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INTRODUCTION

Let F' be a local non-archimedean field. We shall assume char F' # 2. Irreducible
square integrable representations of a reductive groups are basic for understanding of
the Plancherel measure. Besides this, their classification is an important step toward
classification of the non-unitary duals. The aim of this paper is to present a construction
of a wide family of non-cuspidal irreducible square integrable representations of Sp(n, F')
and SO(2n + 1, F).

To describe our result, we shall first introduce some notation. The modulus character
of F' is denoted by | |p. Set v = |det|r. Basing on the fact that Levi factor of a maximal
parabolic subgroup of a general linear group is a product of two smaller general linear
groups, using the parabolic induction Bernstein and Zelevinsky defined multiplication x
among representations of general linear groups (see [Z1], or the first section). Let C be the
set of all equivalence classes of irreducible cuspidal representations of all GL(p, F'), p > 1.
For p € C and n > 0, the set [p,v"p] = {p,vp,...,v"} is called a segment in C. The
set of all such segments is denoted by S(C). For A = [p,v"p] € S(C) the representation
Vp x V" lp x .-+ X vp x p contains a unique irreducible subrepresentation, which we
denote by §(A). This subrepresentation is essentially square integrable and A — §(A) is
a bijection of S(C) onto the set of all classes of irreducible essentially square integrable
representations of general linear groups (see [Z1]). For an irreducible essentially square
integrable representation of a general linear group there exists a unique e(d) € R such that
v—¢0)§ is unitarizable. Set §* = p=¢(®)§,

We fix one of families Sp(m, F) (m > 0) or SO(2m + 1, F) (m > 0) of classical groups.
The group of rank m from the fixed family will be denoted by S,,. Levi factor of a
maximal parabolic subgroup of S,, is isomorphic to GL(k, F) X Sp,—k, with 1 < k& <
m. Now similarly as in the case of general linear groups, using the parabolic induction,
one can introduce multiplication x among representations of general linear groups and
representations of groups S,,’s. Products are representations of groups S,, (see the first
section).

ITwo minor modifications has been made to the paper after this date. Namely, we have droped
two expectations that we had in the first version (understanding of the field forced us to change these
expectations).

Typeset by ApS-TEX
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Now we can state our main result. To simplify the exposition, we shall present it in the
non-degenerate case when char(F') = 0 (these assumptions have roots in [Shl]). Later, we
shall describe the generality that we consider in the paper.

I.1. Theorem. Suppose char(F) = 0. Let Aq,...,Ar € S(C) satisfy e(6(A;)) > 0 for
1 <t <k, and let o be a non-degenerate irreducible cuspidal representation of S,;. Suppose
that

(1) 6(A;) x o reduces, and if A; N A; # 0, then §(A; NA;) x o reduces (1 <i < k).
(2) If A, N Aj # 0, for some 1 < i < j <k, then either A; UA; & A;NA;, or
A;UA; G A NA;.
Denote | = card{i;1 < i < k and A; N A; # 0}. Then:
(i) Each irreducible subrepresentation of (Hle 5(A¢)) X o has multiplicity one. There
exist exactly 2! irreducible subrepresentation of (Hle 4] (Al)> X 0.
(ii) (H?:l (A N AZ)> X o decomposes into sum @?l:lTj of 2! inequivalent irreducible (tem-
pered) representations. Each representation (Hle ) (AZ\AZ)> X 7; has a unique irreducible
subrepresentation, which we denote by
6(AL,..., Ak, 0)r,.

Representations §(Ay, ..., Ay, 0),, are square integrable.

(iii) {6(A1,..., A, 0)30 = 1,..., 2'1 is just the set of all irreducible representations of
(I 6(a0)) x o

For further understanding of representations §(Ay, ..., Ag,0),,, it is important to know
when §(A) x o reduces. The following theorem reduces this problem to the cuspidal case:

I.2. Theorem ([T7]). Suppose char(F') =0. Let A € §(C) and let o be a non-degenerate
irreducible cuspidal representation of S,. Then,

d(A) x o reduces if and only if p X o reduces for some p € A.

About reducibility in the cuspidal case, we have the following nice result of F. Shahidi:

I.3. Theorem (F. Shahidi, [Sh1], [Sh2]). Assume char(F) = 0. Let p € C, let o be
a non-degenerate irreducible cuspidal representation of S, and let 3 € R. If p 2 p, then
vPp x o is irreducible. Suppose p = p. Then:

(C) There exists ag € {0,1/2,1} such that v=%py x o reduce,
and v%p x o is irreducible for || # aq.

The above theorem implies that (p, o) satisfies exactly one of the following three condi-
tions:

(CO0) p x o reduces and vPp x ¢ is irreducible for § € R*;
(C1/2) v1/2)p % o reduce and °p x o is irreducible for 8 € R\{+1/2};
(C1) v p x o reduce and vPp x o is irreducible for § € R\{=%1}.
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It is not yet determined which of the above three conditions satisfies general (p,o). F.
Shahidi has determined this in a number of cases ([Sh2]). J.-L. Waldspurger has settled
earlier one such case ([W]). G. Mui¢ has settled recently some new cases ([M]).

Regarding condition (1) in Theorem 1.1, one easily sees from above two theorems that
reducibility of §(A) x o and AN A # ) implies reducibility of (A NA) x ¢ in most cases.
The only exception is the case when A = [p, v*p| such that p is unitarizable, (p, o) satisfies
(C1) and k£ > 1.

The following theorem of Goldberg gives a significant reduction of the problem of pa-
rameterization of irreducible tempered representations which we get parabolically inducing
irreducible square integrable representations of groups S,,.

I.4. Theorem (D. Goldberg, [G]). Suppose char (F) = 0. Let 61, ..., be irreducible
square integrable representations of general linear groups, and let m be an irreducible
square integrable representations of S,. Let a be a number of inequivalent ¢; such that
0; X w reduces. Then &1 X - -+ X 0 X 7 is a multiplicity one representation of length 2¢.

This theorem reduces the tempered representations to the case §; x w. The claim in
(ii) of Theorem 1.1 that (Hle 5(A; N AZ)) x o decomposes into sum of 2! inequivalent

irreducible representations, is a special case of the above much more general result.

Regarding parameterization of irreducible tempered representations, let us say that we
have determined in most cases reducibility of § xd(A1, ..., Ag,0),, where § is an irreducible
square integrable representation of a general linear group (this work is not yet available in
a form of preprint).

Let us now explain the role of non-degeneracy of o in Theorem I.1. We need it to know
that pairs (p,o) (p € C selfdual), with which we work in the theorem, satisfy condition
(C). Our approach in the paper is converse. We do not assume that o is non-degenerate.
Instead, we work with pairs (p, o) which satisfy condition (C) (in this way we do not need
in the paper Theorems 1.2, 1.3 and 1.4).

Let us say a few words about the methods that we use in the construction. We have
constructed in [T4] the structure which enables us to obtain in a simple way composition
series of Jacquet modules of parabolically induced representations. The fact that Levi
factors of maximal parabolic subgroups of S,,, are isomorphic to products of general linear
groups and groups S;, enables us to use the full power of Bernstein’s and Zelevinsky’s
theory from [Z1] in the representations theory of Sp(n, F') and SO(2n + 1, F).

Although our work in this paper deals with representations of groups Sp(n, F) and
SO(2n + 1, F), this work is also directed to other classical groups. Namely, we expect
that a significant part of present work will apply to other series of classical groups, once
when the structure of representations of these groups over representations of general linear
groups will be clarified (this work is under the way).

The first two sections of this paper introduce notation and recalls of some previous
results that we use often in the paper. The most of this paper deals with construction of
representations §(A1,...,Ag,0),, in the case of k = 1 (we also obtain a number of inter-
esting information about representations §(A).,). We proceed with construction in three
separate cases: (C1/2), (CO) and (C1). Although the general strategy of construction of
d(A);; in all three cases is the same, there is a plenty of delicate details which are different



4 MARKO TADIC

in these cases. This is the reason to treat these cases independently. Sections 3, 4, 5,
6 and 7 present construction of representations §(A, o), corresponding to different type
of reducibility that can occur . The eight section is an observation in which way repre-
sentations §(A,0),, are complete. In the ninth section is construction of representations
O(Ay,...,Ag,0),, for k> 1.

D. Vogan has shown us where he expects to have square integrable representations for
symplectic groups (having in mind the local Langlands philosophy). This was one of the
motivations to construct such representations using the techniques developed in [T5]. The
other motivation for our work is getting of a parameterization of the non-unitary dual
(convenient for the work on the unitarizability problem).

We are thankful, among others, to A.-M. Aubert, G. Muié¢, S.J. Patterson, P.J. Sally,
G. Savin and F. Shahidi for discussion of topics closely related to the topic of this paper.
This paper is based on a part of the material contained in the preprints [T6] and [T8] (some
proofs from [T6] are simplified). Most of the ideas of this paper arose during our stay in
Gottingen as a guest of SFB 170. We want to thank SFB 170 for their kind hospitality,
stimulating atmosphere, and the support.

1. PRELIMINARIES

We fix in this paper a local non-archimedean field F' of characteristic different from
two. At the beginning of this section we shall recall of the standard notation from the
representation theory of GL(n, F') (see [Z1] for complete definitions). The minimal para-
bolic subgroup of GL(n, F') consisting of all upper triangular matrices in GL(n, F) is fixed.
Parabolic subgroups of GL(n, F') which contain this minimal parabolic subgroup will be
called standard parabolic subgroups of GL(n, F').

Let m; be an admissible representation of GL(n;, F'), for i = 1,2. Then 7; X w5 denotes
the representation of GL(ny+ng, F') which parabolically induces the representation m @y
of a suitable standard parabolic subgroup. Then m X (mg X 73) = (71 X m3) X 73.

If G is a reductive group over F', then there is always a natural order on the Grothendieck
group of the category of all admissible representations of GG of finite length. We shall denote
by G the set of all equivalence classes of irreducible admissible representations of G. The
set of unitarizable classes in G is denoted by G.

Denote the Grothendieck group of the category of all admissible representations of
GL(n, F) of finite length by R,,. The canonical mapping from the objects of the category
to R, is denoted by s.s. (the image forms a cone of positive elements). Set R = ®__ R,.
One lifts the above multiplication to a multiplication x on R. The induced mapping
R ® R — R is denoted by m.

Take an admissible representation 7 of GL(n, F) of finite length. Let o = (nq,... ,nk)
be an ordered partition of n. Take the standard parabolic subgroup Ps " oof GL(n,F)
whose Levi factor MSL is naturally isomorphic to GL(ny, F') x ... x GL(ng, F'). The

Jacquet module of m with respect to Pj " is denoted by rq (). Consider s.s.(rqo(m)) €
R, ®...Q R,,. Set
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One lifts m* Z-linearly to all of R.

For a matrix g denote by *g (resp. "g) the transposed matrix of g (resp. the transposed
matrix of g with respect to the second diagonal). For a representation 7 of GL(n, F'), "n !
denotes the representation g — m(Tg~!). We denote by 7 the contragredient representation
of m. We have "n~! = 7 for irreducible 7.

Let 7 be an irreducible admissible representation of GL(n, F'). If m is a subquotient
of p1 X -+ X pr where p; are irreducible cuspidal representations of GL(n;, F'), then we
shall call the multiset (p1,...,px) the support of m. We write supp(w) = (p1,...,pr). If
7 is of finite length and if any irreducible subquotient 7’ of & has supp(7’) = (p1, ..., pk),
then we say that m has a support and we shall write supp(7w) = (p1,...,pk). Suppose
m € R,, m> 0. Similarly as above, we define if 7w has support (there is a natural order on
R,’s).

We now introduce a similar notation for two series of classical groups (see [T2] and
[T4]). The n x n matrix having 1’s on the second diagonal and all other entries 0, will be
denoted by J,. The identity matrix is denoted by I,,. For a 2n x 2n matrix S set

e [0 =T ]ial O T
el A R R

The group Sp(n, F') consists of all 2n x 2n matrices over F' which satisfy *SS = Io,.
We define Sp(0, F') to be the trivial group. Fix the minimal parabolic subgroup Py, in
Sp(n, F) consisting of all upper triangular matrices in the group.

We denote by SO(2n+1, F') the group of all (2n+1) x (2n+1) matrices X of determinant
one with entries in F, which satisfy "X X = I5,.1. Fix the minimal parabolic subgroup
Phin in SO(2n + 1, F') consisting of all upper triangular matrices in the group.

In the sequel, we denote by S,, either the group Sp(n, F) of SO(2n + 1, F'). Parabolic
subgroups which contain the minimal parabolic subgroup which we have fixed, will be
called standard parabolic subgroups.

For p; x p; matrices X;, ¢ = 1,...,k, the quasi diagonal (p; + -+ + pr) X (p1 +

-+ + pi) matrix which has on the quasi diagonal matrices X, -, X, is denoted by
q'diag (X17 e 7Xk)
Let a« = (ny,... ,ng) be an ordered partition of some non-negative integer m < n into

positive integers. If m = 0, then the only partition will be denoted by (0). Set
Ma = {q_dlag (917 oy Gk, h7 Tg]g_:l? ) Tgl_l)7gz S GL(n’Lv F)y h S Snfm}

Then P, = M, P, is a standard parabolic subgroup of S,,. The unipotent radical of P,
is denoted by N,. Since M, is naturally isomorphic to GL(ny, F) x ... x GL(ng, F)x
Sn—_m, we have a natural bijection

M, < GL(ni,F) x---x GL(ng, F)” X Sp_m.

