ON TEMPERED AND SQUARE INTEGRABLE REPRESENTATIONS
OF CLASSICAL p-ADIC GROUPS

MARKO TADIC

ABSTRACT. This paper has two aims. The first is to give a description of irreducible tem-
pered representations of classical p-adic groups which follows naturally the classification
of irreducible square integrable representations modulo cuspidal data obtained in [14] and
[18]. The second aim of the paper is to give description of an invariant (partially defined
function) of irreducible square integrable representation of a classical p-adic group (de-
fined by C. Maeglin using embeddings) in terms of subquotients of Jacquet modules. As
an application, we describe behavior of partially defined function in one construction of
square integrable representations of a bigger group from such representations of a smaller
group (which is related to deformation of Jordan blocks of representations).
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1. INTRODUCTION

In this paper we shall fix a non-archimedean local field F' and consider irreducible tempered
and square integrable representations of classical groups over F.

First we shall describe parameterization of tempered representations obtained in this paper.
These representations are important for a number of reasons (Plancherel measure, non-
unitary dual, orbital integrals etc.).

At the beginning, we shall recall a fundamental result of D. Goldberg on tempered repre-
sentations of a classical group G over F' ([§]). Levi factor M of a proper parabolic subgroup
P of G is isomorphic to a direct product GL(ny, F) X ... x GL(ng, F') x G', where G’ is a
classical group from the same series as GG, whose split rank is smaller then the split rank
of G (see 2| for more details).

Theorem 1.1. (D. Goldberg) Take irreducible square integrable (modulo center) represen-

tations 6; of GL(n;, F'), i =1,...,k, and w an irreducible square integrable representation

of G'. Denote by | the number of non-isomorphic d;’s such that the parabolically induced

representation

of appropriate classical group G; reduces. Then the parabolically induced representation
[ndg(51®...®5k®7r)

is a multiplicity one representation of length 2'. Further, if T is an irreducible subrepre-
sentation, then it determines m and 6y, ...,0, up to a permutation (and isomorphisms).

This result reduces the problem of description of irreducible tempered representations
to square integrable representations and tempered reducibilities in the generalized rank
one case. The rank one reducibilities are part of the classification of square integrable
representations of classical groups modulo cuspidal data in [14] and [I8] (we shall say
later more regarding this). The theory of R-groups gives a parameterization of irreducible
pieces of Ind$(6; ® ... ® 6 ® o) in terms of characters of R-groups. In this paper we shall
give description of irreducible pieces by parameters coming from the parameters of square
integrable representations of the classification in in [14] and [I§].

First observe that for parameterizing irreducible pieces of Ind$(6; ® ... ® &, ® o), it is
enough to know to parameterize in the case [ = k (further tempered parabolical induction
is irreducible). Therefore, we shall assume [ = k in what follows. For this case, we have
the following simple reduction to the generalized rank one case.
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Each representation Ind“ (6;®) splits into two irreducible non-isomorphic representations.
Denote these pieces by ms, and m_g4,, i.e.

(1.1) Ind% (6; @ 7) = 75, ® T_g,.

Let j1,...,5k € {£}. Then there exists a unique irreducible subrepresentation 7 of
Ind%(0; @ ... ® &, ® m) such that 7 is a subrepresentation of

Ind}GD(él & ... (51‘—1 ® 5i+1 X ... (Sk X 7Tji5i)7

for each : = 1,..., k. Such 7 we denote by

T 5161 JROk

Thus, it remains to determine in which irreducible subrepresentation will be denote
by by 75, (we have two choices; the other irreducible subrepresentation is then denoted by
7_a,). To describe which subrepresentation will be denoted by 75, we shall briefly recall of
the notation of Jordan blocks attached to an irreducible square integrable representation
of a classical group (Jordan blocks Jord(m) attached to an irreducible square integrable
representation m of a classical group is one of three invariants which classify irreducible
square integrable representations of a classical groups modulo cuspidal data and a natural
assumption).

Before we recall the definition of Jordan blocks, we shall recall of some notation for general
linear groups. Let p be an irreducible cuspidal representation of GL(p, F) and let n be a
positive integer (we consider only smooth representations in this paper). Let

[p.ldet["p] = {p,|det| p,|det|?p,....|det]"p}
(| [, denotes the normalized absolute value on F'). The parabolically induced representa-
tion
Ind“" PO (| det |"p @ | det "' p @ -~ @ | det | p @ p),

induced from a suitable parabolic subgroup, which is standard with respect to the mini-
mal parabolic subgroup of all upper triangular matrices in the group, contains a unique
irreducible subrepresentation, denoted by

([ p,det|"p])

(the parabolic induction that we consider in this paper is normalized). Then the represen-
tation 8( [ p, | det |;L p]) is an essentially square integrable representation. Denote

3(p,m) = 6([ | det| "= p, | det |2 p]).

For simplicity, in the introduction we shall only deal with symplectic and split special
odd-orthogonal groups (for the definition of these groups see the section . We shall fix
one of these series, and denote the group of split rank n by .S,,.
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Let 7 be an irreducible square integrable representation of S,;. In what follows, we shall
assume that a natural hypothesis, called basic assumption, holds (this is (BA) in section
2). Fix an irreducible selfdual representation p of a general linear group (selfdual means
that the contragredient representation p is isomorphic to p). Consider representations

(1.2) Ind®+e(5(p,n) @ )

parabolically induced from a suitable parabolic subgroup. Then for one parity in Z-
the representations (1.2)) are always irreducible, while for the other parity we have always
reducibility, except for finitely many n. All that exceptions n are denote by

Jord, ().
Then the Jordan blocks of 7w are defined by

Jord(r) = |_J {p} x Jord,(r),

when p runs over all irreducible selfdual representations of general linear groups (see [2| for
more details).

Let us go back to irreducible square integrable representations 7 and ¢ of a classical and a
general linear group respectively. We shall assume below that
Ind®( @ )

reduces. Then ¢ is selfdual. Therefore, we can find a selfdual irreducible cuspidal repre-
sentation p of a general linear group and b € Z-( such that

6= 6(p,b).
Now we shall define tempered representation
s

The parabolically induced representations that we shall consider in the introduction will be
again assumed to be induced from an appropriate parabolic subgroup, which is standard
with respect to the minimal parabolic subgroup of all upper triangular matrices in the
group that we consider.

Theorem 1.2. (Definition of ;)

(1) Suppose
Jord,(m) N [1,0] # 0.
Denote
a = max(Jord,(m) N [1,b]).
Then a unique irreducible subrepresentation of Ind® (6 @ ), denoted by s, satisfies
s [ndG(é([y(“*l)/ZHp, V(bfl)/2p])2 ® A)

for some wrreducible representation .
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Jord,(m) N [1,b] = 0.

(a) Let b be even. Then a unique irreducible subrepresentation of Ind®(§ @ =),
denoted by s, satisfies

75 = Ind®(3([V"/2p, VD)) @ )

for some irreducible representation .
(b) Let b be odd.

(i)

Suppose
Jord, () # 0.
Denote
a := min(Jord,(7)).
Then a unique irreducible subrepresentation of Ind®(§ ® =), denoted by
s, satisfies
75 <> Ind® (6([vp, V*~V/20))% @ 6([p, " V2p]) @ A)

for some irreducible representation .
Suppose

Jord,(7) = 0.
Denote by Teysp the partial cuspidal support of m (it is the unique irre-
ducible cuspidal representation Teysy of a classical group for which ex-
ists an irreducible representation 6 of a general linear group so that
T = Ind(0 @ Teysp)). Then p X Teysp reduces. Decompose

P AN Teusp = T1 D74

into the sum of irreducible (tempered) subrepresentations. Then a unique
irreducible subrepresentation of Ind® (5 @ m), denoted by 75, satisfies

m5 — Ind®(0 @ 7).

for some irreducible representation 6 of a general linear group.
(Analogously we can define m_s using 7_1 instead Ty.)

One can find Jacquet module definition of representations 75 in section 4] Let us note that
for the above parameterization of tempered representations we did not need to make any
new choice, besides the choices that we needed to make for the classification of square inte-
grable representations of classical groups (for square integrable representations we needed
to make choices of 71 in ([1.3]), which are in general not canonical).

Now we shall describe the second of two aims of this paper. It is related to the invariants

(Jord(m), €x, Teusp)
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attached by C. Moeglin to an irreducible square integrable representation 7 of a classical
group over F', in particular to the partially defined function €¢,. The motivation for this
work comes from tempered representations (and non-unitary duals).

The partially defined function €, and partial cuspidal support 7.,s, are defined using em-
beddings. In general, if we have an irreducible representation o of a reductive group G
and an irreducible representation 7 of a Levi factor M of a parabolic subgroup P, the fact
that o embeds into Ind%(7), i.e.

o — Ind%(7),

implies by Frobenius reciprocity that 7 is a quotient of the corresponding Jacquet module
with respect to P of o (the converse also holds). Thus, in particular, 7 is a subquotient of
the corresponding Jacquet module of 0. On the other side, the fact that 7 is a subquotient of
the corresponding Jacquet module of ¢ in general does not imply the existence of embedding
o — Ind$(7) (one can see such examples in Remark .

Let us recall that we have fairly good control of subqutients of Jacquet modules of parabol-
ically induced representations (through Geometric Lemma of [6]). The question of exact
structure of Jacquet module is usually much more delicate (see [7] already for the case
of SL(2, F)). Therefore, it would be much more convenient to have characterization of
partially defined function in terms of subqutients of Jacquet modules, instead of quotients.

In this paper we show that in the definition of the partially defined function €, (and partial
the cuspidal support 7.sp), it is enough to require only the subquotient condition instead
of the quotient condition of the corresponding Jacquet module (actually, we shall show
more; see section . We shall explain this in more details below.

Regarding partial cuspidal support 7., of an irreducible (square integrable) representation
7 of a classical group over F', it is easy to show (and it is well-known) that one can define
Teusp Tequiring only subquotient (instead of quotient) condition (see Proposition .

To define partially defined function attached to an irreducible square integrable represen-
tation 7 of a classical group over F' (defined in [14]; see also [34]), it is enough to consider
three cases of the following theorem (the Jacquet modules that we consider bellow are all
with respect to the standard parabolic subgroups; see section [2| for more details).

Theorem 1.3. (1) Suppose that Jord,(m) has at least two elements. Take any a_,a €
Jord,(m) such that a— < a and {b € Jord,(m);a_ <b<a} =0. Then

5([V(a,—1)/2+1p7 V(a—l)/2p]> ® o

15 a subquotient of the appropriate Jacquet module of w for some irreducible repre-
sentation o, if and only if €,:((p,a)) = e ((p, a,))ﬂ.

1By the original definition, e, ((p,a)) = ex((p,a_)) if and only if there exists a representation o’ of a
classical group such that 7 < Ind(§([p(e-—1/2+1p p(@=1/2p]) @ o).
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(2) Suppose Jord,(m) N2Z # 0. Denote
A min,p = min(Jord,(m)).

Then €;(p, Grmin,p) 1S defined, and it is 1 if and only if some irreducible representa-
tion of the form &§([v'/2p, v\ @mmine=V/2p)) @ o is a subquotient of the corresponding
Jacquet module of ﬂ‘E|

(3) Suppose Jord,(m) N (14 2Z) # 0 and Jord,(meusp) = O (the last condition is equiv-
alent to the fact that p X Teysy reduces). Then p X Teysy reduces into two irreducible
nonequivalent representations: p X Teyusp = 71 ® 7_1. Then for any k € Z~ the rep-
resentation §([vp, v*p]) x 7;, i € {&1}, has the unique irreducible subrepresentation,
denoted by

([vp, VE plsi Teusp):
This subrepresentation is square integrable.
Denote
Urmax,p = max(Jord,(m)).

Then e(p, axminp) s defined and €x(p, Gxminp) = t if and only if an irreducible
representation of the form 0 ® &([vp, v @mmine=/2p] ..} is a subquotient of the
Jacquet module of 7

In section [7] are also given some other useful descriptions of partially defined functions in
terms of Jacquet modules (related to the infinitesimal characters).

After discussion of the role of Jacquet modules in the definition of invariants €, (and mysp),
we shall briefly discuss the role of Jacquet modules in determining the third invariant
Jord(m). Jacquet modules in this case do not give complete answers, as they do for the
other two invariants. For example, we can have an irreducible cuspidal representation 7
of a classical group which has many Jordan blocks, but we certainly can not detect the
Jordan blocks from the Jacquet modules of 7 (since all the proper Jacquet modules of a
cuspidal representation are trivial, i.e. zero spaces). Nevertheless, from non-trivial Jacquet
modules we can get some information about Jordan blocks. An example is Proposition
3.6l There are possible further results in that direction, but we do not go in that direction
in this paper.

As an application of the Jacquet module interpretation of invariants, we give (an expected)
description of partially defined function of an irreducible square integrable representation
when one Jordan block is deformed. This is one of two important constructions of square
integrable representations from [I4]. The other construction is adding two neighbor Jordan
blocks (the description of partially defined function for this case is obtained in [I4]; see

also of this paper).

2By the original definition, €;(p, @y min,) = 1 if and only if 7 < Ind(5([v1/?p, v(@rmin,=D/2p)) ® ¢") for
some irreducible representation o’.

3By [34), €x(p, @x min,p) = i if and only if 7 < Ind(6' @5 ([vp, v\ /2 pl,.; Teusp)) for some representation
o'
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Take an irreducible square integrable representation 7 of a classical group and p an ir-
reducible selfdual cuspidal representation of a general linear group . Let a € Jord,(m).
Suppose that there exists an integer b of same parity as a, greater than a, which satisfies
la+ 1,0 N Jord,(m) = 0. Then the representation

(1.4) Ind(8([p\** 072, V2 p]) @ )

has an irreducible square integrable subrepresentation. Denote it by 7’. Then 7 and #’
have the same partial cuspidal supports, and we know how to get Jordan blocks of one of
the representations from the other representation (see Proposition . In Theorem we
show how to get partially defined function of one of the representations from the partially
defied function of the other representation.

