Denote its unitary group by .5,.

Minimal parabolic subgroup in S,, will be fixed (only standard parabolic subgroups
with respect to the fixed minimal parabolic subgroup will be considered in the paper).
Convenient matrix realizations of the groups S, and the description of their standard
parabolic subgroups for Sp(2n, F') and split SO(n + 1, F') can be found in [T1].

Fix one of the series {5, },, as above. Let n’ be the Witt index of V,, (n’ = n—3dimp (Y))
if V,, is symplectic or even-orthogonal or even-unitary group, and otherwise n’ = n —
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5 (dimp: (Yp) — 1). Take k' satisfying 0 < k < n/. Then there exists a standard parabolic
subgroup Py = M) Ny of Sy, whose Levi subgroup My, is naturally isomorphic to
GL(k, F")xS,,_i (the series of symplectic and split orthogonal groups are considered in [T1]
and [B], while in the case of other series of groups the isomorphism is defined analogously).
Group Py is the stabilizer of an isotropic space of dimension k. For m € Algs) (GL(k, F'))
and o € Alg¢).(S,n—k), the representation parabolically induced by m ® o is denoted by

™ X Oo.

We shall often use that w1 x (73 % o) = (m X m3) % 0. For 7 as above, denote by 7

g9 — 7(0(9)),

where 7 is the contragredient representation of w. Then s.s.(m x o) = s.s.(7 x o). Note
that if m x o is irreducible, then m x o = 7 x 0. We say that a representation m of a general
linear group over F’ is F'/F-selfdual if 7 = 7. If F/ = F, then we shall say also simply
that 7 is selfdual.

The normalized Jacquet module of 7 € Algy) (S, ) with respect to P is denoted by
S(k) (T ) Let

The above sum runs over all integers n > 1 (dimp/(Yp) — 1) if we consider odd-orthogonal
or odd-unitary groups, and otherwise over all n > 1 dimp(Y))).

Now x induces in a natural way a mapping R x R(S) — R(S), which is denoted again
by x. For 7 € Algs;.(Sy,), denote

wi(r) = Z S.S. (S(k)(T)),
k=0

where n’ denotes the Witt index of V,,. Extend p* additively to p* : R(S) — R® R(S).
Denote
M =(m®l)o("®@m*)okom™: R— R®R,

where © : R — R is a group homomorphism determined by the requirement that w +— 7
for all irreducible m, and kK : R X R — R X R maps »_ x; @ y; to Y y; ® ;. The action x
of R® R on R® R(S) is defined in a natural way. Then holds

(2.1) pr(m o) = M*(m) x p* (o)

for m € R and o € R(S).
Let p be an irreducible F’/F-selfdual cuspidal representation of a general linear group.
Suppose that =,y € R satisfy y — x € Z>(¢. Then one easily gets

22) M S prve) = S0 S 6o, v 7 pl) x ([ p Vo) @ 6(10 p, v ),

i=z—1 j=i
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where y — 4,y — j € Z>( in the above sums.

Let k € Zso. If we are considering the symplectic series of groups (resp. one of
orthogonal series of groups), then R, will denote the representation of GL(k, C) on A2C*
(resp. Sym?2CF).

Suppose that we are considering a series of unitary groups. Then L-group of GL(k, F'),
considered as F-group, is isomorphic to a semidirect product (GL(k,C) x GL(k,C)) K
Gal(F'/F). The non-trivial element of 6 of Gal(F’'/F) acts on the normal subgroup
GL(d,,C) x GL(d,,C) by (g1, 92,1)0~ = (g5 ' ,%g; !, 1), where ‘g denotes the transposed
matrix of g. Let n € {£1}, and let Rl(j) be the representation of the above L-group
(of GL(k,F")) on Endc(CF), defined by: (g1,g2,1)u = gru'lgy and (1,1,0)u = ntu. If
S, is a series of groups such that dimensions of V,, are even, then we denote by Rj the
representation RS). In the case of odd dimensions, Rj denotes Ré_l).