Let 7 be an admissible representation of GL(n, F') and let 7 be a similar representations
of S,,. We denote by m x o the representation of S,,,, which parabolically induces the
representation T ®o of P,). Here 7 ® o maps g-diag(g, h,” gl e My, to m(g)®ao(h). For



6 MARKO TADIC

admissible representations 7, 71, w9 of general linear groups and for a similar representation

o of S,, hold

(1-1) T X (T X 0) = (1 X m2) X 0,
(1-2) (mxo)~

1%

T X 0.

The Grothendieck group of the category of all admissible representations of .S,, of finite
length is denoted by R, (S). Denote R(S) = &, ., R,(S). We lift the multiplication x
to a multiplication x : R x R(S) — R(S) in a usual way. In this way R(S) becomes an
R-module. Denote the contragredient involution on R and R(S) by ~. For m € R and

o € R(S) we have
(1-3) TXO=TXo.

Let pn: R® R(S) — R(S) be the Z-bilinear mapping which satisfies u(r®0) = s.s.(mx0),
for m € R,0 € R(S). Since we have natural orders on Grothendieck groups, there is a
natural order on R, R(S) and R ® R(S5).

Let o be a smooth representation of .S,, of finite-length and let & = (ny,... ,ng) be an
ordered partition of 0 < m < n. The Jacquet module of o for P, is denoted by s4(0).
We may consider s.s.(s4(0)) € Ry, ® - @ Ry, ® Ry_n(S). Define a Z-linear mapping
w* : R(S) — R® R(S) on the basis of irreducible admissible representations by

n

w (o) = Z s.8. (s(x)(0)) -

k=0

Denote by s : RO R — R® R the mapping s()_, z;®y;) = >, yi®x;. Forr®ry € ROR
and r®t € R® R(S) set (r1 ®r2) X (r®t) = (r1 xr)® (re xt). Extend x Z-bilinearly
to x: (R®R) x (R® R(S)) — R® R(S). Set

M*=(m®1)o(~®m")osom®.
Then
(1-4) pr(m x o) = M*(m) x p* (o)

for an admissible representation m of GL(n, F') of finite length and a similar representation
of S,,.

Let m ® 0 be an admissible representation of GL(n, F') x S,,. We say that m ® o has
G L-support if m has support and if ¢ is an irreducible cuspidal representation. Then we
write

supp,, (7 ® o) = supp().

Let rT® 0 € R, ® R,,,. Suppose that m > 0 and that ¢ is an irreducible cuspidal represen-
tation. Similarly as above, one defines if 7 ® 0 € R,, ® R,,(S) has a G L-support.
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Suppose that 7 is an irreducible admissible representation of 5,,. Then there exists
an irreducible cuspidal representations p; of GL(n;, F), i = 1,...,k, and an irreducible
cuspidal representation o of Sy, _(n, +...4n,) such that 7 is a subquotient of p1 X -+ X py 0.
We define

depth,, (1) =n1 + -+ + nyg.

If 7 is a an admissible representation of S,, of finite length such that depthgp(7) = d
for any irreducible subquotient 7’ of 7, then we say that 7 has a depth and we write
depthgr(m) = d. In a similar way we define depth of 7 € R,,(S), 7 > 0. If an admissible
representation 7 of finite length has a depth, then we denote

$1(T) = Sdeptn g, (7)) (7).
In a similar way we define s, (1) for 7 € R,(S), 7 > 0, if 7 has a depth.

2. SQUARE INTEGRABILITY, LANGLANDS’ CLASSIFICATION

The set of all equivalence classes of irreducible cuspidal representations of all GL(p, F)),
p > 1, will be denoted by C. Let p € C and let n be a non-negative integer. The set
[p,v"p] = {p,vp,?p,...,v"p} is called a segment in irreducible cuspidal representations
of general linear groups, or a segment in C. The set of all segments in C will be denoted
by S(C). The representation v"p x v""1p x --- X vp x p has a unique irreducible subrep-
resentation which we denote by d([p, " p]). The representation §([p,v"p]) is an essentially
square integrable representation and A — J(A) is a bijection of S(C) onto the set of all
equivalence classes of essentially square integrable representations of all GL(k, F'), k > 0.

If n < 0, then we define [p,v"p] to be the empty set (), and we take 6(()) to be 1 € R.
Now we have from [Z1]

(2-1) m* (o) = 3 (14 p,v70]) ® ([, v40)).
k=-—1

This formula implies that s (m* (6([p,v"p]))) = >_p__, 6([p;v"p]) @ (W T 1p,v7p]). We
have 7 (ynt1 (8([p,v"p])) = v"p @ V" 1p @ --- @ p, where (m)"*! denotes (m,m,...,m)
€ 7"t

Let X be a set. We shall denote by M(X) the set of all finite multisets in X (more details
regarding this notation one can find in [Z1] and [Z2]). The addition among multisets is
defined by (z1,...,zk) + (z4,...,25,) = (z1,..., 28,24, ..., 2}). If a,b,c € M(X) and
a + b = ¢, then we shall denote a also by ¢ — b.

For an irreducible essentially square integrable representation § of GL(m, F') one can
find a unique e(d) € R such that v~¢(%)§ is unitarizable. Set §* = v=¢(9)§. Then § = ) §%
where e(d) € R and 6" is unitarizable.

An irreducible representation 7 of a reductive p-adic group G is called essentially square
integrable, if there exists a continuous (not necessarily unitary character) x : G — C* such
that x7 is a square integrable representation (i.e., x7 has a unitary central character, and
for any matrix coefficient ¢ of y7, |¢| is a square integrable function on G modulo center).
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We denote by D the set of all equivalence classes of the irreducible essentially square
integrable representations of GL(n, F')’s when n > 1. Let d = (d1,...,0;) € M (D) where
M (D) denotes the set of all finite multisets in D. Take a permutation p of the set {1,...,k}
such that e(dp(1)) > e(dp2)) -+ > e(dpk)). The representation J,1) X -+ X dp) has
a unique irreducible quotient which we denote by L(d). Then d — L(d) is Langlands’
classification for general linear groups. We shall usually write L(d) = L((d1,...,dx))
simply as L(d1,...,dk).

In this paper we shall use several times the following well-known fact proved by A.V.
Zelevinsky ([Z1]). For two segments A’, A” € S(C) one says that they are linked if
A"UA” € §C) and A" UA" ¢ {A',A"}. Let Ay,...,Ar € CalS(C). If there exist
1 <i < j < ksuch that A; and A; are linked, then we shall write

(Al,Ag, ... ,Ai_l,Ai U AjaAH—l, .. 'vAj—17Ai N Aj,Aj+1, ... 7Ak—17Ak)
=< (Al,AQ, .. 7Ak—17Ak)-

Generate by < a partial order on S(C). Denote the obtained partial order by <. Let
Al ... AL € S(C). Then L(6(A)),...,6(AL)) is a subquotient of §(Ay) x - -+ x §(Ag) if
and only if (A],...,AL) < (Ai,...,Ay). Suppose that (A],...,;A},) < (Aq,...,Af) and
suppose that among Aj, A’, 1 <4 # j <k’ there do not exist linked segments. Then
d(A]) x --- x 6(A},) is irreducible and it has multiplicity one in 6(Ay) x --- x 6(Ag).

Suppose that A;, A} € S(C), 1 <i <k, 1 <j < k. If A;is not linked to any A7, for
1<i<k,1<j<FK, then L(6(A1),...,0(Ag)) x L(6(A}),...,0(A},)) is irreducible and
L(0(A1),...,0(Ak)) x L(6(AL),...,0(AL)) = L(6(A1),...,0(Ag)S(AL), ..., 0(AL)).

Set Dy = {d € D;e(d) > 0}. Let T'(S) be the set of all equivalence classes of the irre-
ducible tempered admissible representations of S,,’s for all n > 0. Taket = ((d1,...,9,),7)
€ M(D1)xT(S) (M(D4) denotes the set of all finite multisets in D). Choose a permuta-
tion p of the set {1,2,... ,n} such that e(d,1)) > e(dp2)) = ... > e(dp(n)). The representa-
tion d,(1) X dp(2) X ... X dp(n) ¥ 7 has a unique irreducible quotient which we denote by L(t).
This is Langlands’ classification for groups S,,,. The mapping t — L(t) is a one-to-one pa-
rameterization of all irreducible representations of groups S, by M(Dy) x T(S). We shall
usually write L(t) = L(((1,...,d,), 7)) simply as L((d1,...,0,),7) or L(d1,...,0n,T).

We recall the Casselman square integrability criterion in the case of S, (see [C], and
also [T2]). Consider the standard inner product on R™. Denote

/81:(1’1""7170707"‘70)GRH, ISZSTL
——

7 times

Let 7 be a non-cuspidal irreducible admissible representation of S,,. Take « such that s, ()
has a cuspidal subquotient (so(7) # 0). Write a = (n1,...,n¢) and let nq +--- +ny = m.
Take an irreducible subquotient o of s, and decompose 0 = p1 ® p2 ® - -+ ® py @ p where
pi € GL(n;, F)", p € S, —m. Define

ex(0) = (e(p1),...,e(p1),...,e(pe),...,e(pe), 0,...,0)
N _ 2 g AN

ni times ny times n—m times
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If 7 is square integrable, then

(e*<0)76711) > 07 (e*(U),ﬁnl—i—ng) > 07 tee ;(6*(0'),ﬁm) > 0.

Conversely, if all above inequalities hold for any o and o as above, then 7 is square
integrable. If instead of > 0 holds the weaker condition > 0 in all above relations, then
7 is tempered.

Now we shall recall of the square integrable representations of Steinberg type ([T5]).

2.1. Theorem. Fix an irreducible unitarizable cuspidal representation p of GL({, F') and
fix a similar representation o of S,,. Suppose that v*p x ¢ reduces for some o > 0.
Then p = p. The representation vt p x vot"=1p x ... vy x Yy x ¢ has a unique
irreducible subrepresentation which we denote by §([v*p,v*T"p|, o) (n > 0). We have
sy (3([vep, vt pl o)) = v P @ VT TP @ - @ v p @ V¥p @ o (here ()" =
(0,0,...,0) € Z"*) and

pe (B e, vl 0)) = D S p v ) @ 6([vp, v T, o)
k=-—1

a+n a+n

pl, o) is square integrable and we have §([v*p, v*T"p|, o)

The representation 6([v*p, v
>~ §([v*p,v*T"pl, 7).

We take §(0, o) in the above formula to be just o.

Let p be an irreducible unitarizable cuspidal representation of GL(p, F) and let o be
an irreducible cuspidal representation of S,. It is well-known that if v*p x o reduces for
same « € R, then p = 5. One proves this in a similar way as in the GSp-case in [T2]
(here the proof is even much simpler then there). The converse of this fact holds: if
p = p, then v%p x o reduces for some a € R. The argument is following. Suppose
that p = p and that p x o does not reduce. Then one can chose oy > 0 such that
v®p x o is irreducible for 0 < a < agp,. These representations are unitarizable (they
form a complementary series). Since matrix coefficients of unitarizable representations are
bounded and the Jacquet module is s.s.(s(,) (v“px0)) = v*pR0+v~*p®0o, the connection
of asymptotic of matrix coefficients and Jacquet modules in [C] implies that there must
exist ag > 0 such that v“°p x o reduces (one can even get an explicit upper bound for
such ag).

An admissible representation p shall be called selfdual if p = p. If representation is
selfdual, then it is unitarizable. Let p € C be selfdual, and let o be an irreducible cuspidal
representation of S,. In this paper we shall deal with pairs (p, o) which satisfy the following
condition.

(C) There exists ap € {0,1/2,1} such that v°p x ¢ reduces,
and v°p x o is irreducible for § € R, |3| # ay.

The condition (C) holds for any p, if ¢ = 0 ([Sh2]).
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If (p,0) as above satisfies (C), then it satisfies exactly one of the following three condi-
tions:

(CO) p » o reduces and v°p x o is irreducible for § € R*;
(C1/2) v2p % o reduces and 1°p x o is irreducible for 8 € R\{£1/2};
(C1) vp x o reduces and v°p x o is irreducible for g € R\{£1}

(we follow the notation of the Jantzen’s paper [J]).

The following fact proved in [T5] explains why only selfdual irreducible cuspidal repre-
sentations of general linear groups are interesting for the construction of irreducible square
integrable representations of groups S,,.

2.2. Proposition. Let p1,p2,...,pn € C, and let o be an irreducible cuspidal representa-
tion of S,. Suppose that p; x pa X -+ X p, X o contains a square integrable subquotient.
Then all p}' are selfdual representations.

In [T5] we have got a number of other conditions which must be satisfied by p1, pa, ..., pn
and o as above.

3. REDUCIBILITY AT 1/2, 1

We fix an irreducible unitarizable cuspidal representation p of GL(p, F') and an irre-
ducible cuspidal representation o of S;. We shall assume in this section that v2p % o
reduces (thus p = p), and that v®p = p is irreducible for a € R\{+£1/2}. In other words,
we assume that (p, o) satisfies (C1/2).