We describe now the content of the paper. The notation that we use in the paper is in-
troduced in the second section. The third section recalls of some basic results that we
use in the paper, in particular about Jordan blocks. We define basic irreducible tempered
representations my in the fourth section. The fifth section gives a description of all irre-
ducible tempered representations by the basic ones. In the sixth section we present some
simple observations on the action of the Bernstein center of a factor of a direct product
of two reductive groups on the representations of the product. We apply these simple ob-
servations in the fifth section and obtain the Jacquet module interpretation of invariants.
The eighth section deals with connection of partially defined functions of square integrable
representations of smaller and bigger classical group. For the convenience of reader, in the
appendix we bring a proof of a result on irreducibility used in this paper, which follows
from the paper [24] of G. Muié.

Let us note that at least some of the results of this paper were known to experts. Never-
theless, we present the proofs of the results for which we did not know written references.
Further, description of tempered representations in some cases has been obtained and used
already by some authors (when they where describing irreducible subquotients of parabol-
ically induced representations; see for example [31], [I1], [3] or [23]).

Some of the main topics of this paper (like irreducible tempered or square integrable
representations of classical groups over F') show up as main local objects of the recent
book [1] of J. Arthur. It would be very important to understand explicitly the relation
between the fundamental classification in [I] and the problems studied in our paper. We
do not go in that direction in this paper. We shall say only a few words regarding this.

Arthur’s book contains Langlands classification of irreducible tempered representations of
classical groups over F' in characteristic zero (as far as we know, his classification is still
conditional, but it is soon expected to be unconditional). Our description of irreducible
tempered representations is modulo cuspidal data (i.e. irreducible cuspidal representations
and cuspidal reducibilities in the generalized rank one cases). These are different aspects of
the same problem (our description is only one of the steps in understanding the irreducible
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tempered representations of classical groups). For a number of problems of harmonic anal-
ysis of classical groups (and automorphic forms), it is important to understand irreducible
tempered representations in terms of square integrable ones. As well is important to un-
derstand irreducible square integrable representations in terms of cuspidal representations.
For example, the problem of unitarizability is the place where such information is crucial.
Such understanding was also important in the case of general linear groups, where the
Bernstein-Zelevinsky theory provides us with such understanding (clearly, the situation
there is much simpler).

Arthur’s classification of irreducible square integrable representations is very important for
our approach. In that classification, cuspidal representations are very simply recognized
among all the irreducible square integrable representations. This is done by C. Moeglin.
The requirement on the admissible homomorphism corresponding to an irreducible cuspidal
representation is a very simple condition, ”without gaps”, while the requirement on the
character of the component group is also a simple condition, ”being alternate” (for precise
assumptions see of [I7] and Theorem 1.5.1 there). From the Langlands parameter of such
a cuspidal representation, one sees directly all the ”exceptional” cuspidal reducibilities, i.e.
those ones > 1 (at least for the odd orthogonal and symplectic groups). This is done by C.
Meeglin and J.-L. Waldspurger (see the remark (ii) in Remarks 4.5.2 of [20]). The remaining
cuspidal reducibilities are controlled already by the local Langlands correspondences for
general linear groups. Therefore, the Arthur’s results give us precisely the parameters that
we are using. Let us recall that the case of unitary groups was completed earlier by C.
Moeglin (in [16]).

We are very thankful for particularly useful discussions on the topic of this paper to C.
Moeglin, and for her explanations. Discussions with M. Hanzer, A. Moy and G. Mui¢ also
were very helpful. Parts of this paper were written when the author was the guest of the
Hong Kong University of Science and Technology. We are thankful to the University for
the hospitality.

2. NOTATION

In this section we shall very briefly recall of the notation that we use for general linear
and classical groups groups in the paper. This notation we have already used in [I8] and
[34] (see also [30], [2] and [19]). More details regarding this notation can be found in that
papers (see [37] for the case of general linear groups).

We have fixed a local non-archimedean field F'. We consider in this paper symplectic,
orthogonal and unitary groups. If we consider unitary groups, then F” denotes the separable
quadratic extension of F' which enters the definition of the unitary groups. For other series
of groups, F' = F. We denote by 6 the non-trivial F-automorphism of F’ if F/ # F. In
the case F' = F, 6 denotes the identity mapping on F. The modulus character of F” is
denoted by | |gs, and the character |det|z of GL(n, F’) is denoted by v.
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For the group of rational points of a reductive group G defined over F', the Grothendieck
group of the category Alge) (G) of the representations of G of finite length is denoted by
R(G) (we consider only smooth representations in this paper). The Grothendieck group
R(G) carries a natural ordering <. The semi simplification of 7 € Algy; (G) is denoted by
s.s.(7). For representations my,my € Algs) (G), the fact s.s.(m) < s.s.(mg) we write shortly
as m < 7.

For 0 < k < n, there exists a unique standard (with respect to the subgroup of up-
per triangular matrices in GL(n, F")) parabolic subgroup Py n—r) = M n—i)Nn—k) of
GL(n, F') whose Levi factor My, is naturally isomorphic to GL(k, F') x GL(n—k, F").
For smooth representations m; of GL(ny, F') and my of GL(n;, F'), m X my denotes the
smooth representation of GL(n; + ng, F’) parabolically induced by 7 ® my from Plen—r).-
Let R = @,>0M(GL(n, F")). We lift x to a Z-bilinear mapping R x R — R. We denote
this operation again by x. We can factor the mapping x : R x R — R through R ® R.
The obtained mapping R ® R — R is denoted by m.

By 7(kn—k)(m) is denoted the normalized Jacquet module with respect to the parabolic
subgroup P n—r) of a smooth representation 7 of GL(n, F'). The comultiplication m*
R — R® R is an additive mapping which is given by m*(7) = > 7 _,8.8.("(k,n—k) (7)) on
irreducible representations. With these two operations, the additive group R becomes a
graded Hopf algebra.

Let p be an irreducible cuspidal representation of a general linear group (over F’), and
n € Zso. Define [p,v"p] := {p,vp,...,v"p}. The representation v"p x V" 1p x ... x
vp X p has a unique irreducible subrepresentation. This is an essentially square integrable
representations. It is denoted §([p, v"p]). We have

(2.1) m*(5([p, V" p)) 25 L)) @ 6((p, v pl)

i=—1
(we take formally §() to be the trivial representation of GL(0, F') = {1}, which is identity
of algebra R). Denote

3(p.a) =d([v"F p,vT pl), a € Lz

An irreducible essentially square integrable representation 6 of GL(n, F’) can be written
as 0 = v°§" where e(§) € R and §* is an irreducible unitarizable square integrable
representation. This defines e(9) and §*.

In this paper, we shall fix either a series of symplectic, odd or even orthogonal, or unitary
groups.

If we fix the symplectic series, we consider the Witt tower of symplectic spaces, and the
space in this tower of dimension 2n is denoted by V,, (for symplectic groups we define Y
to be the trivial vector space {0}). Then S,, denotes the group of isomorphisms of V,,.
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In the case of a series of odd orthogonal groups, we fix an anisotropic orthogonal vector
space Yy over F' of odd dimension (1 or 3) and consider the Witt tower based on Yj. Let n,
2n + 1 > dimY,. Then we have exactly one space V,, in the tower of dimension is 2n + 1.
The special orthogonal group of this space is denoted by S,,.

For an even-orthogonal series of groups, we fix an anisotropic orthogonal space Y, over
F of even dimension, and consider the Witt tower based on Yy. Let n, 2n > dimp(Y)).
Then there is exactly one V,, in the tower of dimension 2n. The orthogonal group of V,, is
denoted by S,,.

In the unitary case, we consider unitary groups U(n, F’/F'), where F’ is the separable
quadratic extension of F' entering the definition of unitary groups. Here we also fix an
anisotropic unitary space Yy over F’  and consider the Witt tower of unitary spaces V,
based on Y. Similarly as in the case of orthogonal groups, we have here also odd and even
cases. For dimp(Yp) odd (i.e. 1), for n, 2n + 1 > dimg(Yp), let V,, be the space in the
tower of dimension 2n + 1. Denote the unitary group of this space by S,,. For dimg(Yp)
even (i.e. 0), for n, 2n > dimg(Yp), let V,, be the space in the tower of dimension 2n.
Denote its unitary group by S,,.

We fix a minimal parabolic subgroup in .S, (in this paper we shall consider only standard
parabolic subgroups with respect to this minimal parabolic subgroup). One can see in
[30] matrix realizations of the split connected classical groups (and a description of their
standard parabolic subgroups).

In what follows, one series of groups {S,}, as above will be fixed. Denote by n’ the Witt
index of V,, (i.e. n' =n— %dim 7 (Yp) if V, is symplectic or even-orthogonal or even-unitary
group, and otherwise n’ = n — 3(dimp/ (Yy) — 1)). For integer k, 0 < k < n/, there is a
standard parabolic subgroup Py = M)Ny of Sy, whose Levi factor M, is naturally
isomorphic to GL(k, F') x S,_j (the group P, is the stabilizer of an isotropic space of
dimension k). Let m and o be smooth representations of GL(k, F’) and S,_j respectively.
We denote by

T™XO

the representation parabolically induced by 7 ® ¢ (from P)). A very useful property of
operations X and X is

(2.2) T X (T X o) = (1] X ) X 0.

For a smooth representation m of GL(k, F"), denote by 7 the representation g — 7(6(g))
(here 7 denotes the contragredient representation of 7). The representation 7 is called
F'/F-selfdual if 7 = 7. In the case I’ = F, we say also simply that 7 is selfdual. For =
and o representations as above hold

(2.3) $.8.(m X o) = 8.8.(F X 0)
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when 7 and ¢ have finite lengths. Observe that if 7 x ¢ is irreducible, then 7 x o = 7 x 0.
Denote

R(S) = &R(S,)

where the above sum runs over all integers n > 1 (dimp (Yy) — 1) if we consider odd-
orthogonal or odd-unitary groups, and otherwise over all n > £ dimp(Y5)). Now x lifts in
a natural way a bilinear mapping R x R(S) — R(S), denoted again by x.

For a smooth representation 7 of 5, the normalized Jacquet module of 7 with respect to
Py is denoted by s)(7). If 7 is irreducible, denote

©r(r) = Zs.s. (S(k) (T>)’

where n’ denotes the Witt index of V,,. Extend p* additively to p* : R(S) — R ® R(S).
Let
(2.4) M =(m®1)o("®@m")orkom™: R— R® R,

where © : R — R is a group homomorphism determined by the requirement that 7 +— 7
for all irreducible representations 7, and kK : R X R — R X R maps Y x; ®y; to > y; ® x;.
The action x of R® R on R® R(S) is defined in a natural way. Then

(2.5) p* (3 @) = M () x (o)

holds for 7 € R and o € R(S).

Let p be an irreducible F’/F-selfdual cuspidal representation of a general linear group and

x,y € R which satisfy y — x € Z>o. Then (2.1) and (2.5 imply

y oy

(26) M (([v"p,v"p])) = D> o[ p,v"pl) x 617 p, vp]) @ ([ p, 1)),
i=a—1 j=i

where y — i,y — j € Zo in the above sums. The part of M*(§([v"p,¥p])) contained in

R ® Ry will be denoted by Mgy, (M*(6([v*p,¥p]))) @ 1. Then

Y

(2.7) Mg (5([v o)) = D (" p,v™"p]) x 6([v" ! p,vp])

i=xr—1

(again y — i € Z>( in the above sum).

Now we shall recall of the definition of Jordan blocks attached to an irreducible square
integrable representation of a classical group. First we shall define representations Ry
of the L-group of F-group GL(k, F’). Suppose that we consider the symplectic series of
groups (resp. one of orthogonal series of groups), Let k € Z~o. Then by Ry will be denote
the representation of GL(k,C) on A’C* (resp., Sym*CF).
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Now suppose that we consider a series of unitary groups. Then the L-group of F-group
GL(k, F’) is isomorphic to a semidirect product (GL(k,C) x GL(k,C)) XGal(F'/F). The
non-trivial element 6 of Gal(F'/F) acts on the normal subgroup GL(k,C) x GL(k,C)
by 0(g1,92,1)07" = (g5 ',%97 ", 1), where ‘g denotes the transposed matrix of g (see [14]).
For n € {£1} denote by R,(C") the representation of the above L-group (of GL(k, F")) on
Endc(CF), determined by (g1, g, 1) u = g1 u'gy and (1,1,0) u = 5. Suppose that S, is a
series of (unitary) groups such that dimensions of V,, are even (resp. odd). Then by Ry
will be denoted the representation Rg) (resp. Rg;l)).

Now we have the following definition of the Jordan blocks (from [14]; L(p, Rq4,,s) denotes
below the L-function defined by F. Shahidi).

Definition 2.1. The set Jord(w) of Jordan blocks attached to an irreducible square in-
tegrable representation of a classical group S, is the set of all pairs (p,a) where p is an
irreducible F'/F-selfdual cuspidal representation of GL(d,, F') and a € Z~, such that:

(J1) a is even if L(p, Rq,,s) has a pole at s =0, and odd otherwise,
(J2) §(p,a) x mg is irreducible.

Denote Jord,(r) = {a; (p,a) € Jord(m)} (p is an irreducible F' | F-selfdual cuspidal repre-
sentation of a general linear group).

In this paper we shall assume that the following (basic) assumption holds for any irre-
ducible cuspidal representation m. of any S, and any irreducible F”’/F-selfdual cuspidal
representation p of any GL(p, F'):

(BA) If we denote by

max Jord,(m.) if Jord,(r.) # 0,
Uromaxp = & 0 if L(p, Ra,,s) has a pole at s = 0 and Jord,(m.) = 0,
-1 otherwise.

then

F(14anc,max,p)/

v 2p X T,

reduces.

Remark 2.2. The basic assumption is known to hold in some cases, while for (the most)
of other cases, it is expected to be known fact very soon (when the facts on which relays [1]
become available).

For unitary groups, it follows from C. Meglin’s paper [16]. Namely, by [28] we know that
there is only one non-negative exponent x for which v*p X m. is reducible. Propositions 3.1
of [16] gives that this exponent is integer or half-integer. If it is 0 or 1/2, then Proposition
13.2 of [31] and [15] imply that Jord,(w.) = 0. Suppose that v*px. reduces for some x > 1.
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Now Theorem 13.2 of [31] implies that 6(p,n) x . is irreducible for all positive integers of
the parity same as the parity of 2x, while for the other parity we have irreducibility for n <
2x — 1, and reducibility otherwise. Note that now the unique irreducible subrepresentation
of V°p X 7. 1s square integrable. Denote it by m. Then the extended cuspidal support of
7 contains v*p. Now Proposition 5.6 of [16] implies that 2z + 1 has even parity if the
L-function from the Definition[2.1] has a pole at s = 0, and odd otherwise. Therefore, the
basic assumption holds for unitary groups.