Now we shall recall of the definition from [M] of the Jordan blocks Jord(w) of an
irreducible square integrable representation m of .5,,.

Bellow L(p, Rq,, s) denotes the L-function defined by F. Shahidi.

2.1. Definition. Jord(w) is the set of all pairs (p,a) where p is an irreducible F’/F-
selfdual cuspidal representation of GL(d,, F') and a € Z~, such that:

(J1) ais even if L(p, Rq,,s) has a pole at s = 0, and odd otherwise,
(J2) 6(p,a) x mg is irreducible.

For an irreducible F'/F-selfdual cuspidal representation of a general linear group p,
denote Jord,(m) = {a; (p,a) € Jord(m)}.

We shall assume in the paper that the following basic assumption holds for any irre-
ducible cuspidal representation 7.,s, of any S, and any irreducible F’/F-selfdual cuspidal
representation p of any GL(p, F'):

(BA) Let max Jord,(Teusp) i Jord,(meusp) # 0,
ap=4 0 if L(p,Rq,,s) has a pole at s = 0 and Jord,(Tcusp) = 0,
—1  otherwise.

Then v*(@t1/2) Teusp reduces.

Regarding remaining two invariants, the definition of the partial cuspidal support is
the same in the general case as it was in Definition 1.3, except that 7/ needs to be a
representation of GL(q — ¢, F’) (instead of GL(q — ¢/, F), as it was there). Similarly is
with the definition of the partially defined function €,. The only difference is that in the
general case we need to work with F’/F-selfdual irreducible cuspidal representations p
(instead of selfdual, as it was the case in the introduction).

3. THE FIRST STEP

In this section we shall assume that o is an irreducible cuspidal representation of a
classical group S,, and that p is an irreducible unitarizable cuspidal representation of a
general linear group such that p x o reduces (this implies that p is F’/F-selfdual). Then
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it reduces into two nonequivalent irreducible subrepresentations, which we shall denote by
74+ and 7_. Thus

PO =T DT_.

In the moment, the choice of signs + is arbitrary (in general, there is no canonical way to

chose it). Later in this section, we shall make our choice compatible with Moeglin choice
in [M].

3.1. Remark. Observe that Lemma 1.2 of [S] (see also Theorem 1.6 there), enables us
to conclude from the reducibility of p x o, that
vVi¥p X o

is irreducible for all o € R\{0}.

In this section
a_ and a

will be odd positive integers, such that a_ < a. To simplify notation in this section, we
denote
n=(a-—-1)/2, m=(a—1)/2.

Then n,m € Z>p, n < m.
Most of the technical claims in the following lemma can be extracted from [MT], but
for the sake of completeness we give proof here.

3.2. Lemma. (1) The representation
o([v"p,v"p]) ¥ o

reduces into a sum of two nonequivalent irreducible subrepresentations T'y. We characterize
them by the requirement

5([vp,v"p]) x 8([vp,v"p]) @ e < i (Tie).

Moreover,
T — 8([vp,v"p]) x 8([vp, v"p]) 7.

(2) The multiplicity of
5([vp, ") x 8([vp, v™p]) & 7
in both
1w (6([vp,v"p]) x 6([vp,v™p]) x 8([" T p, ™ p]) X p X 0)
and

w6 p, v p]) 3 0)

18 one.
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(3) The multiplicity of 5([v"tp,v™p]) @ Ty in

(v p,v™p]) @ a)

and in
(" o, ™)) X 8([v " p, v pl) % o)
18 1.

Proof. (1) We know from Proposition 4.4 of [T2] that §([v~"p,v"™p]) x o reduces into a
sum of two nonequivalent irreducible subrepresentations

Consider formula (2.2) for © = —n and y = n. Recall p*(6([v""p,v"p]) x o) =
M*(86([v="p,v"p])) ¥ (1@ ). To get a term of the form * ® 74 in p* (8([v""p,v"p]) x o),
from M*(6([v="p,v™p])) we must take i = —1 and j = 0. The corresponding term is
5([vp,v"p]) x 8([vp, v™p]) ® p x o. This implies that terms 6([vp, v™p]) x 5([vp, v"™p]) @ T+
have multiplicity one in the Jacquet module of 6([v™"p,v"p|) X 0.