3.1. Lemmma. Suppose that my,ms, ..., my are integers which satisfy my > mqo > mg >
ce>my_q >my > 0. Let Ay = [VY2p, v/ 2] and
I/m2—|—l/2

mG+1/2

x v 2px 132 x - x pXoO.

Then

(i) 6(A1) x -+ x 0(Ag) ® o is a subquotient of sgr (7). The multiplicity in sgr(7) is one.
(ii) There exists a unique irreducible subquotient w of T such that §(A1) X -+ X 0(Ax) @ o
is a subquotient of sqr(m). The multiplicity of w in T is one and 7 is the unique irreducible
subrepresentation of (A1) X --+ X §(Ag) X 0.

Proof. From (3-5) we get by induction

SGL(T) e E ]/6(171/2)1/2[) X Ve(1’3/2)3/2p X e X Ve(17m1+1/2)(m1+1/2)p
x v /21/2 5 5 ye23/23/2 5 L pe@mati/ (ML) ) o

o V6(k,1/2)1/2p % Ve(k,3/2)3/2p X oo X Ve(k,mk+1/2)(mk+1/2)p ® 0o
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where the sum runs over all possible e(; j11/9) € {£1},1 < i < k,0 < 5 < m;. Now (i)
follows directly. Further, (i) implies that the multiplicity of 7 in 7 is one. The Frobenius
reciprocity implies that every irreducible subrepresentation of §(A1) X -+ x §(Ag) x o has
(A1) x -+ x §(Ag) ® o for a quotient of suitable Jacquet module. Therefore, there exists
a unique irreducible subrepresentation, and it is 7. [

Note that above definition in the case of £k = 1 agrees with the definition of square
integrable representation of Steinberg type (see Theorem 2.1), which was denoted by
§(A) = ([ /?p,v™+1/2p]). If k = 2, then we shall denote the representation defined in
the lemma by

(5([V_1/2_m2,0, Vm1+1/2p], O').

The tempered representations which we consider in the following theorem play an im-
portant role in the construction of irreducible square integrable representations.

3.2. Theorem. Let n € Z, n > 0, and suppose that v*/?p x ¢ reduces. Then:
(i) S([v=""12p,v"t1/2p]) x o and §([vY/2p, v 2p]) x ([ /%p, v t1/2p],0) contain a
unique common irreducible subquotient. That subquotient is §([v=""Y/2p, v"+1/2p] o).

(i) 55 (stantam (820, 11/20), 0 ))
n+1
= o[ 2,02 p)) x S(WET 20,0 2 ) @ 0,
k=0

(iii) The representation &([v=""2p,v"*+1/2p]) x ¢ is a direct sum of two irreducible in-
equivalent subrepresentations. One of them is §([v~""'/2p,v"+1/2p] 7). Denote the other
one by §([y=""12p, vt V2p]_ o). We have s.5. (s(2n+2)p) (S([v "7/ 2p, 0" 2p]_ o)) +
5([1/1/2/), Vn+1/2p])2 ® 0o = s.5. (5((2n+2)p) (5([V_n_1/2p, I/n+1/2p]70'))) )

(iv) Representations 6([v=""'/2p, "1 /2p] o) and §([v=""2p,v"+t1/2p]_ o) are tem-
pered. They are not square integrable.

() 5" 2, 2] o)
Sl 2p, V2] o)

I

([V—n—l/Zp’ I/n+1/2p], 5,),
1%

)
S([ " 2, 2] 5).

I

Proof. From (2-1) and (1-4) we obtain

(3-1) S.s. <s((2n+2)p) <(5([1/_"_1/2p, "2 ) % a))
n+1
= 3 0 2 (2 )
k=—n—1
n+1

_ (5([V1/2p,l/n+1/2p])2 Qo+ 2 Z (5([V_k+1/2p, Vn+1/2p]) > 5([1/k+1/2p, l/n+1/2p]) Qo
k=1
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From this we can conclude that §([v=""1/2p, v"*t1/2p]) x o is a multiplicity one representa-
tion of length < 2 (use the Frobenius reciprocity and the fact that §([v=""/2p, v t1/2p])
o is completely reducible, because this representation is unitarizable). We look further at

(3-2) Ss. <3((2n+2)p) (5([1/1/2p, Vn+1/2p]) “ 5([1/1/2p, Vn+1/2p], O')))
n+1
o D S )| P e e L
k=0

We shall now write all common irreducible subquotients of (3-1) and (3-2). They are
(3-3) S([v = 2 p, 2 p]) s S(WMH 2, 2p) @ 0y k= 0,1, L

Multiplicities in (3-1) of above representation are all two, except of the first one (for k = 0),
which is one. The multiplicities of above representation in (3-2) are all 1. Write now

(3-4) S.s. (s((2n+2)p) (5([V1/2p, Y22 % o))
n+1 2
= [ o220 x 8 2 %) |
k=0

We shall determine multiplicities of representations from (3-3) in (3-4). Note that if we
look at a fixed representation from (3-3), then the cuspidal representations which appear
in the support form a segment which ends with v"*t1/2p. In general, the support is of
the form (VY2 kp v1/2=kt1y,  pU/24np) 4 (URH1/2) YRH3/2), 0 p/240 ) where k =
0,1,...,n,n+ 1. It is now easy to conclude that the multiplicities of representation from
(3-3) in (3-4) are the same as the multiplicities in (3-1).

Note that §([v="2p, v t1/2p]) s o < §([vY/2p, v t1/2p])? x ¢ and

([ 2,12 p]) 50 6([W 2, v 2l ) < S([WPp, v T2 p])? X o

We always consider inequalities as above, as inequalities between semi simplifications in
the Grothendieck group of the corresponding category of smooth representations of finite
length. We obtain easily from (3-1) and (3-2)

5([1/—71—1/2p7 Vn—|—1/2p]) 9o $ 5([V1/2p, Vn—|—1/2p]) q (S([l/l/Qp, Vn—|—1/2p]’0_)’
([ 2 p, v 2 p]) 3 8([0M 2 p, v T 20l o) £ S([v " 2 p, v T2 p)) o

(if we would have somewhere above inequality, then the inequality would hold between
all Jacquet modules, what can not be by (3-1) and (3-2)). This, and the multiplici-
ties of representations of (3-3) in (3-1), (3-2) and (3-4) imply that there exists a unique
common irreducible subquotient of §([v=""12p, v"+t1/2p]) x o and §([v/2p, v t1/2p]) x
§([v'/%p,v"1/2p], o). Since this common irreducible subquotient must have in the Jacquet
module &§([v1/2p, v"1/2p])2 @ ¢ (as a subquotient), it must be §([v=""1/2p, v"+1/2p], o).
Therefore, (i) holds. The calculation of multiplicities implies (ii). Now (iii) follows from
(ii) and (3-1). Further, (iv) is a consequence of the square integrability criterion. Finally,
we get (v) using the characterization in (i). O
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3.3. Theorem. Let n,m € Z , m > n > 0. Suppose that (p, o) satisties (C1/2). Then:

(i) 5. (S(nimzm (3720, 01 20), ) ))
n+1
= S, R p)) xS (WP p, TR p)) @0 0
k=0

—n—1/2
—n—1/2

ii) The representation (|v .21 o) is square integrable.
P P
iii) The representation 6 (|v v TY2)] 5) is a unique common irreducible subquo-
P P
tient of V™Y 2p s §([v=""Y2p, ™= 1/2p], o) and v/ 2p x §([v= " 2p, 2] ).
(iv) o[y 2 p, 12 pl o) 2 §([v " 2 p, 2] ).

Proof. Write

(3-5) S, (S((n+m+2)p) (Vn-l-l/Zp . 5([V—n+1/2p, Vm+1/2p]7 a>))

= (V" 2y 2 ) {25(@1/2““,0, v 2p]) X 5([v! 2, V”‘”Qp])] ® o,
k=0

(3-6) Ss. (3((n+m+2)p) (um+1/2p >4 5([1/_"_1/2p, I/m_l/2p], 0_)))
n+1
_ (l/m+1/2p—|—1/_m_1/2p) > {Z (5([V1/2_k,0, Vm—l/Qp]) « (5([V1/2+kp, Vn+1/2p]):| ® 0.
k=0

Common irreducible subquotients of (3-5) and (3-6) can not contain in the G L-supports
v~m=1/2) (see (3-5)). Also, the representations in the G L-supports of each common irre-
ducible subquotient will form a segment which ends with ™*/2 (see (3-6) and use the
above remark about v~"~1/2p). We shall now write all pairs from (3-5) and (3-6) which
can have common irreducible subquotients. They are

(3-7) V2 s 2p, T 2P @ o and
2 5 5(p Y2, ) @ o
V2 p 5 S([ 2R p, T2 p]) X ([P p T2l @ 0 and
VT2 p 5 S ([ 2R p, v 2 p]) x G([ 2R p, v 2 p)) @ 0, for k= 0,1, n.

We can now write easily the common irreducible factors of (3-5) and (3-6) from (3-7).
They are

(3-8) OV EFp, 2 p]) ) S(W P Ep, v 2 @0, k=0,1,.. 0+ L

Multiplicities of the representations from (3-8) in (3-5) and (3-6) are all equal to one.
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We further consider

(39) s (Sinrmrap (V20 ) V20 s (T 2,0 2] ) )

— (Vn+1/2 —n—1/2 l/m+1/2 —m—1/2

p+uv p) * ( pyV p)

D e R |
k=0

We want to see multiplicities of representations from (3-8) in (3-9). We need to consider
only the following terms in the sum

V_n_1/2,0 > Vm+1/2,0 > 5([V—n+1/2p’ Vm—l/Zp]) ® o,

Vn—|—1/2p « Vm+l/2,0 > 5([V1/2_kp, Vm—1/2p]) « 5([V1/2+kp, I/n_l/2p]) ®o, k=0,1,...,n.

It is easy to get now that all multiplicities are 1.
From the definition of representations 6([v="" ~1/2p, v™ *1/2p] o) we get

I/n+1/2,0 0 5([1/—n—|—1/2p7 Vm+1/2p],0') < Vn+1/2p > I/m+1/2p “ (5([I/_n+1/2p, Vm—l/zp]’ O'),

Vm+1/2p “ 5([V7n71/2p, Vm71/2p]70_) < Vn+1/2p % ym+1/2p >4 6([an+1/2p’ mel/QpLa_)'

This, together with the multiplicities that we have computed, implies that if we write <
instead of = in (i), then such inequality holds. For the opposite inequality we shall first
prove

(3-10) O[22 @ 0 < S((nmamp (820" 2] ).
To prove this, observe that
([ 2,2 p] o) < B[P p, TR p]) ) S ([v T 2 p, 02 ), o)

(one checks that the subquotient of the Jacquet module of §([v=™~1/2p, v™+1/2p] &) which
characterizes this representation must be in the Jacquet module of the right hand side).
Thus

5[ 20, ) @

S 5((2m+2)p) (6([Vn+3/2:07 Vm+1/2p]) X 5([7/_”_1/2/)7 Vm+1/2p]a U))

The formula for the above Jacquet module and the inequality (i) that we have already
proved, imply (3-10) now.

We shall use now (3-10). The representation on the left hand side of (3-10) must be a
direct summand of the Jacquet module on the right hand side of (3-10) (see the central
characters and use the inequality < from (i) which we have proved). Thus for n > 0

(5([V_n_1/2p, um+1/2p],a) %Vm+1/2p N, I/_n+1/2p > V—n—1/2p o

%Vm+1/2p N, V—n+1/2p < l/n—|—1/2p O,
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Using the Frobenius reciprocity and comparing with G L-supports of representations in (3-
7), we can conclude that 6([v="F/2p, v™+1/2p]) x 1" *T1/2p ® ¢ is in the Jacquet module.
Proceeding in the same way we shall get all other members except &([v*/2p, v™T1/2p]) x
§([v'/%p,v" 1 /2p]) @ 0. The last representation is by definition in the Jacquet module of
S([v="=12p, v +1/2p] 5). This finishes the proof of (i). The square integrability criterion
and (i) imply (ii) (use [Z1]). Now it is easy to get (iii) from (i) and our previous consid-
erations. One gets (iv) by induction using the characterization in (iii), and Theorems 2.1
and 3.2. O

3.4. Remark. It seems that it would be equally convenient to use the representations
5([1/”+3/2p, l/m+1/2p]) « 5([V—n—1/2p, l/n+1/2p], 0) and Vn+1/2p >4 5([V—n+1/2p’ I/m+1/2p], U)
for the upper estimate of the Jacquet module of §([v~""/2p, v™*1/2p] o) in the last proof.

4. REDUCIBILITY AT 1/2, II

As in the previous section, we fix an irreducible unitarizable cuspidal representation p
of GL(p, F') and an irreducible cuspidal representation o of S, such that (p,o) satisfies
(C1/2).