Observe that [16] gives much more then the basic assumption. It gives the full classification
of wrreducible square integrable representations, and of the subfamily of cuspidal represen-
tations of these groups (moreover, from the parameters on the Galois side we see what are
the cuspidal reducibilities).

For the odd orthogonal and symplectic groups, it follows from remark (ii) in Remarks 4.5.2
of the paper [20] of C. Meeglin and J.-L. Waldspurger and the book [1] of J. Arthur (Theorem
1.5.1). We are very thankful to C. Meglin for explaining this to us.

We have recalled of the definition of invariants Jord(m) and 7.ysp. The definition of the
third invariant e, convenient for our purposes can be found in [34] (see also section [7| of
this paper).

3. TWO BASIC PRELIMINARY FACTS ABOUT JORDAN BLOCKS AND PARTIALLY DEFINED
FUNCTIONS

Here we shall recall of two basic facts about Jordan blocks and partially defined functions
which we shall use often.

First we shall recall of a general fact regarding Jordan blocks (Proposition 2.1 of [I§]):

Proposition 3.1. Let " be an irreducible square integrable representation of S, and let
x,y € (1/2)Z such that x —y € Zso. Let p be an F'/F-selfdual cuspidal (unitarizable)
representation of GL(d,). We assume that x, y € Z if and only if L(p, Rq,,s) has no pole
at s = 0. Further, suppose that there is an irreducible square integrable representation m
embedded in the induced representation

(3.1) = §([VYp,vp]) x 7.
or more generally, into

r—i+1

(3.2) T—VpX XV pX--xvpxm

Then holds:
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(1) If y > 0, then

Jordy(m) = (Jordy() \ {(p,2y — 1)}) U{(p, 25+ D)}
Further, 2y — 1 € Jord,(n') if y > 1.
(2) If y <0, then
Jord,(m) = Jord,(7") U {(p, 2z + 1), (p, =2y + 1) }.
In particular, 2z + 1 and —2y + 1 are not in Jord, (7).

The following theorem follows directly from Lemmas 5.4, 5.5 and (ii) of Proposition 6.1
(all) from [14]:

Theorem 3.2. Let ' be an irreducible square integrable representation of S,. Take a a_ €

Z such that a —a_ € 2Z~q. Let p be an F'/F-selfdual cuspidal representation of GL(d),).

Suppose that a_, a € 1+ 27 if and only if L(p, Ry,,s) has no pole at s = 0. Assume that
Jord, (") N [a_,a] = 0.

Let  be an irreducible subrepresentation of

(3.3) ([P @V ) e .

Then m is square integrable and

Jord () = Jordy(x') U {(p,a_), (p, )}
Further, for (p',b) € Jord,(n'), ex(p',b) is defined if and only if e,/ (p', b) is defined. If they
are defined, then
€ (pla b) = €x (pl7 b)
If there exists (p/,c) € Jord(n') with ¢ # b, then

1 1

= e (P, 0)en (p'y0)7".

Definition 3.3. The square integrable representation 7' in the above theorem is uniquely
determined (up to an equivalence) by w, and we shall denote it by

ex(p b)ex(p', )™

o = g (pas)pa)

Now we shall recall of Lemma 5.3 of [18§]:
Lemma 3.4. Let m be an irreducible square integrable representation and suppose that
there exists a € Jord,(m) such that a +2 ¢ Jord,(m). Then

V(a-i—l)/Qp T

reduces. Further, it contains a unique irreducible subrepresentation

We recall next the elementary Lemma 3.2 of [I8] which shall be used often without men-
tioning.
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Lemma 3.5. Let w be an irreducible representation of a reductive p-adic group and let
P = MN be a parabolic subgroup of G. Suppose that M is a direct product of two reductive
subgroups My and Msy. Let 11 be an irreducible representation of My, and let 5 be a
representation of Msy. Suppose

T Inds (T @ 13).

Then there ezists an irreducible representation T, such that

T — Inda (T, @ 715).

We shall often use the following

Proposition 3.6. Let m be an irreducible square integrable representation of .S,,.

(1) Suppose that v*p @ T is an irreducible subquotient of a standard Jacquet module
of m, where p is an irreducible F'/F-selfdual cuspidal representation of GL(p, F"),
x € R, and 7 is an irreducible representation of Sy. Then

(p,2x + 1) € Jord(r).

(2) More generally, let c @7 be an irreducible subquotient of a standard Jacquet module
of m, where o is an irreducible representation of GL(p, F'), and 7 is an irreducible
representation of Sy. Then there exists an irreducible cuspidal representation p
in the cuspidal support of o such that if we write p = v*p with x € R and p
unitarizable, then

(p,2x + 1) € Jord(r).
One can find the definition of the cuspidal support in Remark in what follows.

Proof. The claim (1) is just Lemma 3.6 of [I8] (for a slightly different argument observe
that (3) of Corollary implies that m < v*p x ¢ for some irreducible representation o;
now Remark 5.1.2 of [14] implies (1)).

For the second claim, observe that the the transitivity of Jacquet modules implies that
there exists an irreducible cuspidal representation p’ in the cuspidal support of ¢ and an
irreducible representation p of a classical group such that p’ ® u is a subquotient of the
Jacquet module of 7. Now (1) implies (2). O

Let (p, a) be a Jordan block of an irreducible square integrable representation 7 of a classical
group. If there exists the element b in Jord,(r) such that b < a, and {zx € Jord,(7);b <
x < a} =, then we shall denote b by

a_.

In this case we shall say that a € Jord,(m) has a_.
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4. FIRST TEMPERED REDUCTIONS
Lemma 4.1. Let w be an irreducible square integrable representation of a classical group, p

an F'/F-selfdual irreducible cuspidal representation of a general linear group and b € Zsy
such that

d(p,b) x
reduces (equivalently, p and b satisfy (J1), and b & Jord,(r)).
Suppose
(4.1) Jord,(m) N [1,b] # 0
and denote
(4.2) a = max(Jord,(m) N [1,8]).

(1) Then an irreducible representation 6 ® o satisfying
0® 0 < p(6(p,b) x )

and

(a—1)/2+1 (b—l)/Qp] + [V(a_l)/2+1p, V(b—l)/Qp]

supp(f) = [v
exists, and holds
0@ o= 5([p D2 O DR R 6(p, a) .
(2) The multiplicity of

S([ 2 p IR @ 6(p,a) 3

p,v

mn
" (6(p, b) x )
s one.
(3) o([pla=N/2H1p yO=D251)2 @ §(p,a) x 7 is a direct summand in the corresponding
Jacquet module of 6(p,b) X .

Proof. Observe that b > 3. Let 6§ ® o be any irreducible representation satisfying the
assumptions of (1). From and follows that the first condition in (1) is equivalent
to the fact that 6 ® o is contained (as a subquotient) in
(4.3)
(b—-1)/2 (b—1)/2
S D> (e o)) x ([ p, R p)y @ 6([ 1)) | 2t ().
i=—(b-1)/2-1 j=i

We shall now analyze in the above product for which indexes 7 and j we can get 6 ® o for
a subquotient. The condition on the support of # implies that

(4.4) (a—1)/2+1<—iand (a—1)/24+1<j+1.
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Suppose
(4.5) (a—1)/2+1<—ior(a—1)/24+1<j+1.
Then there exists an irreducible subquotient v ® A of p*(7) such that
00 <5([vp, ") x 5([H p, OV p]) x v @ 6([v p, 17 pl) 3.

The assumption on the cuspidal support of  implies supp(y) = [p( @D/ p =71 +
[V@=D/2+1 )5 1ip). Recall that our assumption (4.5) implies supp(y) # 0. Now by (2) of
Proposition implies the existence of

V7€ a2, miml g a2k
such that 22 + 1 € Jord, (7). Observe that (a —1)/2 4 1 < x implies
a+2<2x+1.

From the other side, i > —(b—1)/2 — 1 implies x < —i — 1 < (b — 1)/2 which further
implies 2x + 1 < b, and j < (b— 1)/2 implies again 2x + 1 < 25 + 1 < b.

Therefore, we have obtained that (4.5) implies [a + 2,b] N Jord,(7) # 0. This contradicts
the assumption (4.2)).

Thus, (a —1)/2+ 1= —iand (a —1)/2+ 1 = j + 1. Therefore
@0 < 5({ (a— 1/2+1p V(b—l)/Qp]) % ,_)/®5([ (a— 1)/2p I/(a_l)/2p]) .

Now the assumption on the cuspidal support implies that v = 1. Therefore 1 ® A < p*(n),
which implies A = 7. Thus

2o < (5([V(a_1)/2+1p, V(b_l)/2 ]) ® 5([ (a— 1)/2p V(a—l)/2p]> X 7T

Since the representation on the right hand side is irreducible, above we have the equality.

This completes the proof of (1) and (2) of the lemma. Further, using the properties of the
Bernstein center (see section[6) (3) follows from (1). O

Corollary 4.2. Let the assumptions be the same as in the previous lemma. Then the
following requirements on an irreducible subquotient T of 6(p,b) X 7 are equivalent:

(1) 7 embeds into §([p\@=V/2H1p p=D/2p])2 x §([p=(=1/2p p(@=1/2p]) x 7.

(2) 7 embeds into §([@ /21 p L(O=D/21)2 50 X for some irreducible representation \.

(3) T embeds into Ox\ for some irreducible representations 0 and X\, such that supp(0) =
o[(a- 1)/2+1p =172,

(4) 7 has §([ple=V/2+1p =125V & §([p= (a2 @=D/12p]) s 1 for a subquotient of
the corresponding Jacquet module.

(5) 7 has 6([peV/2+1p yO=1/12p1)2 @ X for a subquotient of the corresponding Jacquet
module, for some irreducible representation \.

(6) 7 has 0 @ X\ for a subquotient of the corresponding Jacquet module, for some irre-
ducible representations 0 and X, such that supp(0) = 2[p(@=D/2+1p p(=1)/2p], O
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Definition 4.3. With the assumptions as in the previous lemma, the irreducible subquotient
T of 6(p,b) X w satisfying the equivalent requirements of the above corollary, will be denoted
by

T5(pyb)-
The other irreducible subrepresentation of §(p,b) x m will be denoted by

7T_5(pvb) .

Lemma 4.4. Let © be an irreducible square integrable representation of a classical group,
p an F'/F-selfdual irreducible cuspidal representation of a general linear group and

b € 27~
such that

d(p,b) xm
reduces (i.e., p and b satisfy (J1), and b & Jord,(r)).
Suppose
(4.6) Jord,(m) N [1,b] = 0.

(1) Then an irreducible representation 0 @ o satisfying 0 @ o < p*(5(p,b) x 7) and
supp(0) = 0" p, v 2p] + 12, /72
exists, and holds
0® 0 =5([Vp, V202 @ .

(2) The multiplicity of
(02, D) &

m
117 (0(p, b) x )
s one.
(3) §(['2p, v Y20\ 2 @ 7 is a direct summand in the corresponding Jacquet module
of 6(p,b) x .

Proof. The proof proceeds in a very similar way as the proof of Lemma [{.1, We shall very
briefly sketch the proof. To get any 6 ® o satisfying (1) from ([4.3), we must take 1/2 < —i
and 1/2 < j 4 1. If at least one of these two inequalities is strict, we would get that some
positive even integer k& < b is in Jord,(m), which contradicts the assumption of the lemma.
Now the proof proceeds in exactly the same way as the proof of Lemma [l

Corollary 4.5. Let the assumptions be the same as in the previous lemma. Then the
following requirements on an irreducible subquotient T of 6(p,b) X m are equivalent:

(1) 7 embeds into §([v*/%p, v ®=D/2p])2 x 7.
(2) 7 embeds into 5([/2p, v ON/2p])2 x X for some irreducible representation \.
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(3) T embeds into Ox\ for some irreducible representations 6 and X\, such that supp(0) =
2[V1/2p, y(b—l)/2p].

(4) 7 has 6([v2p, v*=V/2p)2 @ 7 for a subquotient of its Jacquet module.

(5) 7 has 0([v/2p, vO=V2p)2 @ \ for a subquotient of its Jacquet module, for some
irreducible representation A

(6) T has 8 ® X for a subquotient of its Jacquet module, for some irreducible represen-
tations 6 and X, such that supp(0) = 2[v*/2p, v O=1/2p]. O

Definition 4.6. With the assumptions as in the previous lemma, the irreducible subquotient
T of 0(p, b) X 7 satisfying the equivalent requirements of the above corollary, will be denoted
by

T5(p,b)-
The other irreducible subrepresentation of 6(p,b) x m will be denoted by T_s(p).-

Lemma 4.7. Let © be an irreducible square integrable representation of a classical group,
p an F'/F-selfdual irreducible cuspidal representation of a general linear group and

bel+275

such that
d(p,b) xm
reduces (i.e., p and b satisfy (J1), and b & Jord,(m)).
Suppose
(4.7) Jord,(m) N [1,0] =0
and
Jord, () # 0.

Denote

a := min(Jord,(7)).

(1) Then an irreducible representation 8 ® o satisfying 6 ® o < p*(6(p,b) x ) and

b—1)/2 (b—1)/2

supp(0) = [vp, vV p] + [vp, vV 2p] 4 [vp, 07V

exists, and holds
0 2= 6([vp, v~V p]) x §([vp, v V2p]).

Further, (i) of Lemma 5.4.2 in [14] implies that m — &([vp, v@Y/2p]) x 7’ for some
irreducible square integrable representation ' of a classical group. Then p x 7' is
wrreducible and
o= pxm.

(2) The multiplicity of 6([vp, v @V/2p]) x 6([vp, v V2p])2 @ p x 7' in u*(5(p,b) x )
is one.

(3) §([vp, v V2p))x§([vp, v~ 1)/2p])2®p><17r’ is a direct summand in the corresponding
Jacquet module of §(p,b) X
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Remark 4.8. The representation 7' in (2) of above lemma has explicit description by
admissible triple (see section[8).