From Theorem 13.2 of [T2] and Remark 3.1 we get that §([v"p, v~ p]) x0o is irreducible.
This and a general fact that m x 7 and 7 x 7 have the same Jordan-Holder series imply
that

5([v ", v pl) 3 7 22 ([, v7p]) % 0,

Let T be an irreducible subrepresentation of 6([v~"p,v"p]) x 0. Now we have
T — &([v™"p,v"pl) x 0 = 8([p,v"p]) X 6([v ™" p, v p]) ¥ 0 =

5([p,v"pl) x 6([vp,v"p]) x 0 = 6([vp,v"p]) x 6([p,v"p]) ¥ o
— 0([vp,v"p]) x 6([vp,v"p]) x px o

(observe that above we have used isomorphism &([v="p,v"1p]) x o = 6([vp,v"p]) % o).
Now Frobenius reciprocity implies that corresponding Jacquet module of each T' (as above),
must have a non trivial intertwining to é([vp, v"p]) x §([vp, v"p]) ® p x o. The multiplicity
one that we have proved above, implies that for one T, we have an epimorphism from
corresponding Jacquet module of T" onto d([vp,v™p]) x §([vp,v"p]) @ T4 (this T will be
denoted by T ), and for the other T' we have an epimorphism from the corresponding
Jacquet module of T onto 0([vp, v"p]) X §([vp,v"™p]) ® 7— (this T will be denoted by T ).
Frobenius reciprocity implies that Ty — 6([vp,v"p]) x §([vp,v"p]) x T+.

(2) We shall use now formula (2.2) for + = —n and y = m. From this formula we
get that multiplicity of representations d([vp,v"p]) x §([vp,v™p]) @ T+ are one in the
corresponding Jacquet module of §([v ™" p, v p]) X o (one must take the term corresponding
toi=—1,7=0).

In the case of §([vp,v"p]) x §([vp,v"p]) x §([v"TLp, v™p]) X p x o, one first writes p*
applied to this representation. Then one uses formula (2.2), considers supports, and uses
the fact that p must be on the right hand side of the tensor product ®. This gives directly
the remaining multiplicity one which we needed.

(3) To get o([v™ T p,v™p]) ® Ty in p* (8([v="p,v™p]) % o), from M*(5([v="p,v™p])) we
must take terms satisfying n < —i, which implies ¢ = —n — 1. From this we get that
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j+1=n+1. This implies the multiplicity one in this case that we needed to prove. One
gets the other multiplicity one in a similar way. This completes the proof of the lemma. [

Let m be an irreducible subrepresentation of d([v="p,v™p]) x 0. Then we know that 7

is square integrable, and

n+1

= 6([" p, v p]) ¥ Ty

for exactly one sign (see [MT]). Also then e, ((p,a—)) = ex((p,a)). We further know from
[MT] that in §([v~"p,v™p|) x o we have two irreducible square integrable subrepresenta-
tions, and that they are nonequivalent.

3.4. Corollary.

(i) Irreducible subrepresentations of 6([v~"p,v™p]) X o can be characterized as irreducible
subquotients of 6([v="p,v™p|) x o which have terms §([v" 1p,v™p|) @ Ty in their Jacquet
modules. They will be denoted by

6([V_np7 Vmp]Ti ) J)'

(ii) Then
o(lvp,v"pl) 3 8([vp, v pl) @ T < p (0([v™" p, " pls, 7))

(11i) We can characterize 6([v="p, v p|r,,0) as a unique irreducible subquotient of

5[ p, ™)) x 8([vp, v"p]) x 6([vp, " p]) X p 1 0

which has §([vp,v™p]) X §([vp, v"p]) & T+ in its Jacquet module.