4.1. Lemma. Let n,m € Z , m > n > 0. Then:
(i) For k = 1,2, ...,n,n+1, multiplicity of 6([vFT1/2p, 11/ 2 p]) x §([v=F /2 p, v H1/2 ) @
o in sqr (6([v=""Y2p,v™+Y2p]) x o) is 2. In particular, the multiplicities of

S([v = Pp, v 2l @ o and ([P %p, v p]) x 5([v P p, v PP @ 0
in sqr (6([v=""Y2p,vm+1/2p]) x o) are both 2.
(i) Multiplicity of 6([v3/%p, v t1/2p]) x §([v=12p,v™*t1/2p]) @ o in

S((n+m+2)p)<7/—n_1/2p % I/_n+1/2,0 % l/—n+3/2p TR Vm+1/2p >q 0_)
is 2.
(iii) If w is an irreducible subquotient of §([v=""/2p v™*1/2p]) x ¢ such that

S([v 2,20l @ 0 < S((ngme2)p) (),

then 26([v=""1/2p, 0™ T1/2p]) @ 0 £ S((nmr2)p) (T)-

Proof. The claim (i) follows from the following formula

S.S. <s((n+m+2)p) ((5([V_”_1/2p, L2 % 0>)
n+1
= > (W Pp, ) x ST 2 p 2 @ o

i=—m—1

(use (1-4) and (2-1) to get the formula). The claim (ii) follows from the first formula in
the proof of Lemma 3.1.

We know that §([v=""2p,v™+1/2p] o) is a subquotient of §([v=""1/2p, v™T1/2p]) x 0,
and that this irreducible representation satisfies two conditions from (iii) (see Theorems
3.2 and 3.3). This, together with (i) and (ii), implies (iii). O
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4.2. Theorem. Let nnm e Z , m >n > 0.

(i) The representation 6([v=""/2p,v™+/2p|) x o contains exactly two irreducible subquo-
tients ™ which satisfy §([v=""1/2p, v TV2p]) @ 0 < S((nrmr2)p) (7). One of these subquo-
tients is 6([v ="/ 2p,u™*T1/2p] o). The other one we denote by

S 2, 2] ),

Then §([v=""12p, v H12p] ) 2 5([v= "2 p, v H12p) ).

(i) The multiplicity of §([v="=Y2p,v™+1/2p]_ o) in
V—n—l/Qp « V_n+1/2p > V—n+3/2p SR Vm+1/2p ><]

is one.

(iii) The representation ¢([v p, V™ T1/2p] 7)) can be characterized as a unique ir-

reducible subquotient m of v/ 2p x v H1/2p 5 32, 5oL ™25 ) o which

satisfies conditions

—n—1/2

S([*2p, v T2 p]) x 5[ 2 p, v T2 p) @ 0 < Sy (T)
5([7/1/2[)5 Vn+1/2p]) X (5([7/1/2[), Vm+1/2p]) ®o ﬁ S((n+m+2)p) (ﬂ-)

(iv) 5.5 (s<<n+m+z>p> (312,112 o)) )

=) 0([v 2,2 p]) x S p, 2 p)) @ 0
1=0

(v) If m > n, then the representation 6([v=""'/2p,v™*t1/2p|_, o) is square integrable.

(vi) (v~ 1V2p, v 1] o) 2 6([y =V 2p, 2] ).

We define 6([1/2p,v™T1/2p] _ o) to be §([v'/2p,v™+1/2p], o). This convention is useful
bellow in the proofs by inductlon.

Proof. From the previous lemma, one directly gets (i) and (ii).
Recall that the multiplicity of 6([13/2p, v t1/2p]) x 6([v=2p, v +t1/2p]) @ o in

—n—1/2p % I/—n—|—1/2p > V—n+3/2p X e X Vm+1/2

3((n+m+2)p)(y p X U)

and S((n4m-2)p) (O([v """ 2p, ™/ 2p]) x 7) is 2 in both cases, while multiplicity in

S((ntm+2)p) (5([V_"_1/2p, ym 2, 0))

is 1.

We now prove (iii) and (iv) by induction on n+m. For n = m we know that both claims
hold (Theorem 3.2). Therefore, it is enough to consider the case n < m. We assume this,
and we assume that the claims (iii) and (iv) hold for m’,n’ such that m’ +n’ < m + n.
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From Theorem 3.3 and the previous lemma we see that there exists a unique subquotient
mof v Y2 x T2 oL /25 5 o such that

5([1/3/2p7 Vn+1/2p]) X 5([1/_1/2p, Vm+1/2p]) Ko S 3((n+m+2)p) (ﬂ-)?
S([ 20, "2 p]) x S(['2p, v™ T 20)) @ 0 £ S((nrmar2)p) (T)-

The previous lemma implies that 7 is a subquotient of §([v=/2p, v +1/2p]) x 0. Other-
wise, 6([3/2p, vtV 2p)) x 6([v=1/2p,v™*1/2p]) ® o would have multiplicity at least 3 in
S((namaayp) VT 2p x v HL2p 5 x ymFLY2)p 5 5), what can not be by the previous
lemma.

If n > 0, then (1-4) and Theorems 3.2 and 3.3 imply

(4-1)  5([W*2p, " %)) x §([v ™2 p, v 2 p) @ o

< S((ntm+2)p) (V"’““ﬂ x ([T 2 p 2] 0)) ,

(4-2)  6(["2p, v ) x S(W P p, v 20l @ 0

Z S((n+m+2)p) (V"“/Qp X O([p " 2 p, 2] 0)) :
and
(4-3) (3 2p, ™2 ) x (v 2 p, PPl @ 0

< s(ermizp) (V20 % (T 20,0 2] g)),

(4-4)  S(W' 2, %)) x (W2 p, v ) @ 0
£ S((n+m+2)p) (VmH/QP X 6([v™" 2, Vm_l/QP]—J)) :

We shall now consider the case n = 0. Observe that (iii) is obvious for n = 0. We shall
now prove (iv) by induction with respect to m. For n = 0, the formulas (4-3) and (4-4) hold
(and also (4-1) holds, but (4-2) does not hold). This implies that §([v=/2p, v™+/2p]_ o)
is a subquotient of v™+1/2p x §([v=1/2p,v™=1/2p] _, ). Now the inductive assumption and
(1-4) imply

(4-5)  S((m+2)p) (5([V71/2P, y 2] 0))
< (Vm+1/2p+ mefl/Qp) % 5([V71/2p’ mel/Qp]) ® 0.

Note that
(4-6) S.S. (s((m+2)p) (5([1/1/2p, ™20y s Lt 2p, a)))

= { > (e, 2 p]) X 6([V T2, Vm“/zp])} xv ' ?p@o.

1=—1
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The above formula and Lemma 4.1 imply that §([v='/2p,v™T/2p]_, o) is a subquotient
of 6([v*/2p,v™*t/2p]) x L(v'/?p, o). This implies

S((m+2)p) (5([V‘1/2p, Vm“/zp]—0)> < S((m+2)p) (5([1/1/2/), v pl) 3 L(v'?p, 0))

From this and formulas (5-5) and (4-6), now one can easily get the following estimate
S((m+2)p) (5([V‘1/2,0, v 2] 0)> < ([P ) @0

Obviously, in the above relation the equality must hold. This finishes the proof for n = 0.

Suppose now n > 0. Relations (4-1), (4-2), (4-3) and (4-4) imply that 7 is a subquotient
of v"1/2p s §([v= "1/ 2p, vt/ 2p|_ o) and vt/ 2p % §([v=""12p, ™= 1/2p]_, 0). Now
in the same way as in the proof of Theorem 3.3, one gets

(4-7) S((nmi2)p) (M) < > 6 2p, T2 p) s 5([L 32,02 p)) @ 0,
1=0

One checks directly that 6([3/2p, v™1/2p]) x 6([v=2p,v™*t1/2p]) ® ¢ has multiplicity
> 110 S(am2)p) (6(["T3/2p, v F1/2p]) x 7). Since

S([W 2,20 @ 0 £ s(ama2)p) (5([V”+3/ 2p, ™2 p]) 7?)
(we can see it from (4-7)), we conclude that
S 2,20 a) < S(WT P p, T2 p]) o

From (4-7) and (1-4) follow easily that §([v=""1/2p, 0™ "1/2p]) ® 0 < $((nrmra)p) (7). Now
in the same way as in the end of proof of Theorem 3.3 (see the last section of that proof),
one gets

S((ntma2)p) (M) = > 62 p, T2 ) s 6([0 320, P @ 0
1=0

The above two inequalities for s((;4m+2)p)(7) imply that in (4-7) we have an equality.
This implies that © = 6([v="""/2p,v™T1/2p]_, o), what is the claim of (iii). Now (iv) is
obvious. Further, (iv) implies (v).

One can get (vi) considering &([v=""/2p,v™T/2p]) ® o in the Jacquet module of
S([y=m=12p,um+1/2p) _ o), using (i) of Lemma 4.1, Theorems 3.2, 3.3, and Corollary
4.2.5 of [C]. We could also get (vi) using Proposition 3.6 of [J]. This finishes the proof of
the theorem. [J

The following theorem gives a simple characterization of &([v=""/2p,v™*+/2p], ) and
5[ p, ) o).
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4.3. Theorem. Let n,m € Z , m >n > 0. Then

(i) §([v=""12p,v™H1/2p] o) and 6([v=""1/2p,v™FT1/2p]|_, o) are (isomorphic to) irreduci-
ble subrepresentations of §([v=""/2p,v™+1/2p|) x 0. Further, §([v=""1/2p,v™+1/2p]) x o
does not contain any other irreducible subrepresentation.

(ii) The representation §([v=""1/2p, v +t1/2p] o) (resp. §([v=""1/2p,v™*tV/2p|_ 0)) is a
unique irreducible subrepresentation of §([v"+3/2p, v +1/2p]) s §([v=""1/2p, v 1/2p], o)
(resp. S([v™+5/2p, ™ 1/2p]) 03[y V2p, 1)) )

Proof. Denote m = 6([v=""2p, v 1/2p] o) (resp. m_ = S([v=""V2p, v H1/2p]_ o).
Now (i) of Theorem 3.3 (resp. (iv) of Theorem 4.2) and Theorem 7.3.2 of [C] imply that
S([v=""12p, v /2 p))®0 is a direct summand in sgr(7) (resp. sgr(m_)). Frobenius reci-
procity implies that there exists an embedding ¢ : m < 6([v=""1/2p, v™+1/2p]) x o (resp.
¢ — S([v" "V 2p, v H1/2p]) x o). Suppose that 7’ is an irreducible subrepresenta-
tion of &6([v=""1/2p,v™*+1/2p]) x &, such that Im(¢) N 7" = {0} and Im(¢_) N7’ = {0}.
Frobenius reciprocity implies that 6([v=""1/2p,v™+1/2p]) ® o is a quotient of sqr(7').
Therefore, multiplicity of 6([v=""1/2p,v™*V/2p|) @ o in sqr, (5([v=""1/2p, v F1/2p]) x o)
is at least 3 (we use also here the last claim of (i) in Theorem 4.2). This multiplicity is 2
by (i) of Lemma 4.1. This contradiction completes the proof of (i).

In the same way as before, one checks that multiplicity of (5([V‘”_1/2p, I/m+1/2p]) @0
in sqr, (6([" 120, vmF2p]) x §([v~" "1/ 2p, 0" F1/2p]) x o) is 2, and

oy 2, 2] @ o < sar (8120, 20]) x (v 20,0 2], ) )

Sy 2o w2y @ 0 < s (32 p, 2] x B[ 2, 2] 6) )

Therefore, multiplicity of §([v=""/2p, ™ *1/2p]) ® ¢ in the right hand sides of the above
two inequalities is 1. Further, 6([v'/2p, v™t1/2p]) x 6([v'/%p, v t1/2p]) @0 is a subquotient
of sar (5([V"+3/2p, Vm+1/2p]) % 5([V_”_1/2p, V"+1/2p], J))

Since §([v=""1/2p, ™A 2p]) s §([n 2 p, A2 p]) o §([p 2 p, T2 p]) ([21]),
we have 6([v=""Y2p,v™H1/2p]) x o < §([v"F3/2p, v T2 p]) x §([v= "2 p, v H1/2p]) X 0.
The last representation is isomorphic to ([ 13/2p, v H1/2p]) x5 (=" 2p, v 1/2p], o) @
S(+3/2p, v 12 p)) x §([v=" "1/ 2p,v"1/2p] 7). Now we can conclude that m embeds
into §([L"3/2p, ™12 ) x ([ 2 p, " F1/2p], o) and 7_ into 6(["F3/2p, v T2 p]) X
S([v="=12p, " H1/2p]_ o). It remains to see the uniqueness of the irreducible subrepre-
sentations in (ii). Frobenius reciprocity implies that it is enough to show that multiplicity
of §([v™H3/2p, vm*1/2pl) @ 6([v=""12p, v T1/2p], o), and also of §([v"F3/2p, v™+1/2)])
6([1/_n_1/2p, Vn+1/2p]7, O') in p* (6([l/n+3/2,0, Vm+1/2p]) % (5([1/_n_1/2p, Vn—|—1/2p]) ™ O'), is
1. For this, one needs only to prove that the multiplicity is < 1 (Frobenius reciprocity im-
plies that the converse inequalities hold). In the continuation of this paper we shall prove
a much more general fact about uniqueness of irreducible subrepresentation (Proposition
9.2, (ii)), which implies the second claim in (ii). Therefore, we shall only sketch here the
proof that the multiplicity is < 1. Write

(4-8) M* (5([1/3/2+np, y1/2+mp])) = (m®1)o(~@m*)osom* (5([V3/2+"p, u1/2+’”p]))
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= (m R 1) o (N ®m*) ° S( i 5([Va+3/2,0, 1/1/2+mp]) ® 5([V3/2+np, V1/2+ap]))

a=n

= (m©1)o(~em’) ( S (2003 g]) (52, u1/2+mm>)

=305 6w 2,32 x (W2, M ) @ 5[, ],
a=n b=a

Compute now p* (§([v"+3/2p, v+ 1/ 2pl) x §([v=""12p, v+ 1/2p]) % &) using (1-4). To ob-
tain 6([y"/2p, 2 ]) @ 7 in g (([H 20, 5 2g]) x ([ p, 2] 4 )
when we compute it using (4-1), we must take from (4-8) the term corresponding to a = n.
From

p* (5([7/‘”‘1/29, v p)) % 0) < u(( nﬁ/z V%) X o)

i=—n—1/2

n+1/2
:( H (1®1/ip—|—1/ip®1—|—y_ip®1)>>4(1®0)
t=—n—1/2

(the above product runs over i € (1/2) +7Z,—n —1/2 <i <n+1/2), we get directly that
b must be n. Thus, §([v"3/2p, v +1/2p]) @ 7 can appear as a subquotient only from the
term &(["3/2p, v 2p)) @ §([v="=1/2p, v +t1/2p]) x o (which corresponds to a = b = n).
Now (iii) of Theorem 3.2 implies our claim about multiplicities. This finishes the proof of
the theorem. [J

4.4. Proposition. Let n € Z, n > 0 and a € R.

(i) Assume that (p,o) satisfies (C1/2). Suppose that v*§([p,v™p]) X o contains an irre-
ducible square integrable subquotient, say w. Then 7 is equivalent either to a representation
listed in Theorem 2.1, or Theorem 3.3, or Theorem 4.2.