Proof. (1) Clearly, a > 3. Observe that from m < §([vp, @ 1/2p]) x 7’ and (1) of Propo-

sition 3.1l follow
| Jord(r) = (Jord(@)\{(p, 1}) U {(p. )}
(45) Jord(x') = (Jord(m)\{(p,a)}) U{(p, )}

We have obviously
w(6(p, b) x m) < (8(p, b) x 8([wp, vV 2p]) aw') =
M*(8(p, b)) x M*(8([vp, 1"~ D2 p])) > ().
Now we shall analyze when we can get an irreducible term # ® o such that
supp () = [vp, v~V 2] + [vp, V7V p] + [p, v 7V/2)
in the right hand side of the above inequality. Considering the cuspidal support of 6 and
Jordan blocks of ©’ (see (4.8)), to get § @0 as a subquotient, we must take frorn M*(6(p, b))

the term &([vp, v®V/2p])2 @ p, from M*(5([vp, v\ V/2p]) the term &([vp, v\ V/%p]) @ 1
and from p*(7') the term 1 ® 7', Thus

(4.9) 0@ 02 6([vp, v Y2p)) x 8([vp, vV 2p) @ p x 7.

This proves multiplicity one in u*(8(p, b) x §([vp, v\ *V/2p]) x 7'). Note that the irreducibil-
ity of p x 7’ follows from (4.8)).

From the other side 7 < &([vp, v(@~1/2p]) x 7’ implies that &([vp, v(@~1/2p]) ® 7’ is in the

Jacquet module of . Observe that d([vp, v®~1/2p])2 @ p < M*(5(p,b)). From this we get
that the term 0([vp, 1@ Y/2p]) x 6([vp, v®D/2p])2 @ p x ' must show up in p*(§(p, b) x 7).
The condition on the cuspidal support of € implies that this term is a direct summand in
the corresponding Jacquet module. U

Corollary 4.9. Let the assumptions be the same as in the previous lemma. Then the
following requirements on an irreducible subquotient T of §(p,b) X 7 are equivalent:

(1) 7 embeds into §([vp, v®=1/2p])% x §([vp, v@D/2p]) x 7.

(2) 7 embeds into 6([vp, vOV/2p])2 x §([vp, 1@ V/2p]) 3 X for some irreducible repre-
sentation \.

(3) 7 embeds into @x\ for some irreducible representations 6 and X\, such that supp(6) =
2[vp, v~ D2p] 4 [vp, e D/2p).

(4) 7 has 5([vp, v®V2p])2 x §([vp, v @ V/2p]) @ 7' for a subquotient of its Jacquet
module.

(5) 7 has 6([vp, v V22 x §([vp, V@ V/2p]) @ X for a subquotient of its Jacquet mod-
ule, for some irreducible representation \.
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(6) T has 8 ® X for a subquotient of its Jacquet module, for some irreducible represen-

tations 0 and X, such that supp(0) = 2[vp, vO=Y2p] + [vp, v(@=1/2p]. O

Definition 4.10. With the assumptions as in the previous lemma, the irreducible subquo-
tient T of 0(p,b) X 7 satisfying the equivalent requirements of the above corollary, will be
denoted by

7T§(p’b).
The other irreducible subrepresentation of §(p,b) x m will be denoted by T_s(pp).-

Lemma 4.11. Let w be an irreducible square integrable representation of a classical group,
p an F'/F-selfdual irreducible cuspidal representation of a general linear group and
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such that

d(p,b) X
reduces (i.e., p and b satisfy (J1), and b & Jord,(m)).
Suppose

Jord,(m) = 0.
Then p X Teysp reduces. Decompose
PR Teusp = T1 D T-1.

Then for an irreducible subrepresentation T of

d(p,b) x

there exists a unique i € {£1} such that there exists an irreducible representation 6 of a
general linear group such that
T — 0 x Ti-
We shall denote this T by
T8 (p,b)
(we consider D C R). We can also characterize above T by the requirement that a term of
the form 6 @ 1; is in the Jacquet module of T'.

Proof. Observe
T < 6(p,b) % 7 > (o, ¥* /2] x 8([w=0=/2p, 11 p]) x 7.

We have §([v=C=1/2p v71p]) x © = 6([vp, v®V/2p]) x m by (2.3), Proposition and
Proposition 6.1 from [31]. Thus

T < 8([p,v""2p]) x 8([vp, vV p]) a7
2= 5([vp, vV p]) x 6([p, 7V 2p)) o
= 8([vp, V"V p]) x 8([wp, vV p]) x pxaw
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We know that 7 — 6’ x 7., for some irreducible representation ¢’ of a general linear group
(this is the definition of 7.,s,). Note that the condition Jord,(7) = () implies px 6’ = ¢ x p.
Then

T — §([vp. v 2p)) x 8((wp, v V720]) X p X & X Ty

>~ 5([vp, v 72p]) x 5([vp, v V2p]) X 0/ X p X Tensp-

Obviously there exists i € {£1} such that
T — 3([vp, v*=V72p]) x 6([vp, v ~V2p]) x 6 x 7.

Now Lemma 3.4 implies that there exists an irreducible representation 6 of a general linear
group such that

T — 0 x Ti-
Note that p is not in supp(f).
Denote by T” the irreducible subrepresentation of d(p,b) x 7 different from 7". Suppose
that 7" < 6’ x 7; for some irreducible #’. Again p is not in supp(#’). Then
(4.10) dpb)xr=TaT <@®)xm
(p is neither in the cuspidal support of # nor of ¢).
The formula for p* implies that the term of form % ® 7_; cannot be in the Jacquet module

(0@ ¢) x7; (use that p*(r;) = 1 ® Ti + p @ Teusp, the fact that p is not in the cuspidal
supports of 6 and €', and use and -

From the other side, take some irreducible 6" @ 7.5, < p*(m). Then - and (2.6]) imply
that

(4.11) 5([vp, VO V2p)2 X 0" @ p X Teusp

is in the Jacquet module of 0(p,b) x m. Observe that (4.10)) has a subquotient of the form
* ® 7_;. Now (4.10]) implies that (0 @ 0) x 7; has a subquotient of the form * ® 7_;. This
contradiction ends the proof. O

Observe that in the above lemma we have again defined

Tis(pp), @€ {1}

in this case.
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5. TEMPERED REPRESENTATIONS

For an irreducible square integrable representation 7 of a classical group denote
v ed = {0 € D0 x m reduces}.

Recall that § = d(p,b) € D" is in D}, if and only if p is F'/F-selfdual, p and b satisfy,
(J1) and (p,b) & Jord(m). Let
DY = DU\ DU

T,irr m,red*

Proposition 5.1. Let m be an irreducible square integrable representation of a classical
group, 01, ...,0, different (i.e. monequivalent) representations in DY eq and ji, ... jn €
{£1}. Then there exists a unique irreducible subrepresentation T' of (51 .. X O0p X such

that
T — ( X (5k> X .6
ke{1,...nF\{i}

for alli € {1,...,n}. We shall denote T by

T§1615meinbn -

Further, if we have some other representation ;s defined in the above way, then

J1 17"'7.7';/6;/
~ /
ﬂ-jl(sl’“"jnén. o Wjiaiu---vj//‘sll

if and only if T = 7' and {j161,. .., jndn} = {3161, -, J0r )

Proof. We know that d; X ... x d, x 7 is a multiplicity one representation of length 2" (see
Theorem 13.1 of [1§], or [§]).

Now we shall prove by induction that the description of irreducible subrepresentations of
01 X ... X 6, x 7 is well-defined. For n = 1 there is nothing to prove. Suppose n > 2 and
that the description is well-defined for n — 1. Write §; = 0(p;, a;). Renumerate (¢;, j;)’s in
a way that a; > a; for all ¢ > 1. Denote 7 = 7,5, j.6,-

Observe that
n ( (ap—1)/2 (ax—1)/2

P9y X .. X 0y X)) = (H Z Z S([v p, (D2 pl) x

k=1 ig=—(ar—1)/2—1 Jr=tk

([ p, v D12]) @ 8[54+ p, ujkpn)) ().

From this easily follows that the multiplicity of 6; ® 7 in (5.1]) is two (consider the term
—(a1—1)/2
v ).

(5.1)

One gets also directly that the multiplicity of §; ® 7 in p*(d; x 7) is at least two. The
above fact about (j5.1]) implies that the multiplicity is 2.
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From this (using Frobenius reciprocity) follows that d; X 7 reduces into two non-equivalent
irreducible representations. Denote them by 7T} and 7. For description proposed in the
proposition, it is enough to prove that both 7} and 75 cannot be in the same time subrep-
resentations of do X ... X J,, X w5, for any j € {£1}. Suppose that they are. Then the
multiplicity of 6y ® 7 in p*(d2 X ... X 0, X 7j5,) must be 2.

Observe 1®0; < M*(0;) for i =2,...,n, and 0, ® 1 < p*(m+s,) (by Frobenius reciprocity).
From this follows that §; @ 7 < p*(dy X ... X 0, X 7m4s,). From this and the fact that the
multiplicity of §; ® 7 in is two, follow that the multiplicity of §; ® 7 in p*(de X ... X
0y, X s, ) is one. This contradiction completes the proof that representations mj,s, ..
are well defined.

The rest of proposition directly follows from Proposition 111.4.1 of [36]. O

Definition 5.2. If an irreducible (tempered) representation m is equivalent to some repre-
sentation Tjs, . j.s, S 10 above proposition, we shall say that 7 is e-tempered representa-
tion.

n

Note that from [10] follows that in the case of symplectic and split odd-orthogonal groups,
the notion of an irreducible e-tempered representation coincides coincides with the notion
of elliptic representation.

Theorem 5.3. (1) Let mj,s,,..500, be an irreducible e-tempered representation (like in
the above proposition) and 1, ..., Ym € D} ;. U{61,...,0,}. Then
Vi X o X Y, X Ty61 o inn
18 an irreducible tempered representation.
Vv oAy € DY UBL, ., 8}, Then '
Y1 X o X Yo X T sy gnbn =YX e X A X T8, i,
if and only if we have equality

(717'--77m7717---777m) = (7{7"'77&’7717"'7&%’)
of multisets and j,s,,..j.5, = Tjis1,..j5, (see the previous proposition for the de-
scription this equivalence).
(3) Each irreducible tempered representation of a classical group S, is equivalent to
some representation from (1).

Now we shall define in a natural way Jordan blocks of irreducible tempered representations
of classical groups (we shall rather use irreducible square integrable representations then
the pairs that parameterize them).

We shall denote
Jord(m)as. = {0(p,n); (p,n) € Jord(n)}.
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We can always consider a set in an obvious way as a subset (as we shall do this bellow).

Definition 5.4. Let 7j5,,. j.5, be an irreducible e-tempered representation defined in

Propositz’on and let v, ..., Ym € D", U{01,...,0,}. Then the Jordan blocks Jord(~; X

8T

X Y X Ty nsn) Gttached to the irreducible tempered representation 1 X ... X Yy X

.....

Tj161,...jn6n QTC defined to be the multiset

n

(Vs ey Yoo V1 -+ o3 Fm) + 2(01, .., 0p) + Jord(m) 4.

We shall attach to Jord(y; X ... X ¥p X Tji5,....j.6,) the corresponding set

-----

{1 A U {0, G} U Jord(m) s
which will be denoted by

|JOTd(’yl XX ’ym X 7Tj151 ----- j7z6n)|'

We can now extend the definition of partially defined function to the tempered case:

Definition 5.5. Let mjs,,. .5, be an irreducible e-tempered representation defined in
Proposition and let y1,...,Ym € DY, U{01,...,0,}. Denote by 7 the irreducible
tempered representation

T:'ylx...Xfmele51 77777 Gn B -

Then the partially defined function e, attached to T is a function defined on a subset of
|Jord(T)| U |Jord(T)| x |Jord(T)| (with values in {£1}), which satisfies the following re-

quirements:

(1) If 6 € |Jord(T)| is not F'/F-selfdual, them €.(0) is not defined.

(2) If 6 € |Jord(T)| is F'/F-selfdual, has even multiplicity in Jord(t) and if 6 ¢
{01,...,0n}, then €,.(5) is not defined.

(3) If 6 € |Jord(T)| is F'/F-selfdual, has even multiplicity in Jord(t) and if 6 €
{61,...,0,}, then €.(9) is defined, and

67—(51‘) = ]z

(4) If 6 € |Jord(T)| has odd multiplicity in Jord(r), then § € Jord(m)qs and €.(J) is

defined if and only if €,(0) is defined. If it is defined, then
€-(0) = e (9).

(5) Let 01,09 € |Jord(T)|. If €;((61,dz)) is defined, then 01,0 € Jord(m)ys. In that
case €, ((01,ds)) is defined if and only if €;(01)ex(02)~" is defined, and then

e (01, d2)) = €x(d1)ex(d2) "
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Remark 5.6. We consider quasi-split classical groups and their generic irreducible tem-
pered representations in this remark. For these groups, we shall follow the conventions of
[9] regarding non-degenerate characters of the mazximal unipotent subgroups.

The definition of the partially defined function attached to an irreducible square integrable
representation of a classical group depends (only) on the choice of indexing of irreducible
constituents of

P AR Teysp = T1 D711,

when (Teysp, p) Tuns over all pairs of irreducible F'/F-selfdual cuspidal representations p
of general linear groups and irreducible cuspidal representations me,s, of classical groups,
such that p X Teys, reduces (see [34] for more details). In this remark we shall assume that
in the case that Teys, 15 generic, we have chosen always 1, to be generic. Then from [9] and
[22] follows directly that an irreducible square integrable representation m of a quasi-split
classical group is generic (for the fized non-degenerate character of the mazimal unipotent
subgroup) if and only if the partial cuspidal support Teys, of m is generic and if the partially
defined function €, attached to m takes value one on elements and pairs from Jord(r),
whenever it is defined on them (see also [21]). This was also proved by C. Meglin in an
unpublished manuscript. We shall briefly comment this result.

If m is an irreducible square integrable representation, then obviously (by Theorem 2 of
[25] ) the partial cuspidal support me,s, of m is generic. Further, in Proposition 3.1 of [9] is
shown that further the partially defined function €, attached to m takes value one on pairs
from Jord(m), whenever it is defined on them (see also [21]). Moreover, by the remark
after Proposition 3.1 of [9], the partially defined function takes value one on elements from
Jord(r), whenever it is defined on them (one can consult again also [21]). Let (p,a) €
Jord(m). We shall additionally comment here the case of odd a. Then p X Teys, reduces.
Now Proposition 4.1 of [34] and [25] (and also Proposition 3.1 of [9]) imply the value one
of the partially defined function on the element (p,a).