Proof. (i) is clear from preceding lemma.
(ii) We know that

51", "l 0) > S p, ™)) x 8([p, v pl) x 8((wp, v p]) i T

From this follows that there exists a non-trivial intertwining from the Jacquet module of the
left hand side to §(["" 1 p, v™p]) x §([vp, v"p]) x 5([vp, v p]) ® T+. The last representation
is an indecomposable multiplicity one representation of length 2, which has é([vp, v p]) x
d([vp,v"™p]) @ T4 for subrepresentation. This implies the statement.

(iii) Now this follows from (ii) and the above lemma. [

Representation vd x 74 has a unique irreducible subrepresentation, which we denoted by
d([p,vp]ry, o). Both these representations are subrepresentations of ([p, vp]) X o. There-
fore, (p,1), (p,3) € Jord(6([p, vp]-., o)) in both cases, and we know

66([p,up]7i,a)(<p7 1)) = 65([p,up]7i,a)(<p7 3))

from the definition of the partially defined function. Recall (p,1) ¢ Jord,(o)) and also
(p, k) & Jord,(c)) for all odd integers k > 3 (since d(p, k) x o is always reducible). Further,
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also for even integers k hold (p, k) & Jord, (o)) (by definition of the parity, since we always
have the irreducibility of §(p, k) x o).
C. Moeglin has defined €5([pwplry o)

Then 65([[,#[,]7%(,)((/), 1)) # €5(p,vp]-_,0)((p,1)). Therefore, we can denote irreducible sub-

((p,1)) € {£1} (in general, in a non-canonical way).

representations 74 in the decomposition of p X ¢ in a way that holds

E5([p,up]7.i’g-)((p, 1)) = =+1.

We assume that we have made such a choice in the rest of the paper.

C. Moeglin has defined partially defined function in this case using fixed normalization of
standard intertwining operators, which satisfies certain properties (see [M] and references
there). We shall in the sequel use her normalization of the standard intertwining operators.
Then 7 is the subrepresentation of p x o on which the normalized standard intertwining
operator

vipXo —v ipxo

acts as identity for s = 0 (the action on 7_ is multiplication by —1).

3.5. Lemma. (i) Denote
e =6([v""p, V" plry, 0).
Then Jord,(m+) = {a—,a} and

ers ((p.a)) = ex. ((pa)) = £1.

(i) The normalized standard intertwining operator
véo(p,a_) xo—v %i(p,a_) xo

acts for s =0 on Ty as multiplication by the scalar £1.

Proof. (i) The claim about Jordan blocks follows from Proposition 4.2 of [M]. It remains
to prove the claim for the partially defined function.
Observe that

3([ps ™ plrss ) = 8([vp, v p]) X T = 5([V2p, v p]) X vp X T

First, this implies that J([vp, v p]) ® 7+ is in the Jacquet module of §([p, v™p|,., o). One
gets directly that the multiplicity of §([vp, v™p]) ® ¢ in p*(5([v2p,v™p]) X vp X p X o)
is one. The multiplicity is also one in Jacquet modules of &([v%p,v™p]) x vp x T+ and
§([v2p,v™p]) x 6([p, vplry, o). Since §([v2p,v™p]) x 6([p, vp)ry.,0) is a subrepresentation
of §([2p,v™pl]) x vp x T4, we conclude that

(3.1) 3([p, V™ plrss 0) = 6([2p, ™)) X 8([p, vplrs, 0).