(ii) If p 2 p, then v*6([p, V" p]) X o can not contain a square integrable subquotient.

Proof. Suppose that v*d([p, " p]) X o contains a square integrable subquotient.

If v*6([p, v p]) is unitarizable, obviously we can not get a square integrable subquotient
(this follows directly from the Frobenius reciprocity). Therefore, we can assume that
veo([p, v"p]) is not unitarizable.

If v*0([p, v™p]) x o is irreducible, then it is not square integrable (the Langlands quotient
coming from a proper parabolic subgroup, is never square integrable). Therefore, we can
assume that v*6([p, v"p]) x o reduces. Theorem 9.1 of [T7] implies p = p and

V5 (lp,v"p]) € {5<[v‘"‘1/2p, v 2 0]), 80" 2p, M 0]), (1 p, 1 2)),

L0, 2 p)) ([ 2, V”“/2p])}-
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Suppose that this is the case (and v®d([p,v"p]) is not unitarizable, as we already have
assumed). Note that at each reducibility point the Langlands quotient is not square inte-
grable. Recall that v*§([p,v"p]) X o and v=*§([v~"p, p|]) X o have the same Jordan-Holder
series (see (1-3)). Further, note that by Proposition 3.6 of [J], applying the involution
constructed in [A2] (one can apply also [ScSt]), these representations have multiplicity
one, and they have length 3, except if

Vo[, v"p]) € {8( 20,071 20]), 8([ 2, v T 20)) )
when the length is two. This implies the proposition. [J

5. REDUCIBILITY AT O

In this section we fix an irreducible unitarizable cuspidal representation p of GL(p, F')
and an irreducible cuspidal representation o of S;. We shall assume that p x o reduces
(then p = p) and that v®p x o does not reduce for & € R* (in other words, we assume
that (p, o) satisfies (C0)).

From the Jacquet module s, (p % o) one gets that p x ¢ is a sum of two irreducible
representations. Further, the Frobenius reciprocity implies that p x ¢ is a multiplicity one
representation. Write p X o = 71 @ 7o where 71 and 75 are irreducible (17 2 73).

5.1. Lemma. The representation vp X 1; contains a unique irreducible subrepresentation,
which we denote by 6([p,vp|-,,o). This subrepresentation is square integrable and it is the
only square integrable subquotient of vp x 1,. We have

1 (6([p,vplr,0)) = 1@ 6([p, vplr, o) + vp @ 73 4 0([p, vp]) ® 0,
6([psvplr o) = 6([p,vplz,0),  O([p,vplr, o) Z 6([p,vplr,, 0).

Proof. We have epimorphisms vpxt; — L(vp, ;). Writing the above formula for contragre-
dients 7; and passing to contragredients, one gets monomorphisms L(vp, 7;)” — v~ 1p x 7;.
Since L(vp,7;)” = L(vp,T;), the Frobenius reciprocity implies that there exist epimor-
phisms

(5-1) s (Lwp.m)) = vl p@ i

Further, we have an epimorphism §([p,vp|) X o — L (§([p,vp]), o) . Similarly as before we
get an epimorphism

(52 ) (L 6((p.vp)). 0) = (1" p.p]) @ 0.

Write now using (1-4)

(5-3) p*(vpxt;) = 1QupXT;+[VpRTi+v  pRT+pRrpxo]+vpx pRo+r  px p@ol.
From the above formula we see that vp X p x ¢ is a representation of length < 6 because

(5-4) VPXPXNOT=UpXT BUp AT
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Also, from (5-1) and (5-3) one gets that each L(vp, 7;) has multiplicity one in vp X p x 0.
Further, there is an exact sequence of representation.

0—>5([p,1/p])Naiu/poNaLL(yp,p)>40—>0.

We have

1 (6(lp,vp]) x o) =1®6([p,vp]) @ o
+pen+vp@mt+pevpxal+[0(pvp) @o+pxvpeo+([vppl) @a].

From (5-2) and the above formula for p* (6([p,vp]) % o) we can conclude that p @ vp x o
is a subquotient of s, (L (6([p,vp]),0)). Write further

(5-5) p* (L(vp,p) x o) =1 L(vp, p) ¥ o+
v lpen+rTip@mt+p@upxol+ [Lvp,p) @ +vTipx p@o+ Lip,v ' p) @0 .

Now we claim that vpx; has L (6([p, vp]), o) for a subquotient. To prove that, it is enough
to prove that there exists a non-zero intertwining d([p, vp]) X 0 — vp x 7;. We shall show
that now. Consider the composition &([p,vp]) X 0 — vp X p X 0 25 vp x 7; where pr;
denotes the projection of vp X p x o onto vp X 7; with respect to the decomposition (5-4).
Denote it by ¢;. If ¢; # 0, then our claim holds. Therefore, suppose that ¢; = 0. This
implies that there exists an epimorphism of L(p,vp) x o = (vp x p x 0)/ (8([p,vp]) x o)
onto vp x 7;. This implies the existence of an epimorphism also on the level of each Jacquet
module. Formulas (5-5) and (5-3) imply that this is not possible. This finishes the proof
of our claim.

We can now conclude that L (6([p, vp]), o) has multiplicity two in vp x p x o. Further,
it is easy to get that the following equality holds in the Grothendieck group

L(vp,p) x o = L(vp,71) + L(vp,2) + L (6([p, vp]), o)

(use (5-1), (5-3) and (5-5) to see that we have the first two summands; the last summand
follows from (5-2) and (5-3)).

Note that no one of three irreducible subquotients that we considered up to now has
vp ® 7; for a subquotient in suitable Jacquet module (see (5-5)).

Consider vp x 7; and §([p, vp]) X o as a subrepresentations in vp X p x 0. Then from
the Jacquet modules one can conclude that their intersection is non-zero. Moreover, there
exists an irreducible subquotient of the intersection which has vp ® 7; in the suitable
Jacquet module. Denote it 0([p,vp|+,, o). Then u* (§([p,vpls,0)) = 1 & §([p,vplr,0) +
vp®T1;+([p,vp]) ® 0. This representation is square integrable by the square integrability
criterion. All the claims of the lemma follow directly now. [J

In the sequel we shall also use the following notation:

5([,0, ,0]7-“0) = Ti, 5(®Ti70) = 0.
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5.2. Theorem. Suppose that (p,o) satisfies (C0). Write p x 0 = 11 & 7o where 71 and
Ty are irreducible. For m > 1 the representation v™p x v 1p x --- X vp X 7; contains a
unique irreducible subrepresentation, which we denote 6([p,v™ p],,, o). Then:

(i) d([p,v™p|.,,0) is square integrable.

(11) 5([p7 Vmp]ﬂ? U)N = 5([p7 Vmp]ﬂ" 5-)

n+1

(ii) w (8([o, v plrs 0)) = > ([ p, v p]) @ 6([p, v plr,, 0).
k=0

(iv) We may characterize §([p,v™p|.,,0) as a unique irreducible subquotient w of V"™ p X
m—1

V" ip X - x vp x 7y for which §([p, v p]) ® o is a subquotient of s (m41)) (7).
(v) o(lp,v™plrys o) 2 6([p, V™ Pl ).
Proof. Since pu*(;) =1® 7, + p ® o, we get inductively

S((erl)p)(l/meI/m_le---Xl/2p><l/p>47'i> = Z VI X x V22 p X U p X p@ o
(ei)e{E1}m
From this one sees that s@,ym+1(V™p x V™ 1p X --- X 1?p X vp X 7;) is a multiplicity one

m=l, x ... x V2p X vp x 7; has a unique

representation. One gets easily that v™p x v
irreducible subrepresentation now.

Lemma 5.1 implies that the theorem holds for m = 1 (for (iv) see (5-3)). We proceed
by induction now. Suppose that the theorem holds up to m > 1. Consider v™*!p x

5([p,v™pl+,,0). The inductive assumption implies

8.8 (S((ma2yp) (V"o % 8([p, v Pl 0)))
=" x 5([p, v pl) @ 0+ v p x 5([p, ")) @ 0

Further 8.8 (S((my2)p) (6([™p, v p]) x ([p, v™ " plriy0)))
= o([v= " p, v p]) x 8([p, v o) @ 0
+vT o x v 8([p, v pl) @ o 4 ([ p, v pl) X S ([p, v ) @ o

From this we see that the two considered representations have exactly one irreducible sub-
quotient in common. It has in the Jacquet module §([p, v *1p]) ® 0. One gets easily that
this irreducible subquotient is §([p, ™1 p|,,, ). This also implies (i). The characteriza-
tion of 6([p, v 1p|,,, o) as a unique irreducible subquotient of v+ px§([p, v™pl,,, o) and
S([v™p, v™ o)) % 6([p, v Lpl,,, o) implies (ii). Claim (iii) follows in a standard way using
the inductive assumption and characterization of essentially square integrable representa-
tions of general linear groups by Jacquet modules. Since the multiplicity of d([p, v p]) ® o
in the corresponding Jacquet module of v™p x v 1p x .-+ x vp X 7; is one, we have (iv).
One gets (v) from (iii). O

We continue with assumptions from the beginning of this section.
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5.3. Lemma. Let n,m € Z,m >n > 0. The representation
(5-6) (Vp X V2px - x V") X (Up X V2p X -+ X V™p) X T;
contains a unique irreducible subquotient m such that s((,4m+1)p)(7) contains

(5-7) 6([vp,v"pl) x 6([p,v™p]) @ 0

as a subquotient. We denote m by 6([v="p,v™pl,,, o). The multiplicity of = in (5-6) is one.
Proof. We have

(5—8) 3.5, (S((n+m+1)p) ((Up % 1/2p X eee X Vnp) X (1//) X oo X I/mp) X TZ)) —

Z (VFp @ ¥ 2p x 3% p x - x U p) x (VM p x VP2 x - X VM) X p @ T

(e5)e{£1}"
(pg)ef{£1}™

If some €; # 1 or p; # 1, then the corresponding member in the sum have different G L-
support from (5-7). If all €; are one, then the multiplicity of (5-7) in (5-8) is one ([Z1]).
This proves the lemma. [

The representation §([vp,v™p]) % 7; contains a unique irreducible subrepresentation
5([p, v"p|+,, o) which we have already studied.

In the following theorem we continue with the previous notation. The theorem considers
non square integrable tempered representations which are useful in the construction of
square integrable representations.

5.4. Theorem. (i) The representations é([v~"p,v"p|])xo and é([vp, v p])xd(|p, V" p|+,;, 0)
have exactly one irreducible subquotient in common. This factor is 6([v™"p,v"p|.,,0).
(ii) S([v™"p,v"p]) x o =0([v " p,v"plr,0) B 6([v""p,v"pls,,0) and the representations
on the right hand side are inequivalent.

(i) 5.5 ((ns 1) O 0,07 plr, ) = Sy 810" p,v"p]) X 8([+p,v7p]) @ .
(iv) ([vtp,v"plr, o) = (v o, vl 6).

(v) One can characterize 6([v="p,v"p|,,,0) also as a unique common irreducible subquo-
tient of §([vp, v"p]) x 0([vp,v™p]) x 7; and 6([v~"p,v"p]) X 0.

Proof. We consider the representation

(5-9) 5([v =", v p]) x p x 8([vp,v"p]) % 0.