Let w be an irreducible square integrable representation m of a classical group such that
the partial cuspidal support meusp of ™ is generic and that the partially defined function e,
attached to w takes value one on elements and pairs from Jord(r), whenever it is defined
on them. Now first Proposition 1.1 of [22] implies that the generic subquotient of the
representation parabolically induced by corresponding wrreducible cuspidal representation
where T is a subquotient, must be square integrable. Now the above discussion implies that
this generic square integrable subquotient is w. Thus, T is generic.

Let w be an irreducible generic square integrable representation of a classical group and § an
irreducible F'/F-selfdual square integrable representationsof a general linear group, such
that 0 X w reduces. Then precisely one of the irreducible constituents of & X w is generic
(125]). Denote it by Tye,. Let 6 = 6(p,b), where p is irreducible F'/F-selfdual cuspida
representation of a general linear group and b > 1.



28 MARKO TADIC

Suppose that we are in the setting of Lemmal[4.1. The representation
(4 p, SO )2 s ([, DPg]) s

has a unique generic irreducible subquotient, and it must be equivalent to Tye, ([25]). By the
generalized injectivity conjecture proved for classical groups in [9], the generic subquotient
must be a subrepresentation. Thus,

Tyen = ([ g, 0D 5 ([ D12 02 ) s

Now Deﬁm’tz’on (see also C’omllary implies Tspp) = Tgen. Thus, Tsp) 1S generic
(and w_5(,p) is not). In the same way one sees that also in the settings of Lemma and

Lemma Ts(p) 15 also generic and T_s(,p) is not. In the setting of |4.11], [25] implies
that 75,y 1S generic.

This implies that 7.5 is generic if and only if 7 is generic and € = 1.

From this and directly from [25] follows that an irreducible e-tempered representation

Te161,....€n0n

1s generic if and only if ™ is generic and €, = --- =€, = 1.

At the end we conclude (from above discussion and [25]) that the irreducible tempered
representation in (1) of Theorem is generic, if and only if the e-tempered representation
there is generic.

6. SOME ELEMENTARY FACTS ON BERNSTEIN CENTER OF DIRECT PRODUCTS

First we shall recall of the definition of the Bernstein center (see [4] and [5] for more
details).

Let G be the group of F-rational points of a connected reductive group defined over F' (we
have fixed a local non-archimedean field F'). The set of equivalence classes of irreducible
smooth representations of G is called the non-unitary dual of G and denoted by G. It carries
a natural topology of uniform convergence of matrix coefficients over compact subsets (see
[29] for more details). Denote the Hausdorffization of G by ©(G). Then O(G) is the set of
conjugacy classes of all pairs (M, p), where M is a Levi subgroup of G and p an equivalence
class of irreducible cuspidal representations of M (the conjugacy class of (M, p) will be
denoted by [(M, p)]). The fibers of the Hausdorffization map G' — ©(G) are finite. The
structure of the complex algebraic variety on the unramified characters of Levi subgroups
defines in a natural way a structure of algebraic variety on ©(G). The algebra of all the
regular functions on ©(G) will be denoted by 3(G). The subalgebra of all regular functions
supported only on finitely many connected components is denoted by 3(G)o.

The Bernstein center of G is the algebra Z(G) of all endomorphisms of the category of
all smooth representations of GG. For such an endomorphism z, denote by zZ : G — C the
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mapping which attaches to 7 € C the scalar x,.(z) by which z acts in the representation
space of 7. Now Z factors through the Hausdorfization G — ©(G), and it is a regular
function on ©(G), i.e. an element of 3(G). In this way one gets an isomorphism of
the Bernstein center Z((G) onto the algebra 3(G). In what follows, we shall identify the
Bernstein center Z(G) with 3(G).

Let x be a character of 3(G) which does not vanish on 3(G)o. In this paper we, shall
consider only such characters of 3(G), and call them infinitesimal characters of G. For
such a character, there exists [(M, p)] € ©(G) such that x is the evaluation in that point.

Let (m, V') be a smooth representation GG. Then 7 is called a y-representation, or a repre-
sentation with infinitesimal character y, if each z € 3(G) acts in the representation space
of 7 as the multiplication by the scalar x(z) € C. Further, = will be called a representation
of type x if each irreducible subquotient of 7 is a y-representation.

For a smooth representation (7, V") of G we denote by

(71> Ving)

the biggest subrepresentation of (m, V') which is of type x (one easily shows that such
subrepresentation exists). Note that the possibility that this subrepresentation is {0} is
not excluded (actually, in the cases that we shall consider, this will be almost always the
case). Denote

Vi ={veV;zv=x(2)vVz e 3G)}

This is a subrepresentation of m, denoted by ,. Clearly, this is a y-representation.

Let H and L be the groups of F-rational points of a connected reductive group defined
over F'. Denote

M=H x L.
Then

(o, 7)—0o®T
gives identification of H x L with M. In what follows, we shall always assume this identi-
fication.

In the rest of this section we shall consider representations of M, and the action of the
Bernstein center of H on the representations of M.

Lemma 6.1. (1) Let x be an infinitesimal character of H, let o be a smooth x-repre-
sentation of H and let 7 be a smooth representation of L. Then o @ T 1s a X-
representation of H.

(2) Let (1, V') be a smooth representation of M of finite length. Then there ezists finitely
many infinitesimal characters x1,...,xx of H such that

(6-1) V:V[xﬂ @"'@V[Xk]'

Moreover, each Vi, and each V,, is an M-subrepresentation of V.
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Proof. The claim (1) is evident.

For (2), recall that by the definition, V},,) is invariant for the action of H. From the other
side, the action of L commutes with the action of H (i.e. the operators corresponding to
the action of L can be regarded as an H-intertwinings). This implies that the action of
3(H) commutes with the action of M. Therefore, if we act by M on V},,;, we get again
representation of type x;. The maximality of V},, implies M-invariance of it. Further, V,,
is an M-subrepresentation since the action of L commutes with the action of H.

Let o1 @71, ...... , 0n @ T, be all the irreducible subquotients of p. Write {xs,, .-, X0, } =
{x1,.--, xx}, where we assume x; # x; for i # j. Then each x; is evaluation at some point
0; € ©(M). Now we shall prove that holds (the proof is standard, but nevertheless
we give details below). We prove by induction on & that the sum Vj, j+- - -+ V}y,; is direct.
Suppose k = 2 and chose z € 3(G) such that 2(6;) = 0 and z(f2) = 1. Let v € Vj,1 N Vyo-
Suppose v # 0. Now since v € V},,], we can chose integer e > 0 such that 2°.v # 0 and
2ty =0 (for e = 0 we take formally 2°.v = v). Denote v' = 2°.v. Then v’ # 0 and
z.v" = 0. But condition v" € V},,) and v’ # 0 easily implies z.v" # 0. This contradiction
shows that the sum V) + V], is direct.

Now we shall present the inductive step. Let k > 3. Fix ig € {1,...,k}. Take 2z € 3(G)
such that z(60;,) = 1 and 2¢(#;) = 0 for i # iy. Take

v e V[Xio] N (EBi#iov[XiD‘
Suppose v # 0. Now since v € Vixi,)» for any integer £ > 1 the fact that 25(0;,) = 1 easily
implies
(6.2) Zu#0

(look at the subrepresentation generated by v, and some its maximal subrepresentation).

We can write v = >, v; where v; € V[,,). Now this formula and the fact that zo(6;) = 0
for i # iy imply that
2yt v =20

for some (big enough) integer m > 1. This contradicts (6.2)).

Suppose Vi, + - + V}y,] # V. Chose an M-subrepresentation V' of V' containing Vj,,] +
-+ -+ Vy,), such that the quotient representation V'/(Viy,j+- - -+ V}y,)) is irreducible. Then
the infinitesimal character of this quotient must be some y;,. Take again some zy, € 3(G)
such that z9(6;,) = 1 and zy(6;) = 0 for i # iy. Now we can chose integer [ > 1 such that
holds

Zé-w € ‘/[Xio]
for any w € Vi,,) + -+ 4+ Vi) Let v € V'\(Vj,) + - - + Vy,])- Then
200 =0 € Viy + -+ Vi
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for any integer m > 1, which implies z5*.v € V'\(V}y,] + -+ -+ V}y,]). Now for any z € 3(H)
holds

z.(v+ (V[X1] +oot V[Xk]) = Xio(2)V + (V[Xﬂ +o Tt V[Xk})a

which implies
2.0 = Xio(2)V € Vi) + - + Vil

and further
(63) 2.(20) = Xio(2) (20) € V)
Recall zj.v ¢ Vi, ) since zi".v — v € Vi) + -+ + Vly, for any integer m > 1, and v ¢
Vil -+ Viy,)- Now (6.3) implies that (V'/V],, 1)y is non-trivial. Consider the projection
p: V' — V'/Vii.;- Then p~'((V'/Viy, 1)y) is a representation of type x,,, and it strictly

contains V], ). This contradiction completes the proof of the lemma. U

Corollary 6.2. Let GG be the group of F-rational points of a connected reductive group
defined over F' and P = M N its Levi subgroup. Suppose that M is (isomorphic to) a direct
product of reductive groups H and L. Let (m,V') be an irreducible smooth representation
of G such that the normalized Jacquet module r$,(m) of ™ with respect to P is non-trivial
(i.e. #1{0}), and let (6 @ 7,U) be an irreducible subquotient of r§,(w). Then

(1) There exists an irreducible smooth representation o' @ " of M such that

Xo' = Xo
and
7 Ind% (0’ ® 7).
(2) If for any irreducible subquotient pi of (r§; (7)), there exists an irreducible repre-
sentation T of L such that p = o @ 7', then
7 IndS (o0 ® 1)

for some irreducible representation ™" of L.

(3) If o is cuspidal, then there exists an irreducible smooth representation " of L such
that

7 Ind%(oc ® 7).
(4) If (r$ (7)) xo) @8 an irreducible M -representation, then
7 — Ind% (o ® 7).

More generally, if all irreducible subquotients of (r$ (7)), are isomorphic to c®T,
then again ™ — Ind$ (o ® 7).

Proof. (1) We know by (1) of Lemma that (r§; (7)), # {0}. By (2) of the same
lemma, (7} (7)), is M-invariant. Since it is of finite length, it has an irreducible quotient.
Denote it by ¢’ ® 7'. Frobenius reciprocity implies 7 < Ind%(¢o’ ® 7/). Observe that o’ ® 7/
is a x,-representations (as H-representation). But irreducible quotient of (r§; (7))}, has
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infinitesimal character x, as H-representation. Therefore, y,» = x,. The proof of the (1)
is now complete.

(2) is immediate consequence of (1).

(3) If o is cuspidal and ¢’ is irreducible such that x, = x,, then ¢ = ¢’. Now from (2)
immediately follows (3).

(4) follows also directly from (1). O

Remark 6.3. We recall below the definition of cuspidal support in the case of general
linear groups. If an irreducible representation © of a general linear group is a subquotient
of p1 X ... X pg, then the multiset (p1, ..., px) is called the cuspidal support of w. Now two
wrreducible representations of general linear groups have the same infinitesimal character if
and only if they have the same cuspidal support.

7. INTERPRETATION OF INVARIANTS OF SQUARE INTEGRABLE REPRESENTATIONS IN
TERMS OF JACQUET MODULES

By definition (in [I4]), an irreducible cuspidal representation o of a classical group is
called the partial cuspidal support of an irreducible square integrable representation 7 of
a classical group, and denoted by

T cusp

if there exists a smooth representations 6 of a general linear group (from the same series)
such that

T— 0 Xo.

Now Lemma |3.5[ and Frobenius reciprocity imply that there exists an irreducible represen-
tation of the form 6’ ® o', which is a quotient of the corresponding Jacquet module of 7
such that o = ¢’. In particular, 8’ ® o is a subquotient, i.e.

0 @0 < u(n).

The following well-known proposition (which directly follows from (3) of Corollary
implies that the converse holds:

Proposition 7.1. Let © be an irreducible square integrable representation ™ of a classical
group. Suppose that there exit an irreducible cuspidal representation o of a classical group
and an irreducible representations 6 of a general linear group such that

0 @ Teysp < p* ().
Then o is the partial cuspidal support of m. [l
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Let 7 be an irreducible square integrable representation of a classical group S,. Suppose
that we have a € Jord,(m) which has a_ € Jord, (7). Suppose that

ex((p;a)) = ex((p, a-)).
This is the case if and only if there exists an irreducible representation o of classical group
such that
T 6([V(a_fl)/2+lp’ V(afl)/Qp] o,

This and Frobenius reciprocity imply that §([p(@-—1/21p p(@=1/2p]) @ 7 is a quotient of
the Jacquet module of 7. In particular,

S([p =" p @Vl @ 0 < i ().
We have the converse:

Proposition 7.2. Let m be an irreducible square integrable representation of a classical
group S,. Suppose that there exists a € Jord,(m) which has a_ € Jord,(w), such that

O([p =" p, @Vl @ 0 < i ()
for some irreducible representation o. Then

ex((p,a)) = &x((p; a-)).

Proof. The condition on the Jacquet module in the proposition and transitivity of Jacquet
modules imply that

PaD/2 ) @ 0021 6 g la-—D/2H 6
is a subquotient of the Jacquet module of 7. Now (3) of Corollary implies that
/21 s a2 s o
for some irreducible ¢’. Further, (1) of Corollary and Remark [6.3jmply that

Iy
a—1)/2

T 002 5 L

a—1)/2—1

for some irreducible subquotient 6 of v/ p x p x ... x @D+ and some

irreducible ¢”. Denote
ki=(a-1)/2—i+1, i=1,...,(a—a_)/2.

Then

(7.1) 0 — vratp x ... x Prata=aiiz )

for some permutation « of {1,...,(a —a_)/2}. This and 7 < 6 x ¢” imply
T vhat p x o x Pratamaii g sq o7,

Let

j=max{l1<i<(a—a_.)/2+1;a(s)=sfors=1,...,i—1}.
Ifj = (a—a_)/241, then (7.1)) implies 6 = §([p@-—1/2F1p p(@=D/2p)) and now 7 < 0 x 0"

implies
ex((p,a-))en((p,a) ™ = L.
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Suppose
j<(a—a-)/2.

Then j < a(j) and in (7.1)) we can bring %@ p at the ”beginning”, i.e. § — v*etp x .. ..
Frobenius reciprocity and (1) of Proposition imply

2k + 1 € Jord, (7).