Denote 7T(ik) = §([p, v plry,0) for k > 1. By 6.1.2 of [M], eﬂgm((p, 1)) is the scalar by

which acts the normalized standard intertwining operator

(3.2) I([vp,v™p]) x vipx o — d([vp,v™p]) X v ¥p X0
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for s = 0 on the subrepresentation 7T§:m). Observe that
3.3 §([vp, v™p]) x vE5p x 0 — 6([2p, v™p]) x vp x vESp X 0.
p,v™p p p,v™pl) X vp p

From the other side, €_)((p, 1)) is the scalar by which acts the normalized standard
T
intertwining operator
vpXUVipXo—=vpXv fpXo

for s = 0 on the subrepresentation 7r§[1 ). Therefore, € ) ((p, 1)) is the scalar by which acts
T+

the normalized standard intertwining operator

S([V2p, v™p)) x vp x Vip x o — §([V2p,v™p)) x vp x v p X &
for s = 0 on the subrepresentation &([v?p,v™p]) x W(il). Now (3.3) and (3.1) imply that
the normalized standard intertwining operator action in the case (3.2) for s = 0 on sub-

representation WE_Lm)

(= +1).

is multiplication by €_q)((p, 1)). Therefore, €_m) ((p,1)) =€_a)((p,1))
T T T

First observe that from (2.2) directly follows that the multiplicity of 6([v="p,v™p]) @ o
in p*(6([vp, v™p]) x 6([p,v™p]) x o) is 2. Consider 6([v="p,v™p]) x o — §([p,v™p]) X
5([v="p,v~1p]) x 0. Each irreducible subrepresentation of the left hand side is also sub-
representation of the right hand side. Observe that §([p,v™p]) x §([v™"p,v"1p]) x o is
isomorphic to

([, v pl) x 6([vp,v"p]) x & = ([vp,v"p]) x 6([p, ™" p]) x 0.

The representation on the right hand side has two subrepresentations: §([vp, v"p]) x 7T£|:m)

(their intersection is {0}). Each of these subrepresentations has §([v~"p,v™p]) ® o in
its Jacquet module. From this follows that §([v="p,v™p|r.;0) — d([vp,v"p]) % Wim)
or 6([v™"p,v™plr.;0) — §([vp,v"p]) X W;m). One easily shows that ([vp, v™p]) X
d([vp,v"™p]) @ T4 is in the Jacquet module of §([vp,v™p]) x W(im). Therefore

(3.4) m = 0([v " p, " plry; o) = O([vp, v p)) 3 ™

By (i) of Proposition 6.1 of [M], ex. ((p,a)) is the scalar by which acts the normalized
standard intertwining operator

(3.5) vo([v "p,v™pl) xme — v ¥5([v " p, v p]) X Ty

for s = 0. Using (3.4), we get that e, ((p,a)) is the scalar by which acts the normalized
standard intertwining operator

(3.6) v*3([v "™, ™ p)) x 8([wp, v"p)) 3 T — v 5([ " p, ™ p]) x 8([vp, v p]) 3 L
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for s = 0 on the subrepresentation d([v~""p, v p]) X T4.
From the other side, again by (i) of Proposition 6.1 of [M], €_m)((p, a)) is the scalar by
T

which acts the normalized standard intertwining operator
(3.7) vio([v="p, v p]) % Wim) — v 20([v""p, v p]) % Wim)

for s = 0. Therefore, € _m)((p,a)) is the scalar by which acts the normalized standard
T

intertwining operator
(3:8) d([vp,v"pl) x 6 (" p,v"p) e m") = 8(([wp, v pl) X v ([ p, ") 0

for s = 0, which is the same as the scalar by which acts the normalized standard inter-
twining operator

(3.9) v*3([v="p,v™p]) x 8([vp, v p]) x 7L = b2 p, ™ p]) % 6([vp, v p)) 2 L

for s = 0, since for s in a neighborhood of 0 we have v=55([v=™p, 1™ p]) x §([vp, V" p]) =
3([vp,v"p]) x v=28([v ™ p, v p]). Thus ex, ((pa)) = € om ((p,a)) -
Now we know that

xs ((920-)) = ens (9 @)) = € o ((,0) = € o (0, 1) = € 0 ((p, 1) = 1.

The proof of (i) is now complete.