Obviously, in the Grothendieck group we have

(5-10) 5[ "p ")) x 0 < ([ "p, v p]) x p x 8([vp, ")) X 0,
(5-11)  3([vp x v"p]) % 8([p, "0, 0) < 51" p,v " p]) % p x 3([p, v p]) o
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Compute
(5-12)  s.s. (S(2n+1)p) (5([1/_"p,1/_1p]) x px 0([vp,v"p]) x o))

—2px LZ_OMV—%, v al) x (A, unpn] ©0,

n

(5-13) s.s. (s¢2nt1)p) (O([v "p,v"p]) ¥ 0)) =2 lZé([ukp, v"p]) x 6([v1*p, V”p])] ®o,
k=0

(5-14) 5.5 (8(2nt1)p) (0([vp, v"p]) 3 8([p, V" plris 0)))

S R | R R | PR
k=0

We shall now obtain same consequences from the above formulas. The multiplicity of
([v="p,v"p]) ® o in (5-13) is two (look at the support of GL-part of the representa-
tion). The Frobenius reciprocity now implies that the dimension of the intertwining al-
gebra of the (unitarizable) representation §([v~"p,v"p]) X o is at most two. Therefore,
([v="p,v™p]) ¥ o is a multiplicity one representation of length < 2. Also, if 7 is an irre-
ducible subrepresentation of d([v~"p,v"p|) x o, then 6([v~"p,v"p]) ® o is a subquotient
of 8((2n-+1)p) (7)-

Considering 26([p, v"p]) x §([vp,v"p]) ® o and taking into account supports, one gets
that in the Grothendieck group

S((2n+1)p) ((5([1/—71,0, Vnp]) A 0) f S((2n+1)p) (5([I/p, Vnp]) X 5([p7 Vnp]na 0)) :

Thus

(5-15) o([v™"p, v pl) x o £ 6([vp,v"p]) % 0([p, V" plr,, 0).

In a similar way considering §([v="p,v"1p]) x §([p, v"p]) ® o one gets

(5-16) 3([vp,v"pl) x 6([p,v"plr,, 0) £ 0([v™"p,v"p]) % 0.

Note that the multiplicity of §([vp,v"p]) x §([p,v™p]) in p x §([vp,v™p]) x 6([vp,v"p))
is one (both of these representations are non-degenerate, and the highest derivatives are
the same). We can now conclude that the multiplicity of d([vp,v"p]) x d([p,v"p]) ® o in
(5-12) is 2, in (5-13) is 2 and in (5-14) is 1. From the last multiplicities we can conclude
that o([v="p,v"p]) x o and 6([vp,v"p]) x d([p,v"p]+,, o) have non-disjoint Jordan-Holder
series. Further, from the above multiplicities follows that some common subquotient must
have 6([vp,v™p]) x 0([p, v"p]) ® o for a subquotient of corresponding Jacquet modules (the
multiplicity must be one). Furthermore, (5-15) implies that §([¥~"p, v™p]) x ¢ is reducible.
Since §([¥~"p,v™p]) X o is a multiplicity one representation of length two, (5-15) and (5-16)
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imply that 6([v="p, v"p]) x o and o([vp, v"p]) X 6([p, V" p]+,, o) have exactly one irreducible
subquotient in common. All this implies that the common irreducible subquotient must
be §([v~"p,v"p|s,,0). Therefore, (i) holds.

Next we shall see that 6([v="p,v"pl,,0) 2Z §([v"p,v"p]r,, o). Suppose that we have
an isomorphism. Write 0([v="p,v"p]) X 0 = w1 @ mo where m; and 7o are irreducible. We
know that m; 2 ma. It is easy to conclude from (5-13) that §([p, v"p]) x d([vp,v"p]) @ o <
5((2n+1)p)(mi) for some i. Lemma 5.3 and its proof imply that the multiplicity is one, so
the inequality holds for ¢ = 1 and 2. Now o([v~"p,v"p|+,,0) = 6([v~"p,v"p|.,,0) implies
that there exists i € {1,2} such that 26([v="p,v"pls,0) +m < (p X vp x V2p X --+ X
v™p) x (vp X V2p X -+ X U™p) x 0. Lemma 5.3 implies that this can not happen (look at
the Jacquet modules corresponding to s, ). This finishes the proof of (ii).

From the Jacquet modules of §([p, v"p,, o) we know d([p, " p|+,, o) — §([vp, V" p]) X 7.
Thus 0([vp,v™p]) ¥ §([p, v"pl+,,0) — d([vp,v"p]) x 6([vp,v™p]) x 7;. Note that

(5-17)  &([vp,v"p]) x 8([vp,v"pl) X px 0 = ([vp,v"p]) x 5([vp,v"p]) ¥ (T1 & T2).

One gets directly that s(2n41)p) (0([vp, v"p]) x 6([vp, " p]) % 7;) is just a half of the right
hand side of (5-12). Looking at (5-13) we can now conclude that

(5-18) o([v™"p,v"pl) @ o £ ([vp,v"p]) x 5([vp, V" p]) X 7

Now it is clear that §([v="p,v"p|,,,0) may be characterized as a unique common irre-
ducible subquotient of 6([v~"p,v"p|) x o and §([vp, v"p]) x 6([vp, v"p]) x 7;. This and(1-3)
imply directly the formula for contragredients. Thus (iv) and (v) hold.

From (i), (5-13) and (5-14) we obtain easily that

k=n

s.5. (S(@nt1)p) (6([v "0, v"pl7,,0))) < Z S([v="p,v"p]) x 6([W*+*p,v™p]) ® 0.
k=0

Since the sum of s.s. (S(2n+1)p) (0([v""p,v"plr,,0))) for i = 1,2, equals to (5-13) by (ii),
in the above inequality we must have the equality. This proves (iii). O

5.5. Theorem. Suppose that (p, o) satisfies (CO). Let n,m € Z,0 < n < m. Then:

(i) There exists a unique common irreducible subquotient of v™p x 6([v="p,v™ Lpl,,, o)
and v"p x 6([v= "V p v™pl,. o). That subquotient is §([v~"p, V" pl.,, o).

(ii)) o6([v~"p,v""pl,,0) is square integrable.

(111) 5([V_np7 Vmp]ﬂ ) O-)~ = (5([V_np, Vmp]ﬂ‘ ) &)

(IV) S.5. (8((n+m+1)p) (5([anp, Vmp]n ) U))) = ZZ:O 5([V7kp> Vmp]) X 5([V1+kp7 Vnp]) ® 0.
(v) 6(v="p, v plry, o) Z (v p, v Py, 0)

Proof. We consider the lexicographic order on pairs {(n,m) € Zx Z, 0<n < m}. We
shall prove the theorem by induction with respect to this order. Write first
(5-19) 8.8 (S((nmt1)p) (V" x V" px §([v " p, ™ ), 0)))

=Wpxv"p+v "pxv"p+ v px v Mp+ v "px ™

p)

D R ]
k=0
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(5-20) 8.8 (S((ntmt1)p) (Vo x 8([v " p, v plr, 0)))

— ) {ch o)) % 60 0 )| @

(5'21) 8.8. (S((n+m—|—1)p) (Vmp X 5([Vnp7 Vm_lp]nvo-)))

= (V"p x v "p) X [25([1/_’% v p]) x 8([ V”p])} ®o
k=0

We shall first find all common irreducible subquotients of (5-20) and (5-21). Since v~™p
does not appear in G L-support of any irreducible representation in (5-20), this term after
multiplication in (5-21) will not give anything in common. From the other side, if we fix a
member of the sum in (5-21), and consider all a € Z, such that v®p is in the G L-support
of that member, then they form a Z—segment. Using this observation we can see that
factor v~ "p can give after multiplication in (5-20) something in common with (5-21) only
when it is multiplied with 6([v=""p, v™p]).

Comparing G L-supports, we see that the following pairs can have something in common:

v x ST p, v pl) @ o and v™p x §([v T p, v p]) @ o

Vi x B[~ py ) X ([, gl @0 and
v p x §([v ™k p, v 1p]) x 8([v T Ep,v"p)) @ o, for k=0,1,...,n— 1.

From the description of subquotients of generalized principal series representations ([Z1],
see also [T1]), we get that irreducible subquotients which are in common are

(5-22) S(v=*p,v™p]) x (W ¥ p,v"p)) ® 0, when k=0,1,...,n

Multiplicities with which these representations appear in (5-20) and (5-21) are one.

We shall now see the multiplicities of the above representations in (5-19). Considering
supports, by a similar analysis as above, we can easily get that they can appear only in
the following terms

1 m

v x vp x 6([v " p, v pl) @ 0, and
v x v™p x S([v R p, v L)) x ([ T p, v ) @ 0, when k=0,1,...,n— 1.

This implies that the multiplicities of representations of (5-22) in (5-19) are one.
We now claim

(5-23)  v"px ([T o, v plr,0) <Vt x VT p ) S([vT M p, ™ ), ),

(5-24)  v"px (v o, v, 0) < Vhp x v p X S([vT M p, ™ ) 0).
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If m > n+1, then both relations follow from the inductive assumptions. Suppose that m =
n+1. Then the first relation is again a consequence of the inductive assumption. For (5-24)
it is enough to prove that §([v="p, v"pl.,,0) < v"p x §([v~"T1p,v"p|,,, o). Note that the
right hand side of the inequality is < v"pxvpxv2px---xv" Lpxvpxv2px- - xv"pxT;.
Further, using the inductive assumption we see that s((2p41)p) (1/”,0 x ([ Lo, v"pls,, 0))
contains 6([p, v"p| x §([vp,v"p]) ® o as a subquotient. This proves the second inequality
in the case m =n + 1.

At this point we can draw same conclusions. Denote 7 = v"p x §([v="Tp,v™p|,., o),
o =vmpx ([ " p, v ], 0), and w3 = v p x v p X (v p, v pl, o). If s an
irreducible subquotient of m; and o, then s((2;,4m+1)p)(7) has for a subquotient at least
one representation from (5-22). Conversely, if 7 is a subquotient of 73 which has at least
one representation from (5-22) as a subquotient of s((;,4m41)p) (), then m has multiplicity
one in 73, and it is a subquotient of both 7; and m5. We used that m; < 73 (what is just
inequality (5-23)), mo < 73 ((5-24)), and that all multiplicities of representation from (5-
22) in S(2p4m+1)p) () are one. Denote all common irreducible subquotients of 7, and 7
by 91,...,9¢, where ¥; 22 9 for i # j. We now know that s.s.(5((n-tm41)p) (V1 +---+7)) =
S o 0([v = p,vmp]) x 6([v T Ep, v p]) ® 0. From this we see easily that all 91,...,9, are
square integrable using the square integrability criterion.

It remains to prove ¢ = 1. This would prove (i) and (iii). Then the formula for the
contragredient follows directly from the inductive assumption, Theorems 5.2, 5.4, and the
characterization of 6([v="p,v"pl;,,0) in (i).

Take ¥ € {1, ...,9,} which has §([v™"p,v™p]) ® 0 as a subquotient of s((;,4m1)p)(¥).
Then 6([v™"p,v™p]) @0 it is actually a direct summand (see the central character). There-
fore, 9 — &([v™"p,v™p]) x o. This implies ¥ — v™p x v 1p x .- x v™"p x 0. Take
0 <k <n. Then

Vo x v o x o x T Ty x vy e 2 p x v o x o x v Ty x M p xo

—k—1 k

Zpx-oxv "Mpxo=. .
k+1

>~y x v o x o xvTRFp xvp x v pXUT

~ Mo x v o x o xvpxpxvTipx o xvTEpx vt p x v g x-o x v p o
Thus v"p®- - - QUpRpRv 1 pR-- - v pvpv" - -@vFtlp® 0o is a subquotient
of s(pynt+m+1(). Therefore, s((+m+1)p)(¥) has an irreducible subquotient which has G L-
support (v™p, -+ ,vp, p, v 1p, e, v=kp vp, v p, ,yk“p). The only representation
in (5-22) with such GL-support, is §([v=%p,v™p]) x 6([v**1p,v"p]) ® 0. Thus, the above
representation must be subquotient of s((n4m+1)p)(¥). Since 0 < k < n was arbitrary, we
get that £ = 1 (the proof of £ =1 we could start from any 1J;, any irreducible quotient of
8((n+m+1)p) (¥i); in a similarly way as above we would get that all representations in (5-22)
are subquotients of s((p4m+1)p)(¥:); this would again imply £ = 1).

The claim (v) follows from the following lemma in a similar way as (iv) of Theorem 5.4
followed from the fact that §([v~"p,v"p]) x o is a multiplicity one representation. [

5.6. Lemma. If0 <n <m, then §([v~"p,v™p|) X o is a multiplicities one representation.

Proof. For n = m we know that the lemma holds (Theorem 5.4). It is enough to consider
the case n < m. We shall prove the lemma by induction on n +m. For n =0 and m =1
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the lemma follows from the formula for p* (6([p,vp]) x 0)) in the proof of Lemma 5.1.
Fix n +m > 1 and suppose that the lemma holds for n’ + m’ < n + m. Observe that
M*(6([v~"p,v"™p])) can be written as

(1@ 6([v"p,v™p))] + [V p @ 6([v "p,v™ ' p]) + " p @ 6([v " p,v™p])] + X,

where X is a sum of members of the form x; ® y; such that z; is a representation of some
GL(pk, F) with k > 2. This implies

s.8. (s (6([v"p,v™p]) x 0)) =™ p6([v " p, v p]) xo+ 1" p@ (v " p, v p]) Mo

The inductive assumption and n # m, imply that the above representation is a multiplicity
one representation (observe that d([vp,v™p|) x o is irreducible by Theorem 9.1 of [T7]).
Now the lemma follows directly since each irreducible subquotient 7 of §([v~"p,v™p|) X o
must have s, (7) #0. O

The above lemma follows also from Proposition 3.10 of [J], using [A2] or [ScSt].