Note that
Zk +1—2((a—1)/2—a()+1)—|—1:a—204(j)+2.
From —(a —a_)/2 g —a(j) < —7 we get
a-+2=a—-(a—a-)+2<a—-20(j)+2(=2k; +1)<a—-2j-2<a.

Thus a_ < 2k,() + 1 < a Since 2kq;) + 1 € Jord,(7), this contradicts to the assumption
that a and a_ are the neighbors in Jord,(m). O

Remark 7.3. We shall consider the situation as in previous proposition, i.e. T is an
irreducible square integrable representation of a classical group S,, a € Jord,(7) which has

a_ € Jord,(n), such that
ex((p, a)) = ex((p, a)).

Now Lemma 5.1 in [1§] (of C. Maglin) implies
T 5([1/7(a_71)/2p’ y(afl)/2p]) i 7_‘_/
for an irreducible square integrable representation ©'. By Proposition we know

Jord(x') = Jord,(m)\{(p, a), p,a-)}.

This implies that
S([y =02 p p(a==D2 ]y sq !

reduces (into a sum of two nonequivalent irreducible tempered representations).

Suppose that 0 ® o is a subquotient of the Jacquet module of © such that
X0 = Xg(plo- =072 yla=1)/27))-
Then in the proof of the above proposition we have shown that
§ = 5([ (a——1) /2+1p V(a—l)/2p])'
From 7 «— §([v=(@==D/2p p(@=D/2p)) 5 7/ follows
e B0, 2]) ([ 2l s
and further
0 @0 < M (B( /2 p, pa=D/2g))) s M (3([u (0=~ 2p, 1 o-=D12))) 0 ().

To get 8 ® o from the right hand side of the above inequality, one needs to take from
M*(§([pla-—D/241p 1 (@=D/2p1)) the term 0 @ 1 (use the formula for Jord(n')). Therefore,
we need to take from

M (3([p=(@==12p, =02 p)) 0 ()
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the term 1 ® o. It can come only from
(1.8 0([y= =D/, =D/} s (1 @ 1) = 1 @ 3([ya="D/2p, 1a-=D/2g]) s
Therefore, o is equivalent to the precisely one irreducible subrepresentation of
(5([V—(a——1)/2p7 ,/(a——l)/2p]) s 7
This implies that 6 @ o has the multiplicity one in the Jacquet module of m.

We consider again an irreducible square integrable representation 7 of a classical group
Sy Let p be an irreducible F”/F-selfdual cuspidal representation of a general linear group
such that Jord,(m) N2Z # 0. Then e,((p,a)) is defined for a € Jord,(7). Denote

a = min(Jord,(m)).

Assume
ex((p,a)) = L.
This is equivalent to the fact that
T O 2p, ) Mo
for some irreducible representation o. This implies that 5([v'/2p, (@ D/2p]) @0 is a quotient

of the Jacquet module of 7. In particular,
([ 2p, V) @ 0 < ().
The following proposition tells that the converse holds:

Proposition 7.4. Let m be an irreducible square integrable representation of a classical
group Sy. Suppose Jord,(m) N 2Z # 0. Denote

a = min(Jord,(m)).
Suppose that
S([v"2p, V2 p) @ 0 < i (m)
for some wrreducible o. Then

ex((p,a)) = L.

Proof. The condition in the proposition on the Jacquet module and transitivity of Jacquet
modules imply that
VD2 @ e D21 6 @ 2,6
is a subquotient in the Jacquet module of m. Now (3) of Corollary implies
7 @02 s P21 s 2 w0

for some irreducible ¢’. Now (1) of Corollary 6.2/ and Remark (6.3 imply that

me—0x0o"
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a—1)/2 (a—1)/2—1

for some irreducible subquotient 6 of v/
representation ¢”. Denote

ki=(a—1)/2—i+1, i=1,....a/2.

pPXV px...xv?pand some irreducible

Then

(7.2) 0 — Ve p x ... x pra@p

for some permutation « of {1,...,a/2}. This and 7 < 6 x ¢” imply
T e R x ... x phatar2) s g

Let

j=max{1<i<a/24 L;a(s)=sfors=1,...,1—1}.
If j = a/2+ 1, then(7.2) implies § = §([v2p, v\ V/2p]) and now 7 < 6 x ¢” implies
ex((pa)) = 1.
Suppose
Jj<a/2.
Then j < a(j) and in we can bring v*e)p at the "beginning” (as in the previous
proof). By (1) of Proposition [3.6| we know

2kq () + 1 € Jord, (7).
Note
oy +1=2((a—1)/2—a(j) +1)+1=a—2a(j) +2.
From —a/2 < —a(j) < —j we get
2=a-a+2<a—20a(j)+2(=2ke;+1)<a—2j+2<a.
This contradicts to the minimality of a in Jord,(m). O

Let o be an irreducible cuspidal representation of a classical group and p an irreducible
F’/ F-selfdual representation of a general linear group (over F’). Suppose that px o reduces.
Write

(7.3) prO=T1 HT_q.

Then for any k € Z-q the representation &([vp,*p]) x 7, i € {£1}, has the unique
irreducible subrepresentation. Denoted it by

([0, ol ).
For k = 0 we take formally §(0,,;0) = o.

Take an irreducible square integrable representation 7 of a classical group S, such that

Teusp = O

Then Jord,(meysy) = 0. Suppose Jord, () # (0. Then €,((p, a)) is defined for a € Jord,(n).
Denote
a = max(Jord,(n)).
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Suppose that
ex((p;a)) = i.
By [34], this is equivalent to the fact that
w0 6([vp, 2 pl 1 Teny)
for some irreducible representation §. This implies that 8 @ 6([vp, V@ D/2p] s Teusp) is a
quotient of the Jacquet module of 7. In particular.
0@ 6([vp, v VP pl Teusy) < (7).
The following proposition implies that the converse holds:
Proposition 7.5. Let w be an irreducible square integrable representation of a classical
group S,. Suppose Jord,(m) # 0 and Jord,(meusp) = 0. Denote
a = max(Jord,(n)).
Chose a decomposition into a sum of irreducible (tempered) subrepresentations:
PATeysp =T1 D T1.
Suppose that
0 6([vp, ' 2l Teusp)

in a subquotient of the corresponding Jacquet module of w for some irreducible representa-
tion . Then

er((psa)) =i

Proof. Suppose that 8 @ §([vp, (@ V/2p],: Te) is is a subquotient of a Jacquet module
of m and suppose €,((p,a)) = —i. At the end of proof of Proposition 4.1 of [34] we have
proved that then

0 @ d([vp, V(a_l)/QP]‘L(fi); Teusp) = 0 ® 6([vp, V(a_l)/zp]n; Teusp)

is not a subquotient of the Jacquet module of 7. This contradiction completes the proof
of the lemma. Il

Remark 7.6. (1) Let p be an F'/F-selfdual irreducible cuspidal representation of a general
linear group and o an irreducible cuspidal representation of a classical group such that both
representations

pXoandvpXo

are irreducible. Denote by L((p,vp)) the unique irreducible quotient of vp x p. Then from
(6.1) of [31] we directly see

(7.4) L((p,vp)) @ o < p*(6([p,vp]) % 0)
and
(7.5) L((p,vp)) @ 0 % 1* (5([p, vp)) % o).

From Proposition 6.3 of [31] we know that the representation §([p,vp|) x o is irreducible.
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Suppose that we have an embedding

(7.6) 6(lp,vp]) ¥ 0 —= L((p,vp)) % 0.
Then Corollary 6.4 of [31] implies that we have also embedding
(7.7) ([p,vpl) x o — L((p,vp)) % 0.

Now Frobenius reciprocity implies L((p,vp)) X o is a quotient of the corresponding Jacquet

module of 6([p,vp]) x o. In particular L((p,vp)) @ o < u*(0([p,vp]) @ c). This contradicts
(7.5). Therefore, (7.6 can not hold.

The simplest example of the above situation is when we take p = 1px and o = 1go(1,F).
Then V1/2StGL(2’F) X 1so@,r) is an irreducible representation of SO(5, F). This represen-
tation has 1/1/21GL(2,F) ® 1so(1,r) for a subquotient in the corresponding Jacquet module,
but it does not embed into V'/*1g1.r) X Lso(,F)-

(2) Let p be an irreducible unitarizable cuspidal representation of GL(p, F') and o an irre-
ducible cuspidal representation of a classical group. Suppose that f > 1/2 is in (1/2) Z and
that vPp x o reduces. Then Proposition 5.1 of [31] says that representations v°px 5(v°p, o)
and v°p x L(vPp,a) are irreducible. Compute

pr(WPpxo(’po)) =10 p+1lp@1+rp P @1) x (1060 0)+ 17 p20)
=101 x6("p,0) +[p@6(Fp,0) + 1V p@1Pp 2o+ v Pp2 (v p,0)

+Pp xvPp@ o+ 1Pp x v Pp ol
Observe that v°p @ L(vPp;0) < u*(vPp x 6(vPp,0)) but v=9p @ L(Pp;0) £ p*(vPp x
5(vPp,a)).

Suppose
Vp x6(vPp,0) — vPp x L(VPp; o).

Then vPp x §(VPp,0) — v=Pp x L(vPp;o), which implies that v=°p @ L(Pp;0o) is a
subquotient of the corresponding Jacquet module of v°p x §(vPp,0). This contradicts
v=Pp @ L(WPp;o) £ p*(vPp x 6(vPp,a)). Therefore vPp x 5(vPp,a) does not embed into
Vp x L(VPp; o).

The simplest example of the above situation is when we take p = 1px and 0 = gy, F).
Then v1px X Stgye py is an irreducible representation of Sp(4, F'). This representation has
V1px @ Lgpe,ry for a subquotient in its corresponding Jacquet module, but it does not embed
mto vlpx X 1Sp(27F) .
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8. BEHAVIOR OF PARTIALLY DEFINED FUNCTION FOR DEFORMING JORDAN BLOCKS

In Proposition 3.1} square integrable representations of a smaller and bigger classical groups
are related. There are two types of relation (see (1) and (2) of Proposition [3.1). The
proposition describes the behavior of the Jordan blocks in both cases. The partial cuspidal
supports are preserved. Theorem of C. Mceglin describes the behavior of the partially
defined function for the relation of type (2) of that proposition. In this section we shall
describe the behavior of the partially defined function for the relation of type (1) of that
proposition.

Lemma 8.1. Let w be an irreducible square integrable representation of a classical group
Sy Suppose a € Jord,(m), a > 3 and a — 2 & Jord,(mw). Then there exists an irreducible
square integrable representation ©' such that

(8.1) 7 D2y .

Let @' be any irreducible square integrable representation satisfying (8.1). Then:

(1) 7 is the unique irreducible subrepresentation of v\ V/2p x 7',

(2)

/ —
Trcusp - WCUSP :

(3)
Jord(w') = (Jord(m) \ {(p,a)}) U{(p,a —2)}.
(4) Let
(0',0), (', ¢) € Jord()

(the possibility b = c is not excluded). Observe that this implies (p,a — 2) ¢
{(0,0), (', 0)}-
Suppose p' £ p, or p' = p but a ¢ {b,c}. If b # ¢, then

(8.2) ex (0, 0)en (0, €)™ = ex((p, 0))ex((p, €))7

Further, e ((p',b)) is defined if and only if e;.((p',b)) is defined. If it is defined,
then

(8.3) ex((p',0)) = €x((p',1)).
Suppose p' = p. If b # a, then

(8.4) ex((p,0)ex ((p.a —2) " = ex((p,b)ex((p,a))

Further, e./((p,a —2)) is defined if and only if e;((p,a)) is defined. If it is defined,
then

(8.5) e ((pya =2)) = &((p, a)).
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(5) If o is an irreducible representation of a classical group such that
w2 %0,

[

then o = 7. In particular, o is uniquely determined by 7 (and it is square inte-
grable).

Note that (4) completely determines the partially defined function attached to #’.

Proof. The existence of an irreducible square integrable representation n’ satisfying (8.1))
is just Lemma in 10.2.2 of [I8] (see there also Remark after that lemma). It also tells that
claim (3) holds. Now Lemma 5.3 of [I8] applied to 7’ gives (1). Claim (2) follows directly
from the definition of the cuspidal support: m < v(¢=D/2p x § x Teysp fOT some irreducible
representation 6 of a general linear group. It remains to prove (4) and (5).

First we shall prove (5). Suppose 7 < v(@"1/2p x . This and (8.1)) imply

(8.6) VO @ o < () < (T p s,

We have

(87) ,U/*<V(a71)/2p q 77'/) — (1 ® V(afl)/2p + V(afl)/2p ®14+ Vf(afl)/2p ® 1) q M*(W/)-
Now and the above formula imply

(8.8) VOV Pp 0o < (1@ vV 2p) s pt(r) + (T Pp @ 1) s ().
Suppose that
(8.9) Ve V200 < (V2@ 1) Xt ().

Then the formula for p*(7') implies 0 = 7', so (5) holds. Suppose that does not hold.
In that case
V(a_l)/2p® o< (1 ® l/(a_l)/2p) « M*( /).
This implies that that there exits an irreducible 7 ® 7" < s, (o) such that
V(“_l)/Qp Ro<TR® I/(a_l)/2p X 7.
This implies 7 = v(@V/25. Now (1) of Proposition implies that (p,a) € Jord(n'),
which contradicts (3). This completes the proof of (5).

Now we shall prove (4). The proof proceeds in a number of steps.

(A) Suppose
b = min(Jord,(r')).
Recall (p/,b) # (p,a — 2) (since (p',b) € Jord(n) and (p,a — 2) ¢ Jord(m)). Therefore
b =min(Jord,(r)).
Clearly, (p',b) # (p,a). Assume additionally
b e 2Z.
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(1) Let e ((p/,b)) = 1. Then
7_‘_/ SN 6([ 1/2p/ V(b 1)/2pl]) o
for some irreducible representation o. Now

1/2 / (b—l)/2pl]) O,

T y(a—l)/2p T N V(a—l)/2p % 5([
The condition (p,b) # (p,a — 2) implies
7 §([W20, D2 X a2 s

Thus €,((p',0)) = 1.
(2) Let now e,((p/,b)) = 1. Then

T s 5([ 1/2p/ V(b 1)/2p/]) o
for some irreducible representation ¢. This implies
5([ 1/2p/ l/(b 1)/2pl]> Q0o < M*(V(a—l)/Zp >4 71_/)
— (1@ D2 4 Y02 01 @2, 0 1) s 1 ().
Now the above formula and (p,b) # (p,a), (p',b) # (p,a — 2) directly imply that
520, O ) @ 0 < (1@ e D2p) 0 ().