(ii) By 6.1.1 of [M], €, ((p,a)) (= £1) is the scalar by which acts the normalized standard
intertwining operator

S([v" o, v pl) x v58(p,n) Mg — ([T p, v pl) x 1T (p,n) M o

for s = 0 on the subrepresentation 7. But 74 is a subrepresentation of the representation
§([v" T p, v™p]) x T. And if the normalized standard intertwining operator

v3d(p,n) xo — v %5(p,n) xo

for s = 0 acts on T4 by Ay € {£1}, then the normalized standard intertwining operator

n+1

S([v" o, v pl) x v58(p,n) @ o — ([T p, v pl) x 18 (p,n) M o

for s = 0 acts on d([v"p,v™p]) x Ty as Ay. Therefore, Ay = e, ((p,a)) = £1. This
completes the proof of (ii). O
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4. GENERAL CASE

In this section 7 will be be an irreducible square integrable representation of a classical
group. Denote 0 = 7mcysp. Let p an irreducible F’/F-selfdual cuspidal representation of a
general linear group such that p x o reduce. We decompose p X 0 = 74 @ 7_ in the same
way as we did in the last section. We shall denote 7+ also by

(p,Teusp) .
Ty P =Ty

4.1. Proposition. Let w be an irreducible square integrable representation of a classical
group and let p be an irreducible F'/F-selfdual cuspidal representation of a general linear
group such that Jord,(m) N (14 2Z) # 0 and Jord,(meysp) = 0. Denote

a = max (Jord,(m)) .

Then

(1) there exists an irreducible representation T of a general linear group such that

m — 7 X §([vp, 1/(”_1)/2/)]) X Te(p’(?;“;)%);
(2) there does not exist an irreducible representation T of a general linear group such
that

7o 7 % 8((up, VD)) sa 7 PTeen)

Proof. Recall that partially defined function €, is defined on each (p’,k) € Jord(w) for
which p’ = p. We have denoted o = 7cysp. By the definition of the admissible triple, we

have in this case always
card(Jord, (7)) € 2Z,

and the number of values +1 which show up as values of e; on Jord,(r), is equal to the
number of values —1 that show up as values on Jord,(r).

Construction of square integrable representation 7 in [MT] proceeds inductively. In
the last step, one considers neighbor elements b and b_ in Jord,(mw) on which e, is the
same. In a general step, one considers b and b_ which are neighbors in Jordan blocks at
that level, and on which partially defined function takes the same values (Jordan blocks
and partially defined functions are of the corresponding square integrable representation
which shows up in that step of construction). Construction starts with strongly positive
square integrable representation, which we shall denote by 7’. Condition Jord,(meysp) = 0
implies that Jord,(n’) = (). We can embed

(4.1) = (f[lé(ri)) X Teusp

(see the construction of the strongly positive representations in [MT]).
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Denote by a_ = max{b € Jord,(m)\{a}; ex((p, b)) = €x((p,a))}. Then the condition of
admissibility of the triple (Jord(m), €, Teusp) implies that between a_ and a must be even
number of elements from Jord,(mw). Because of this, we can start the construction of 7
from 7’ with the pair of Jordan blocks (p,a_) and (p, a) (observe that a_ and a does not
need to be neighbors in Jord,(w)).

Now one considers irreducible subrepresentations of §([v~(a=—1/2p p(a=1)/2p)) » 7/,
One needs to chose irreducible subrepresentation (1) in a way that the normalized standard
intertwining operator

(42) (I T p))) X vt 6(p,a) o

— §([ =2 p, D))y s 706 (pa) 3w

acts on 7(1) by scalar e, ((p,a)) for s = 0. Taking into account (4.1), one needs to chose
irreducible subrepresentation 7)) in a way that the normalized standard intertwining
operator

V4
(43) (D2, D 20))) x 16(p,a) x (Ha<n>) X Teusp

¢
— 5([,/(607—1-1)/2/)’ V(a—l)/Qp])) % V_Sé(p,a_) x (Hd(rz)) X Teusp

=1

acts on 7(1) by scalar €,((p,a)) for s = 0. From the condition Jord,(r') = ) we get
that one needs to chose irreducible subrepresentation 7(!) in a way that the normalized
standard intertwining operator