5.7. Remark. One can easily see that §([v="p,v™p|,,,0) = (5([1/*"//)’,1/”1//)’]7(,,0’) im-

plies p = p', n=n', m =m' and 0 = ¢’ (then we have shown that also 7; = 7/,).

5.8. Theorem. Let nnm € Z , m > n > 0.. Write p x 0 = 11 & 79, with 7, and 7
irreducible. Then

(i) §([v="p,v"™pl+,,0), (i = 1,2), is a subrepresentation of 6([v="p,v™p|) x o. There are
no other irreducible subrepresentations of §([v="p,v™p|) X o.

(ii) 6([v="p,v™pl.,,0) is a subrepresentation of §([v" 1 p,v™pl) x §([v="p,v"p|+,, o), and
there is no other irreducible subrepresentation in &([v™" ™ p,v™p|) x §([v="p,v"pl.,, 7).

Proof. The proof is a variation of the proof of Theorem 4.3. We shall give only the main
points of the proof. Set m; = 6([v="p,v™pl+,;,0). Theorems 5.2 ((iii)), 5.5 ((iv)) and [C]
(Theorem 7.3.2 imply that §([v~"p,v™p|) ®0 is a direct summand in sgr,(7) and sgr(7-).
Therefore, we have embeddings m; < 6([v~"p,v™p|]) X o, i = 1,2. Assume that there is
an irreducible subrepresentation @’ of §([v~"p, v p|) x o different from (images of) m;,
i =1,2. Then 6([v~"p,v™p]) ® o is a quotient of sgr(7'), which implies (using also (v)
of Theorem 5.5) that multiplicity of §([v="p, v p]) ® ¢ in sgr (§([v~"p,v™p]) X o) is at
least 3. One checks directly that this multiplicity is 2. This completes the proof of (i).

Multiplicity of §([v"p,v™p]) ® o in sqr (([v" T p,v™p]) X 6([v™"p,v"p]) x 0) is 2,
and in sqr (6([v" T p,v™p]) X 6([v™"p,v"pls,,0)) is at least 1 (i = 1,2). Thus, these
two multiplicities are both 1. The fact §([v="p,v™p]) — §([v" T p,v™p]) x 6([v~"p, v"p])
and the above discussion, imply that either m; — §([v"T1p,v™p]) x §([v~"p,v"pl.,,0)
for i = 1,2, or m; — ([ p,v™p]) x 6([v""p,v"plss_,,0) for i = 1,2. We shall see
that the last possibility can not occur. Note that §([v" 1p,v™p]) x 6([v""p,v"p|+,,0) <
o[t p, v pl) x ([vp,v™p]) % 8([p, v plry o) < S(["Hp, ™ p]) x S([vp,v"p]) X v X
" "lpx --- x vp x 7; by (i) of Theorem 5.4 and Theorem 5.2. Now Lemma 5.3 implies
that m; is a subquotient of ([ 1p,v™p]) x §([v="p,v"pl.,,0) for i = 1,2. The above
discussion about multiplicities implies now m; < §([v" " p,v™p]) x §([v="p,v"pl.,,c) for
i=1,2.
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The uniqueness in (ii) one gets in the same way as in Theorem 4.3 from
(5-25) M* (5([v" 1 p,v™p])) = (Mm@ 1) o (~ @m*) o som™* (§([v" T p,v™p]))

m

—(m @10 (v am)os( Y alro0ma) @ om0t )

a=n

m

= (m®1)o(~cm’) ( Do ) @ 5[ p, Vmp]))

a=n

=D > (v pl) x S o, v p]) @ 5[ p, vPp)),

a=n b=a
and

n

(15-26) p* (6([v"p,v"p]) x o) < ( H 1@vp+rpRl+v p® 1)) x(1l®o). O

i=—n

5.9. Proposition. Let n € Z, n > 0 and a € R.

(i) Assume that (p, o) satisfies (C0). Suppose that v*0([p,v"p]) X o contains an irreducible
square integrable subquotient, say m. Then 7 is equivalent either to a representation listed
in Theorem 5.2 or Theorem 5.5.

(ii) If p 2 p, then v*é([p, V" p]) X o can not contain a square integrable subquotient.

Proof. One proves the above proposition in a similar way as Proposition 4.4. One needs
only to use Proposition 3.11 of [J] instead of Proposition 3.6 from the same paper, which
was used in the proof of Proposition 4.4. [

6. REDUCIBILITY AT 1, |

In this section p will be an irreducible unitarizable cuspidal representation of GL(p, F')
and o an irreducible cuspidal representation of S, such that vp x o reduces and v%p x o
is irreducible for a € R\{£1}. In other words, we assume that (p, o) satisfies (C1).

6.1. Theorem. For a positive integer n the representation p x §([vp,v"pl|, o) splits into
a sum of two non-equivalent irreducible tempered representations. They are not square
integrable. Denote them by m and my. Then §([p,v™p]) @ o is a subquotient either of
8((n+1)p) (1) or of S((n41)p)(m2). Denote the irreducible tempered representation which
has 0([p,v"p]) ® o for a subquotient of the Jacquet module by 6([p,v"p],o). The other
irreducible tempered representation will be denoted by §([p,v™p|—, o). Then:

(i) 5.5 (S(ng1yp) (6([p,v"p],0))) = 6([p, v"p]) ® 0 + 8([vp,v™p]) X p@ o.
(ﬁ) 8.8. (S((nJrl)p) (5([p> Vnp]—a U))) =L (pv (5([va Vnp])) ® 0.
(i) 8(]p,v"0l,0) = 6([p, "), 3), 8(1p,v"pl—r0) = 3((p, 0], 5).
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(iv) The representation 6([p,v"p|, o) can be characterized as a unique common irreducible
subquotient of 6([p,v"p]) x o and p x §([vp,v"p], o).

Proof. Write

p* (pxo([vp,v"pl,0)) =1®pxd([vp,v"p],0)
+[20@8([vp,v"pl,0) + " p @ p 3 8([vp,v" " pl o) + -+ [2p x O([vp,v"p]) @ o],

n+1
S.S. (s((n+1)p) (0([p, V" p)) {25 o o)) x 6(Wrp,v"p))| @ o

From the Frobenius reciprocity we can conclude that p x §([vp, v"pl, o) is a multiplicity
one representation of length < 2. Then, the common irreducible factors in the Jacquet
modules s((,,41yp) (p X 6([vp, V" p], o)) and 5((41)p) (0([p, " p]) % &) are §([p, " p]) ® o and
L (p,0([vp,v"p])) ® 0. The multiplicity of §([p, v"p]) ® o in both Jacquet modules is 2. The
multiplicity of L ((p, [vp,v"p])) ® o in the first Jacquet module is two, while in the second
one is one. Note that

o([p,v"pl) @ £ pxd([vp,v"pl,0), pxd([vp,v"pl,0) £ ([p,v"p]) x o,
p X 6([vp,v"pl o) < px(lvp,v"p]) x o, ([p,v"p]) x o < pxd(lvp,v"p]) x o,

5.5 (8((ns1)p) (p X 8([vp, V")) X 0)) = 2p x {Z S([v="p, v p]) x 8(WHp, v p)) | @0
k=0

The multiplicities of §([p,v"p]) and L (p,d([vp,v"p])) in the above Jacquet module are
both equal to two. We can now conclude that p x d([vp,v"p|, o) and §([p,v"p]) X o have
exactly one irreducible subquotient in common, say 7, and that s.s. (s((n+1)p) (7r1)) =
([p,v"p]) @ 0 + p x §([vp, V" p]) ® 0. Denote the other summand of p x d([vp,v™p|, o) by
ma. Then s((n41)p) () = L (p,0([vp,v"p])). All the remaining claims of the theorem now
follow automatically. [

We need the following lemma for a lower estimate of a Jacquet module in the following
theorem.

6.2. Lemma. Suppose that (p,o) satisfies (C1). Let m be an irreducible subquotient of
([v~"p,v"p]) x 0. Then

5.5. (8((2nt1)p) (T 25 Fp, v p)) x §([V* T p, v pl) @ o

Proof. Note that each term of the sum on the right hand side of the above inequality is
irreducible.

Recall that m must be a subrepresentation of §([v~"p,v"p]) x o. Frobenius reciprocity
implies s(2n11)p) (1) > 6([v™"p,v"p]) ® 0. If n = 1, then the lemma is proved. Thus
suppose that n > 1. Now

=6 "p,v"p]) o = v px v lpx o x v Ty x v p Mo

—n—+1

>~ x V" lpx o x T P2y xw pXV'ipXxo.
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Thus s, ... p)(7) has V" p@v" 1p®@---@v " 2pv "t p@1"p®0 as subquotient. Since
this subquotient of the Jacquet module must come as a subquotient of the Jacquet module
of an irreducible subquotient of s((2,41)p)(7) (because of the transitivity of process of taking
Jacquet modules), and m < §([v~"p,v"p]) x o, we see that 1" p R 1" p®- - @v " 2p®
v~ "M p@u™p®o must came from Jacquet module of s((a,,41)p) (6([v™"p, v"™p]) X o). Recall
that (5-13) gives a formula for semi simplification of the last representation. Considering
the right hand side of (5-13), looking at the G L-supports, we see that 1" p@ 1" 1p® .- ®
v " 2p@u "Ml p @ v p ® o can come only from §([v " p, v"p]) X v"p @ 0. This implies
S(@2n+1)p) (1) = 0([v™ " p,v"p]) X V" p@ 0. In the some way, one proves for the other terms
the inequality. This completes the proof of the lemma. [J

6.3. Theorem. Suppose that (p,o) satisfies (C1). Let n be a positive integer. Then
representation v"p x V" 1p x -+ x v p x v™"p x ¢ contains a unique irreducible sub-
quotient §([v~"p,v"p|,o) which has d([p,v"p]) x d([vp,v"p]) ® o for a subquotient of
S((2n+1)p) (0([v™"p,v"p],0)) . Further:

(i) The multiplicity of 6([p,v"p]) x §([vp,v"p]) ® 0 in 5(2n+1)p) (O([v " p,v"p], 7)) is two.
(ii) The multiplicity of 6([v="p,v"p],0) in v "px V" tpx --- x v "Tlpx v™"p x o is one.
(iii) The representation 6([v~"p,v"p|, o) may be characterized as a unique common irre-
ducible subquotient of 6([v~"p,v"p]) x o and §([p,v"p]) x ([vp,v"p],0).

(iv) o([v="p,v"pl,0)" = 6([v""p,v"p],5).

(v)  s.8. (s2nt1yp) (0 ""p,v"pl, Z S([v=kp,v"p]) x ([ *p,v"p)) ® &
k=—1

= 26([p,v"p]) x 6([vp, v"pl) @ o+ Y 5([v Fp,v"p)) x 6([WFp, v p]) @0
k=1

(vi) The representation §([v~"p,v"™p|) X o is a multiplicity one representation of length
two. Denote the other irreducible subquotient by §([v~"p,v"p|_,0) (see (iii)). Then

s.s. (S(nt1yp) (6([v " p,v"pl—, 0 Zé Fo,0mp]) x 6([vrEp,v™p)) @ o

Proof. The proof of the theorem is similar to the proof of Theorem 3.2 (and Theorem 5.4).
Therefore, we shall only sketch the proof (the complete proof can be found in [T6]). Denote
T = 6([p,v"p]) X 8([vp,v"p|) x o, w2 = 6([p, v"p]) xO([vp, v"p], 0), w3 = O([v ™" p, " p]) ¥ 0.
Then 79, 73 < 7. From the formula for s.s. (s((2n+1)p) (773)), we see that 73 is a multiplicity
one representation of length < 2. Further, s.s. (8((2n+1)p)(7'('3)) £ s.8. (S((2n+1)p)(7T2)) im-
plies w3 £ mo. The multiplicity of d([vp, v p]) X 8([p,v"p]) @0 in 8((2nt1)p)(Ti), i = 1,2, 3,
is 2. From this we conclude that 73 reduces., and that there exists a common 1rredu01b1e
subquotient 7 of 7o and 73 which has d([vp, V”p]) x &([p, v"p]) ® o in the Jacquet module.
We can also conclude that the multiplicity in the Jacquet module is 2. Now the last lemma
and the formula for s.s. (((2n+1)p)(73)) (see (5-13)) imply (v). All other claims follow now
easily. [
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6.4. Proposition. Let n,m € Z, m > n > 0. Then

(1) S((ntmr1yp) (V" pxv T 3 xvmTpx ™ pxg) contains §([p, v™ p]) x3([vp, v™p]) @0
as a subquotient. The multiplicity is two.