From this follows that &([v*/2p',v*=Y/2p]) @ o' < gp ® v@ D2 pe) for some irre-
ducible subquotient ¢ ® 1 < p*(7'). Clearly, 6([vY/2p, v*=Y/2p]) = . Now from
Proposition [7.4] we get e ((p/,b)) = 1.

(B) Suppose
a — 2 =min(Jord,(7")).
Then also a = min(Jord,(r)) (and conversely). Assume additionally

a € 27.

(1) Suppose €,/((p,a —2)) = 1. Then
7 s (M2, )
for some irreducible representation o. Now
1 D2 sl o @ TD2 ), 5 5[0 2, 92 p)) Mo

Now v D/2p @ §([v/2p, v@=3/2p]) @ o is in Jacquet module of 7. Transitivity of
Jacquet modules 1mphes that also d([v1/2p, v*D/2p]) @ o must be a subquotient of
the Jacquet module of 7. Now Proposition [7.4] implies €,((p, a)) = 1.
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(2) Let now e,((p,a)) = 1. Then

(8.10)

T (5([y1/2p, I/(afl)/zp]) X o
for some irreducible representation ¢. This implies

([, V2 pl) @ 0 < (VI p e )

— (1 ® V(a—l)/Qp + V(a—l)/2p ® 1 + V—(a—l)/Zp ® 1) q ILL*(TI',).
From this follows that

S([WH2p, e Ip)) @ o' < ()

or

S([v'2p, VI Pp]) @ 0 < (')
for some irreducible representations o’ and ¢”. The last inequality implies (p,a) €
Jord(n"), which is impossible. Therefore, (8.10|) holds. Now Propositionimplies
exl(pa—2) =1

(C) Suppose

p % p,orp=pbutag{bch

Let b # c. Consider the case b = c_.

(1) First suppose that e ((p',c_))ex((p';¢))~! = 1. Then by Remark 5.1.3 of [14] (or

Lemma 5.1 of [I8]) we have
< 5([ —(c—— 1)/2p/ V(C 1)/2p/]) s 7"

for some irreducible square integrable representation 7”. Now

SN V(a_l)/2p < s V(a—l)/Qp x §([v~ (c—— 1)/2p/ le= 1)/2p/]) o

Suppose that the segments {v(*~V/2p} and §([v~=(c-=D/2p" v(c=1/25/]) are linked. In
this case p’ = p and we have two possibilities. Then first is (¢c—1)/2+1 = (a—1)/2,
i.e. ¢ =a — 2, which is not possible since ¢ € Jord,(r) and a — 2 ¢ Jord,(mw). The
second possibility is (a — 1) /241 = —(c_ — 1) /2. This is obviously impossible.
Therefore, the segments {v@"Y/2p} and §([p=(¢-=Y/2p p(¢=D/25/]) are not linked.
This implies

(a 1) /Qp % 5([ cf—l)/2p/ V(c—l)/Zp/]) ~ 6([V—(c,—1)/2pl7 V(c—l)/QplD % V(a—l)/Qp‘
Therefore
T s 5([ —(c—— 1)/2p/ V(C 1)/2p/]) % I/(a_l)/2p ! s

5([ (c— +1)/2p/ l/(c 1)/2 /]) > 5({ (c-1) /2,0/ y(c_fl)/Zpl]) x V(afl)/Qp s 7

Now the definition of the partially defined function implies €, ((p', c_))e<((p, c)) ™

1. Therefore in this case we have e,/((p/,c_))ex((p/,¢)) ™! = e (0, c-))ex((p, )7 .
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(2) Suppose now €,((p',c_))e-((p',c))~' = 1. Then

(8.11)

T < 5([ —(c—— 1)/2p/ l/(c 1)/2p/]> sq 7
for some irreducible square integrable representation 7. Now (8.11)) and 7 —
v(@=D/2 5 5 7 imply
5([V (c—— 1)/2p/ ple= 1)/2p/]) @7 < ,u*(l/(a_l)/2p 0 7_(/)

— (1@ D2 4 Y02 01 1y @/2) 0 1) s 1 ().
Suppose

([ (e=-1) /2 / (c—l)/2p/]) ® - < (Vj:(a—l)/2p® 1) >4 H*(W/)‘

Then p' = p and a < ¢, which implies a < ¢ since we consider the case a #
c. Therefore, a < c¢_ also (since a # b). In this case we have two possibilities
(corresponding to the choice of sign in the term v*@"1/2p®1). The first possibility
implies

5([ —(c—— 1)/2pl V(a 1)/2—-1 /]) % 5([ (a—1) /2+1p/ V(c 1)/2p/]) Qo< Iu*(ﬂ_/)

for some irreducible representation o. This would imply that 7’ is not square
integrable. The second possibility implies in the same way that n’ is not square
integrable.

Thus

6<[Vf(c_71)/2p/7 V(cfl)/2p/]> ® 71_// S (1 ® V(afl)/Qp) q :U’*<7T/)'
This implies that
5([V (c,—l)/2p/ V(C 1)/2p/]) ®0_/ < ”*(ﬂ_/)

for some irreducible representation ¢’. Now Proposition easily implies that

ex (0, e ))ear((p, )" = L Thus e (9, e—))ew (0, ©)) ™" = e (6, c2))enl (0, )

holds also in this case.

(D) Suppose that a_ is defined. Then (a — 2)_ is defined, and conversely. In that case

(a—2)_ =

(1) Suppose €, ((p,a_))ex((p,a —2))t = 1. Then

T < 5([V7(a_71)/2p’ V(a73)/2p]) s 7!

for some irreducible square integrable representation 7”. Now

T V(a—l)/Zp “ 7T SN V(a 1)/2p % 6([ (a—— 1)/2p V(a—S)/Zp]) q 7T”.

In a standard way we get that §([v(a-—1/2+1p p(a=D/2 1)@ 7" is a subquotient of the
Jacquet module of 7, and now (1) of Proposition[7.2]implies e ((p, a-))ex((p, ¢)) ™! =
1. Therefore in this case holds e ((p,a_))ex((p,¢)) ™" = ex((p,a_))ex((p,c)) .
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(2) Suppose now €,((p,a_))ex((p,a))~t = 1. Then
(8.12) T O "Y2p pa=D2pl) 5 7

for some irreducible square integrable representation 7”. Now (8.12) and 7 —
v(@=D/2 5 5 7 imply

5([V7(a_71)/2p7 V(afl)/Zp]) ® i < M*(V(afl)/2p 0 7_‘_/>

_ (1 ® V(a—l)/2p + V(a—l)/2p ® 1 + y—(a—l)/Qp ® 1) i M*(W/)-
Suppose
6([Vf(a_71)/2p’ y(afl)/Zp]) ® 7T” < (Vi(afl)/Qp ® 1) « N* (ﬂ_l>.

In this case we must have
5([V—(a,—1)/2p7 V(a—l)/2—1p]) Q0 < :U’*<7T/)

for some irreducible representation ¢. Now Proposition implies that we have
e ((p,a_))ex((p,a))™t = 1. Tt remains to consider the case

5([y-V/2p, D)) @ 1 < (1@ oD 2p) 50y ().
Now one directly gets that
S([pe="2p, V) @ o' < it ()

for some irreducible representation ¢’. From (1) of Proposition now follows
a € Jord,(n"), which is a contradiction.
Therefore, we have proved that also in this case we have e,/((p, a—2)) e ((p,a_)) ™

= ex((p a))ex((pya-)) 7

(E) Suppose that
p' = pand b_ = a is defined in Jord, (7).

Then b_ is a — 2 in Jord,(n') (the converse also holds). We denote

a+:b.

(1) Suppose € ((p,ay))ex((p,a —2))t = 1. Then
TN 5([V_(a_3)/2p, V(a+—1)/2p]) sq 77
for some irreducible square integrable representation 7. Now
T s V(afl)/Qp q 7T/ SN V( p x 5([ (a— 3)/2p V(a.»,_ 1)/2p]) v 7_(//.

In standard way we get that §([p(@=1/2+1p p(a+=D/2p)) & 7 is a subquotient of the
Jacquet module of . Now Proposition [7.2] implies e, ((p, as))ex((p,a —2))7' = 1.

Therefore we have e ((p, ay))ex((p,a —2))" = e ((p,ar))ex((p,a)) .
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(2) Suppose now €,((p, ay))ex((p,a))~ = 1. Then

(8.13)

T 6([1/7(a71)/2p’ V(a+71)/2p]) s 7"
for some irreducible square integrable representation 7. Now (8.13) and 7 —
v@=1/2p s 1 imply
5([1/—((1 1)/2p, V(aJr 1)/2p]) ® a’ < u*(V(a_l)/Qp q 71_/)

— (1 ® V(afl)/2p + V(afl)/Qp ® 1 + Vf(afl)/2p ® 1) q ,U/*<7T/)-
Suppose
6([V7(a71)/2p’ V(a+71)/2p]> ® T < (Vi(afl)/Qp ® 1) q ,u*(7r’).

In this case we must have
B[, D ) s G 02 @ 6 < (o)
or
([ (@D Y=gl @ o < p* ()
for some irreducible representations o. The first possibility would imply that 7’ is
not square integrable, which is contradiction. The second possibility and Proposi-

tion easily imply that e ((p,a — 2))ex ((p,ar))™t = 1.
It remains to consider the case

5([1/—(11—1)/2;)’ V(a+_1)/2p]) ® 71'” S (1 ® y(a—l)/Zp) «q ,U*('/T/)'
Now one directly gets that
§<[U(a71)/2+1p7 y(a+71)/2p]) ®d" < /ﬁ (71")

for some irreducible representation ¢”. Proposition now implies €. ((p,a —
2))ex((p,ay))~t = 1. Therefore in this case also holds e ((p,a—2))ex ((p,ay)) ™t =

ex((p, a))ex((p, a4)) ™"

(F) Suppose

b = max(Jordy(n')).

Then (p/,b) # (p,a) since (p,a) ¢ Jord(n'), and therefore b = max(Jord,(m)) (and
conversely). Suppose additionally

Write

(8.14)

Let

Then

Jordy (Teysp) = 0.

,0 X Teysp = 71697 1-

ew ((0,0)) =

0 5([”10/7 V(b_l)/zpl]T{S 7Tcu8p)

for some irreducible representation . Now

T < V(a—l)/2p x 7 s e /2p X 0 5([1/p (- 1)/2PI]7—£; Wcusp)'
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Then €,((p',b)) = i, and therefore e ((p', b)) = e ((p',b)).
(G) Suppose
a — 2 = max(Jord,(n")).
Then a = max(Jord,(m)) (and conversely). Suppose
Jord,(Teusp) = 0
and assume the decomposition p’ X e, = 71 @ 77, from (8.14) to hold.

Let

ex((pa) = i

Then

T — 0 % 0([vp, V(ail)/zp]n'; Teusp)

for some irreducible representation #. This implies
(8.15) 0@ ([vp, V(a_l)/Zp}‘m Teusp) < p° (1)
for some (irreducible) representation #. This implies
0®d([vp, V(“_l)/zp]n; Teusp) < 1 (V(a_l)/Qp x ')
— (1 ® V(a—l)/Qp + V(a—l)/Qp ® 1 + V—(a—l)/Zp ® 1) i ,u*(ﬂ',).

From (i) of Proposition 5.2 from [32] we know that v@V/2p @ §([vp, v\ 3/2p] s Tensp) <
w(8([vp, v\ V2] s Tewsp)). From this and (8.15) follow that

0" @ o([vp, V(a_?))/ZP]n; Teusp) < (' (')
for some irreducible representation 6. Now Proposition implies € ((p,a — 2)) = 1,
which gives e./((p,a —2)) = ex((p, a)).

The proof of lemma is now complete. U

Theorem 8.2. Let w be an irreducible square integrable representation of a classical group
Sy, p an irreducible cuspidal F'/F-selfdual representation of GL(p, F") and a € Jord, (),
a > 3. Suppose that there exists k € Z~q such that

(8.16) la — 2k, a — 2] N Jord,(7) = 0.

Then there exists an irreducible square integrable representation @' of Sy_y, such that w
embeds into

(8.17) 6([U(a72(k71)71)/2p’ V(afl)/Qp]) X 7.
Then ™ embeds also into
(8.18) D2 s =32 5 @202 5 0

Let @ be any irreducible square integrable representation satisfying (8.18)). Then:

(1) 7 is the unique irreducible subrepresentation of

a—1)/2 a—3)/2 a—2(k—1)—1)/2 /

v p x vt p... pANT.
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(2)
(3)
(8.19) Jord(n'") = (Jord(m) \ {(p,a)}) U{(p,a — 2k)}.

(4) Let (p',b), (0, c) € Jord(m) (the possibility b = c is not excluded).
Suppose p' % p, or p' = p but a ¢ {b,c}. If b # ¢, then

(8.20) ex (0 0))en (0, )™ = ex((p,0))ex((0, €))7
Further, e.((p',b)) is defined if and only if €.((p',b)) is defined. If it is defined,
then

(8.21) ex (0, 0)) = x((0,))-
Suppose p' = p. If b # a, then

(8.22) en((p:0))en ((pra = 2k)) ™" = ex((p. b))ex((p @) "
Further, e.((p,a—2k)) is defined if and only if e;((p,a)) is defined. If it is defined,
then

(8.23) ew((p,a = 2k)) = ex((p, a)).

(5) If o is an irreducible representation of a classical group such that

(8.24) 1 @D 5 a2 50w plam2kD-D2 ), 5 6
then o = 7. In particular, o is uniquely determined by 7 (and it is square inte-
grable).