¢
) (IO ) 8020 20) x 6. 0) % o
=1

V4
- <H5(Fi>) x S([ D2, D)) X 1706 (pan) X Teusp
=1

acts on (1) by scalar e, ((p,a)) for s = 0.
From the other side, by (ii) of Lemma 3.5 the normalized standard intertwining operator

vi0(p,a) X Teysp — v~ °0(p, a—) X Teysp

acts for s =0 on T (p.reusp) 88 €x((p,a)). Therefore the normalized standard intertwining
en((pa))
operator

V4
15) (IO ) x G020, 0%0) x 6(p.0) % e
=1
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V4
*(Hﬂnﬂxﬂwa“me%W%»xf%memmm
=1

acts for s = 0 as e;((p,a)) on (Hf_l 5(I‘i)) x §([pla-+1/2p p(a=1)/2 1)) x Tr(”’(’zcw)’;)'
ex((p,a
From this we conclude

L
(4.6) 7ﬁhﬁ<HND0XMwamewkw%mNTmmm-
=1

Ter((p,a))

Very similarly as in the proof of Lemma 4.1 of [MT] we see that the representation on
the right hand side of (4.6) has the unique irreducible subrepresentation (use also (3) of
Lemma 3.2). Thus

¢
(4.7) SO DIFSIN (H 5(pi>) ” 6([1/_(”—_1)/2;), ’/(a_l)/QP]TT@,wmp)  Teusp).
i=1

ex((p,a))

Now we know that for certain segments F} we have

A l
48) e (L0« (TL0a ) o200 20 i)
j=1 i=1

ex((p,a))

(these segments depend on Jord(rw); see [M] or [MT] for more information regarding them).
Now Lemma 3.2 of [MT] implies that

(49) T s 7% 5([V—(a_—1)/2107 V(a—l)/Qp]T T : Wcusp)~

Ten((p,a))

for some irreducible representation 7’ of a general linear group. Further, (3.4) implies that

(4.10) w1 x 8([wp, v =TV p]) % 6([p, D2 ]  Teusp)-

TT(PJTcuSp) )
ex((p,a))

Again Lemma 3.2 of [MT] implies that

(4.11) w7 % 6([p, /T PPl Teusy)-

Ten((p,a))

for some irreducible representation 7 of a general linear group. This implies that

(4.12) ™ 7 50 3([up, D 2p]) TP,

Suppose now that

(4.13) 1 7 50 (v, OV 2p]) sa r o)
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for some irreducible representation 7" of a general linear group. Frobenius reciprocity
implies that we must have a non-trivial intertwining from Jacquet module of 7 into

(4.14) " @ 6([vp, 2] sa 7 Teen)

Since this representation has the unique irreducible subrepresentation

(415) 7-”/ ® 6([p7 V(a_l)/2p:| (pymeusp) ;’/Tcusp>a
T—er((pia))
we conclude that (4.15) is in the Jacquet module of 7.
We shall now show that this is impossible. Actually, we shall show that (4.15) cannot
be in Jacquet module of (4.8). From [T3] we know

(a—1)/2

(S, 20l ) = D s, T2 p)) @ 6([p, 4l 0),
k=—1

where we take (0., ,0) = o and §(p;,,0) = 7, in the above formula.

To be able to get (4.15) in the Jacquet module of the right hand side of (4.11), we
obviously must not take the term in the above sum corresponding to k = (a — 1)/2 since
§([p, @ D/2p), o) 2 6([p, v *V/2p],_ o). But for k < (a —1)/2 we get v(¢=1/2p on
the left hand side of the tensor product ® in (4.15). This is not possible since a is maximal
in Jord,(m), and because of that, v(@=1/2 cannot be in the support of 7”/. This proves
the claim. [J
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