Proof. First we shall prove by induction that 7 can be embedded into representation of type
(8.17). For k = 1 this follows Lemma[3.4] Suppose that [a —2(k+1),a—2]NJord,(m) = 0,

and that we have an embedding
7 S 2ED=D/2, L (a1/2 ) g

Now Lemma [3.4] (8.19) and assumption [a — 2(k + 1), a — 2] N Jord,(7) = @ implies that

(a—2(k+1)-1)/

7T/<—>I/ 2p>47r”

for some square integrable representation 7’ (use (1) of Proposition [3.1)). Further, (1) of
Proposition [3.1] implies
Jord(r") = (Jord(m) \ {(p,a)}) U{(p,a —2(k + 1))}
Observe that
T (5<[U(a72(k71)71)/2p’ V(afl)/Qp]) % V(a72(k+1)—1)/2p s 7
We know
S([ 020D =0/2 )y a=1)/2 1y s 1 §([la=20=D=0/2 ), 3 @mD/2 1y s (a=20D=1/2 ), o
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Suppose
(825) T <7L> (5([V(a_2(k+l)_1)/2p, V(a_l)/2,0]) w7
Then we can easily get
N O S L P 5([1/(a—2(k—1)—1)/2p’ V(a—l)/Qp]) S

Now (1) of Proposition [3.6|implies a — 2(k + 1) € Jord,(m), which is a contradiction. This
tells that (8.25)) can not happen. Therefore, we have proved the existence of an embedding

of type (B.17).

Observe that (2) follows directly from Proposition [7.1] Further, (3) follows from Proposi-
tion 3.6l

Let us now prove (1). Denote representation (8.18)) by II. To prove (1), it is enough to
prove that the multiplicity of

(826) V(a—l)/Qp X V(a_3)/2p ® o ® I/(a—Q(k‘—l)—l)/Qp ® 7T,,

in the Jacquet module of II is 1. For this, it is enough to prove that the multiplicity of
S([pla=2=0=1/25 »(a=D/2 51y ¢ 7/ in p*(IT) is one. We shall now prove that if an irreducible
representation w = §([p@2k=D=D/2p 1(@=D/2p)) 5 o is in p*(II), then o = 7’ and it has
multiplicity one in p*(II).

We have
x (a=1)/2 i i —i (1
(8.27) pr(I1) = X le@vp+rvp@l+rvp®1) xp (1).
i=(a—2(k—1)—1)/2
Suppose that for each index ¢ in the above formula we have picked up the term v p® p. To
get w for a subquotient, we must take from p*(7’) the term 1 ® 7', In the corresponding
product, if w is a subquotient, then ¢ = 7’ and it has multiplicity one.

Suppose that for some index 7 in we have picked up one of two terms different from
V'p ® 1 and suppose that w is a subquotient of the corresponding product. (Obviously,
the term v—ip can not give w (we see this from the cuspidal supports). Thus, the only
remaining possibility is ' ® 1. Now to get w for a subquotient, from p*(7’) we must take a

non-zero term of form 7/ ®o, where 7’ is an irreducible representation of some GL(l, F") with
a—2(k—1)—1

[ > 1 such that the cuspidal support of 7/ is contained in {v~— =z p,..., z/angp, uaglp}.
This would imply that ¢ € Jord,(n’) for some ¢ € {a —2(k —1),...,a — 2,a}. This
contradict to (8.16) and (3). This contradiction ends the proof of the claim.

We get (4) applying Lemma [8.1] several times.

Suppose that we have an embedding (8.24). Then w which we have defined above must
be a quotient of the Jacquet module of 7, and therefore in p*(IT). We have seen that then
o = 7', This ends the proof of (5).

The proof of the theorem is now complete. [l
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Definition 8.3. The representation ©' from the above theorem will be denoted by

q(pala—2k)

Further, the representation 7w from the above theorem will be denoted by

(71") (p,a—2kTa) )

9. APPENDIX: AN IRREDUCIBILITY RESULT

In [31] is proved the following simple but often useful result (Theorem 13.2). Let A be a
segment in irreducible cuspidal representations of general linear groups and ¢ an irreducible
cuspidal representation of a classical group. Then

d(A) x o reduces <= p x o reduces for some p € A,
or equivalently

p X o is irreducible for all p € A <= §(A) x o is irreducible.

If we take instead of cuspidal ¢ an irreducible square integrable representation m, the
above equivalence does not hold in general (we can have 6(A) x 7 irreducible despite the
fact that p x 7 reduces for some p € A; we can chose 6(A) unitarizable). Instead of the
equivalence, for the square integrable 7 still one implication holds. This follows from G.
Mui¢’s paper [24] where he has described completely (besides others) reducibility points
of representations §(A) x o. Proof of this implication is elementary in comparison with
his results. For the convenience of the reader, we present here a proof of this implication
(which we have used in this paper). Before we give the proof, we shall recall of (general)
Proposition 6.1 from [33] which we shall use several times in the proof below (note that
in in (vii) of Proposition 6.1 in [33], the condition weather (p, 2) satisfy or not satisfy (J1)
was forgotten).

Proposition 9.1. Let p be an irreducible F' | F-self dual cuspidal representation of a gen-
eral linear group, and let ™ be an irreducible square integrable representation of S,. Suppose
that (BA) holds. Let a be a positive integer. Then:

(i) For a € R, v%p x 7 reduces if and only if v~%p X 7 reduces.

(i) If a € R\(1/2)Z, then v*p x 7 is irreducible.

(ili) p x m reduces if and only if p has odd parity with respect to m and 1 & Jord,(r).
(iv) If a & Jord,(r), then v'9Y/2p s 7 is irreducible.

(v) If a € Jord,(w) and a + 2 & Jord,(w), then v'%Y/2p x 1 is reducible.

(vi) Suppose that a and a + 2 are in Jord,(w). Then v'**V/2p % 1 is reducible if and

only if e((p,a))e((p,a +2)) = 1.
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vil) v/ “p X 7 is reducible if and only if (p,2) satisfies an ord,(m), or 2 €
i) /2 ducible if and only if (p, 2 fies (J1) and 2 ¢ Jord, 2
Jord, () and €((p,2)) = 1.

In other words, v'/?p x 7 is irreducible if and only if (p,2) does not satisfy (J1), or
2 € Jord,(m) and €((p,2)) = —1.

Recall that if p is an irreducible cuspidal representation of a general linear group, which
is not F'/F-self dual, and a € R, then v*p x 7 is irreducible (7 is an irreducible square
integrable representation of S, as above).

Lemma 9.2. Let A be a segment in irreducible cuspidal representations of general linear
groups. Suppose that T X w is irreducible for all T € A. Then

I(A) x

18 1rreducible.

Not that for the above result we assume also that the basic assumption (BA) from section
2 holds.

Proof. We shall prove the lemma by induction with respect to Card(A). For Card(A) =1
there is nothing to prove. Therefore we shall assume in what follows that Card(A) > 2.

First consider the case when 0(A) is unitarizable. Write 6(A) = §(p,a). Suppose that
d(A) » 7 is reducible. Then (p,a) satisfies (J1) and a ¢ Jord,(m). Further suppose that
7 X 7 is irreducible for all 7 € A. Assume that a is odd. Now (v) of Proposition
(and the fact that v(@=V/2p x 7, (@ D/2=1y ¢ 7 .. vp x 7,vp x 7 are all irreducible by
our assumptions) implies that a —2,a —4,...,3,1 are not in Jord,(7). But 1 ¢ Jord,(r)
implies that p x 7 reduces. Since p € A, we have obtained a contradiction. It remains
to consider the case of a even. Now in the same way as before (using (v) of Proposition
9.1), we get a — 2,a —4,...,2 are not in Jord,(r). Now since (p, 2) satisfies (J1), (vii) of
the same proposition implies that v/2p x 7 reduces. This is again a contradiction. This
completes the proof of the lemma in the case of §(A) unitarizable.

Now we go to the case when 0(A) is not unitarizable. We shall first consider a delicate case,
the case of A = {p,vp}, where p is an irreducible F’/F-self dual cuspidal representation
of a general linear group such that p x 7 and vp x 7 are both irreducible. Note that
a representation of the form v*p ® 7, @ < 0, cannot be a subquotient of the Jacquet
module of 7, since 7 is square integrable (this follows directly from the square integrability
criterion of Casselman from [7]). We consider now two possibilities. Suppose first that
the parity of p is odd (i.e. that (p,1) satisfies (J1)). Then first 1 € Jord,(m) (because
p ¥ m is irreducible). Now (v) of Proposition [9.1| implies 3 € Jord,(7) (because vp x 7 is
irreducible). Further, (vi) of the same proposition and the irreducibility of vp x 7 imply
ex((p,1))ex((p,3))~ = 1. This and the definition of €, (using Proposition imply that
a representation of the form vp ® 7 can not be a subquotient of the Jacquet module of
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m. If the parity of p is even, then a representation of the form vp ® 7 can not again be a
subquotient of of the Jacquet module of 7w by (1) of Proposition (since 3 is odd).

By the proof of the lemma for §(A) unitarizable, our assumptions on p and 7 imply that
§([v"tp,vp]) x m is irreducible. Now [8] (or [18]) implies that p x §([v~tp,vp]) x 7 is
irreducible. Recall

prpxpxvpxvpxm)=1Rp+20 @1 x (1Qup+vpR1+vp®1)* x u*(n).

This formula and above observations about Jacquet modules of 7, one gets directly that
the multiplicity of §([p, vp]) X §([p, vp]) @7 in p*(p X p X vp X vp x ) is four. Further, one
gets easily that the multiplicity of §([p, vp]) X 6([p,vp]) @ m in p*(p x §([v"p,vp]) x 7) is
also four.

Let 65 be an irreducible subrepresentation of d([p, vp]) x 7. Note that §([p, vp]) @7 < p*(6;)
(by Frobenius reciprocity). This implies

(9.1) ([p,vpl) x 0([p,vp]) @ ™ < 0([p, vp]) x 1" (0s).-

Since the multiplicity of 6([p, vp]) xd([p, vp]) @7 in the Jacquet modules of px pxvpxvpxT
and p X 6([v™tp,vp]) x 7 is four in both cases, and the last representation is irreducible,
we see that

(9.2) px 3([v™p,vpl) xm < 6([p, vpl) 2 bs.

From the Langlands classification follows that the representation §([p,vp]) X 7 has a
unique irreducible quotient. Denote it by 6,. Then 6, — 6([v~'p, p]) x m, which implies

51 p,p]) © 7 < o7 ().
Suppose that d([p, vp]) x 7 reduces. Then 6, % 0,. Now, starting with (9.2]), we get
W (p x 8([v="p,vpl) 3 ) < p*(8([p, vpl) » 6s)

< (6l v) (B3 2 () = 60 ) @ 7 )

One directly gets that the multiplicity of p x §([v"'p,vp]) @ m in p*(p x 6([v"'p,vp|) x )
is four (we need only that it is at least four). This and the above remarks about Jacquet
modules of 7 (regarding the terms of the form vp ® 7 and v*p ® 7 for a < 0) imply

dp x (v p,vpl) @1 < (8([p, vp]) + p x vp+6([v™"p, p])) x (6([p,vpl) + p X vp) @ .

This implies

dp x 5([v "t p,vpl) @ < ([ p, pl) x (8([p, vpl) + p x vp) @ .
Obviously, this cannot happen. Therefore, we have proved the irreducibility of 6([p, vp]) x.
We consider now the case A = [v%p,Pp], where a,3 € R, f — a € Zy and p is an

F’/F-selfdual irreducible cuspidal representation of a general linear group. Suppose that
A satisfies the condition of the lemma (with respect to ). Since §([v®p,v’p]) x 7 and
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§([v="p,v~%p]) x 7 have the same composition series, it is enough to prove the irreducibility
of 0(A) xm in the case a+ 3 > 0. By the previous part of the proof, it is enough to consider
the case A # {p,vp} (therefore if a + 1 = 3, then « # 0), which we shall assume in what
follows.

Let 05 be an irreducible subrepresentation of 6(A) x m. Note that §(A) x 7 has a unique
irreducible quotient. Now a well-known embedding of 4(A) and the inductive assumption
imply

0, — 6(A) x 1 — vPp x 6([v¥p, v 1p]) x T = vPp x S([v P p,v™%p]) x 7.

Observe §+1# —(F + 1 (since 3 > 0).

Suppose —a + 1 # 3, i.e. a # —F+ 1. Then v°p x §([v=+1p,v=%p]) is irreducible (recall
B+ 1# —(F+1), which implies

0. — 6([v " p, v p)) x v p > = §([vp,vp]) x v p X .

Now Frobenius reciprocity implies that 6([v=""lp,v=%]) @ v™Pp @ 7 is a quotient of
the Jacquet module of #,. This and the transitivity of Jacquet modules imply that
§([v=Pp,v=%p]) ® m must be also a subquotient of the Jacquet module of §,. But then
0s must be the unique irreducible quotient of 6(A) x 7 (see Lemma 4.4 of [I8]). This
implies the irreducibility of §(A) x 7.

It remains to consider the case « = —f3 + 1. Note that § — a € Z- implies § > 1,
and further A # {p,vp} implies b > 1. We proceed similarly as above for an irreducible
subrepresentation 6, of §([v="1p,1v%p]) x :

0 = o([v " p, VP pl) xm = §([v " 2p, P pl) x v pam 2 5([v 2 p, 1P pl) x v p .

Clearly, 3 4+ 1 # 3 — 1. Further, 8 — 1+ 1 = —f3 4 2 implies # = 1, which contradicts to
b > 1. Therefore, 6([v=""2p,vPp]) x vP~1p is irreducible. We continue similarly as in the
previous case

—B+2

g = V" px §([ 2 p, 1P pl) o = p < 8([v P p, P p]) o

This implies that 1’ lp @ 1’ 2p @ ... ® v Pp @ 7 is in the Jacquet module of o. The
transitivity of Jacquet modules imply that §([v="p,"71p]) @ 7 is also in the Jacquet
module of 0. One concludes the irreducibility of §(A) x 7 in the same way as above, using
Lemma 4.4 of [I§].

We end with the case A = [1%p, V7], where o, 3 € R, 3 — a € Z+g and p is a unitarizable
irreducible cuspidal representation of a general linear group which is not F’/F-selfdual
(then A satisfies the condition of the lemma). It is enough to prove the irreducibility of
d(A) x 7 in the case a + > 0. Let 5 be an irreducible subrepresentation of §(A) x 7.
Then

"))

= 5[ p, o)) x VPp w2 6([v P g pl) x v p

Oy — §(A) x 71— p x 6([v¥p, v Lp]) x = 1Pp x 6([v
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We conclude now the irreducibility of §(A) in the same way as in the previous two cases.

The proof of the proposition is now complete. O
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