(ii) Ifr is a subquotient of v~ "px v~ "tlpx...xv™ 1 px ™ px o such that s((nim+1)p)(T)
contains §([p, v p]) x 6([vp,v"p]) ® o as a subquotient, then §([p,v™p|) x d([vp,v"p]) ® o
has in s((n4m+1)p)(m) multiplicity two. The multiplicity of m in v="p X vty xoox
v o x v™p x o is one. We denote m by §([v""p,v™p|,o) (note that the above definition
in the cases of n = m or n = 0 agrees with our old definitions in that cases).

Proof. We have proved (i) already. For (ii), it is enough to see that if 7 is a subquotient of
v x v p o x ™ x ™ p o such that S((nqma1)p) () contains §([p, 1™ p]) %
d([vp,v™p]) ® o as a subquotient, then the multiplicity of §([p, v p]) x §([vp,v"p]) ® o in
S((n+m+1)p) () is two. Theorems 6.1 and 6.3 imply that it is enough to consider only the
case 0 < n < m. Suppose that there exists a subquotient m of v "p x v™"1p x ... x
V™ lp x v™p x o such that s(4m41)p)(m1) contains §([p, v p]) x 6([vp,v"p]) ® o as a
subquotient with multiplicity one. Set ¥ = v™"p x --- x V™ 1p x v™p x . Then there
exists a subrepresentation ¥; C ¥5 C 1 such that 95 /91 = 1. Because of (i), there exists
a subquotient 7o of 91 or /92 which has 6([p,v™p]) x §([vp,v"p]) ® o for a subquotient
of 5((ntm+1)p)(m2) (note that we do not claim that 71 2 m2). We now know 7y + 1y < 9
and 0([p, v p]) x 6([vp,v"p]) ® 0 < S((ntmr1)p)(mi) for i =1,2.

Consider now §([v™ 1 p, v™p]) x 9. Set ¢ = Zk N ([1/ p, v~ D)) x S ([ p, ™ p]).

) x

Now §([v" Lp, v™p]) % (71 + 7)) < vpx v Lpx ... x v™™p x o. This implies

(6-1)  S(2m+1yp) (8([V" 1o, v™p]) % (1 + 72))

< S(@mrnp) WP X VT I p X x VT p X o).

From the other side (using (1-4)), we have

S(@msyp) (8" p, ™ pl) M mi) > 0 x 6([p,v™p]) x 8([vp,v"p]) @ 0
= 0([p,v™p]) x 6([vp,v"™"p]) @ 0.

This fact, (i) and (6-1) imply that 6([p, v p]) x 0([vp,v™p]) ® o has multiplicity one in
S(@n+1)p) (6" p,v™p]) x 7;) . This contradicts to (ii) in the case m = n which we know
that holds (Theorem 6.4). O

6.5. Lemma. For 0 <n <m we have

S((n+m+1)p) (5<[U P, v p Z (5 :07 Vmp]) X 5([V1+kp7 Vnp])
k=-—1

6.6. Remark. Note that in the above sum only the first term (corresponding to k =
—1) is not always irreducible. It is reducible when n < m. In that case, that term
is a multiplicity one representation of length two. In the Grothendieck group we have

5(vp,v™p)) x 5([p,v"pl) © 7 = 8(1p, v pl) x 3([vp, v p]) + L (5([vp, v p]), 3([p, v"p]))
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Proof. For n = m or n = 0 we know that the lemma holds (Theorems 6.3 and 6.4).
Therefore, it is enough to consider the case of m > n > 0. We shall prove this case
by induction (the lexicographic order is considered on pairs (n,m)). First we can con-
clude from Jacquet modules that &([v"p,v™p],0) < v™p x 6([v™"p,v™ p],0) and
S([v="p,v™pl,0) < vp x §([v " p,v™p|, o). Now we can write a natural upper bound
for s((ntm+1)p) (l/mp X 0([v"p, Vm_lp],O')) using the inductive assumption, and also a
natural upper bound for s((;m41)p) (V"p x 6([v="Fp, Vmp],a)) using the inductive as-
sumption. Then we find all common irreducible subquotients of that upper bounds, and
also the multiplicities of that common irreducible subquotients. As a consequence, we get
the estimate of the lemma. Since we have already done estimates of this type in the proofs
of Theorems 3.3 and 5.5, we omit here details (all details can be found in the preprint
[T6]). O

6.7. Lemma. For 0 < n < m we have

S((n+m+1)p) (5([1/—71’0, Vmp]v U))

> 25([p, ™ p]) x 8([wp,v"pl) @ 0 + > S([vFp,v™p]) x 6(W T p, 7)) @ 0
k=1

Proof. We know s((n4m+1)p) (6([v""p,v™pl,0)) > 20([p,v™p]) x 6([vp,v"p]) ® o from
Proposition 6.4. Suppose that we know s((,4+m-1)p) (0([v""p,v"p],0)) = 6([v™"p,v™p]) ®
0. We shall first show that this implies the lemma. One needs to consider only the case of
n > 1. Since 6([v™"p,v""p]) ® o has different central character from the other irreducible
subquotients in the Jacquet module s((;4m+1)p) (6([v""p, v p],0)), we conclude that it
is a direct summand in the Jacquet module (use Lemma 6.5). Thus 6([v~"p,v™p|,0) —
([v="p,v™p]) x 0. Now we shall use an argument similar to the one that we have already
used in the proof of Lemma 6.2. We have

o([v="p, v pl,0) = (" p, ™ p]) X0

n

SV x - xv "y x T e 2 x - x vy x U Moo

This implies that v"p ® --- @ v " p ® v"p ® ¢ is in the Jacquet module. Further, the
second term §([v~"T1p, v™p]) x v"p ® ¢ in the sum must be in the Jacquet module (this
is the only possible term by Lemma 6.5 which is in the Jacquet module and which has
Vp @@ v " p @ 1"p ® o in suitable Jacquet module). One gets further terms in a
similar fashion.

Note that d([v="p, v p]) @0 < 8((2m41)p) (6([v ™" p,v™pl,0)), and §([v~"p,v™p|,0) <
S([v™p,v™p]) x 6([v~"p,v™p], o). This implies

(6-2) S p, ™ p)) @ 0 < s(amynyp) (B[ o™ pl) x 5[ p,v™ ], ) -
Write s((ntm+1)p) (0([v""p,v"p],0)) =9 ® 0. Then

5.5, (s(2mrnp) (0" p,v™p]) % 6([v™"p, 0™ 0], 0)))

B {Z o[ p,v " p]) x oW Fp,vmp)) | x D@0
k=n
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Lemma 6.5 and (6-2) imply that §([v~"p, v™p|) < ¥ (consider the term §([v~"p, v p])®0).
This ends the proof of the lemma. [

6.8. Theorem. Suppose that (p, o) satisfies (C1) (then p = p). Forn,m € Z,0 <n < m,

the representation §([v="p,v™p|, o) is square integrable. Further, §([v="p,v"p|,0)” =
o([v="p,v™pl,5) and

5([o, v p]) x 6([vp, ") + Y 6([vFp,v™p)) x 8([Fp, v pl) @ 0
k=0

< S(mamanyp) (0 "p, v pl,0)) < D 6 Fp, v pl) x S(WHp, 7)) @ 0.
k=-—1

Proof. 1t remains only to prove the formula for the contragredient. We proceed by induc-
tion. Suppose that m > n > 0 and that the theorem holds for m’ +n’ < m +n. Note that
§([v="p,v™p], o) is a common irreducible subquotient of v™p x §([v="p,v™ 1p],5) and
v px8([v " p, v p|, 5). The last two representations can have at most two common irre-
ducible subquotients (this follows from the proof of Lemma 6.5). One is §([v~"p,v™p|, 7).
If there is only one irreducible subquotient in common, then the proof is complete. If
there are two, denote the second one by 7. Then s((,4m+1)p)(7) is irreducible. Therefore,
for the proof in this case, it is enough to show that s(,1my1)p) (8([v7"p,v™pl,0)7) is not
irreducible. Recall that

S((n+m+1)p) (5([V_np7 Vmp]7 O-)~) = |:§((n+m+1)p) (5([V_n:07 Vmp]a U)):| )

where s denotes the Jacquet module with respect to the choice of lower triangular ma-
trices for standard minimal parabolic subgroup ([C], Corollary 4.2.5). But the lower par-
abolic subgroup tP((n+m+1)p) is conjugated to P((n4m+1)p)- Therefore, the length is the
same. This implies that s, 4m+1)p) (6([v""p, v p],0)7) is reducible. Now the proof is
complete. [

6.9. Remark. Proposition 3.10 of [J], together with [A2] or [ScSt], imply

8.8. (S((ntms1)p) (6([v " p,v"pl,0))) = Z S([v™Fp,v™p]) x ([ T*p, v p]) @ 0.
k=-—1

7. REDUCIBILITY AT 1, II

We continue in this section to denote by p an irreducible unitarizable cuspidal represen-
tation of GL(p, F') and by ¢ an irreducible cuspidal representation of S, such that (p, o)
satisfies (C1).

7.1. Proposition. There exists a unique irreducible subquotient &([v=tp,v%p]_,0) of
§([v=1p,v?p]) x o which satisfies conditions

(7-1) 510, ® 0 < sgap) (50, 7p)-, )
(7-2) vp x 8(p.v2p)) @ 0 £ s(ap) (31" pv2p)- )
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Multiplicity of §([v=tp,v%p]_,0) in §([v=1p,v%p]) x o is 1. Further 6([v—1p,v2p]_,0) 2

S([vrp,v?pl,0), s@ap) (8([v " p,v?p]—,0)) = S([v™'p,v?p]) @ o and §([v"p,v%p]-,0) is
square integrable.

Proof. Write

(7-3) s (50ap) (0™ 0, 0%p)) @ @) = [0([v ™ p,vp]) + (v p,vp]) x 1v2p

+3([p, vpl) x 8([vp, v pl) +vp x 8([p,v2p]) + 6([v™ ' p, 1v2p])] @ 0.
We see from this formula that the multiplicity of 6([v=!p,v%p]) ® ¢ in (7-3) is 2. Now
we can conclude from Theorem 6.8 that there exists a unique irreducible subquotient

S([v=1p,v2p]_,0) of §([v™1p,v2p]) x o satisfying (7-1) and (7-2).
Since

s.8. (sp) (V2o x 8([v ™ p,vp)) @ 0)) = (v 2p+12p) x2 (6([v " p,vp]) + vp x §([p, vp])) @0,
multiplicity of 6([v=1p,2p]) x o in the above representation is 2. Since

(v o, %)) o < vPp x4 ) %o,

(v~ p,v2pl,0) <vPp 2 4( ,0),

v, %)) @ 0 < sy (0([v " p, 0], 0)),

v, v2p]) @ 0 < sy (v2p % 610 p,v0] ),
5([vtp,vpl,0) £ (v p,vp) -, 0),

v p,vp
vipxo(v tp,vpl_, o) < vPp x §([vip,vp]) %o,

v p,up

-1 2

(

o(]
o(

we see that it must be 6([v=1p,v%p|_,0) < v?p x §([v~1p,vp]_, o). This implies
Sap) (8 p, 20l 0)) < (v 2p+12p) x 8([v ™ p,vp)) @ 0.

Since §([v™1p,v2p]_,0) < 6([v~1p,v?p]) x o, we can conclude further

(T4) sy (0 p, 02 0)) < (12, vp)) @ 0 + 120 x ([, vpl) 0 0.

Consider now the unique irreducible quotient L (6([v'p, v?p]), o) of 6([v'p,v?p]) x &
(such irreducible quotient is unique by the properties of the Langlands classification).
Clearly, L (6([v~'p,12p]),0) % 6([v~'p,v?p],0), since the later representation is square
integrable. From Frobenius reciprocity we can conclude that §([v=2p,vp]) ® o is a sub-
quotient of s(4p) (L (6([v~'p,v?p],0)). Multiplicity of 6([v=2p,vp]) ® ¢ in (7-3) is one.
Therefore, one can characterize L (5 ([v=1p,v%p), U) using this subquotient of the Jacquet
module.

Consider §([p, v?p]) x vp x . Clearly §([v"1p,v%p]) x o < §([p,v?p]) X vp x 0. Further

5.5.(5(ap) (8([p, 2 p]) % 8(vp,0))) =
(0(v2p, o)) + 0([v " p, p]) x v2p+ p x 8([vp,v*p]) + 8(Ip,v*p))) X vp @ 0.
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Note that the multiplicities of §([v™1p,v?p]) ® o and vp x 6([p,?*p]) @ o in the above
representation are 1 and 2 respectively. This implies d([v~1p,v%p]_,0) < 6([p,v?p]) x
L(vp,0) (use Theorem 6.8). Applying Jacquet functor to this inequality, we get

sp) (0([v™"p,v%0] -, 0))
< (0([v™2p, o)) +3([v ™ p, pl) x v2p + p x 8([v o, v2p]) + ([0, v2p])) x v i p @ 0.

Multiplicity of §([v~2p, vp]) @0 in the above representation is 0. Therefore, we can conclude

L(6([v~"p,v2pl,0) 2 8([v~" p,v°p] -, 0).
One has the following embeddings

L (5([1/_1/), VZp]),O') — §([v2p,vp])xo — vpxpxv tpxv 2 pxo Zvpxpxr pxvipxo

(passing to contragredients one gets the first embedding). Therefore, vp@pRv~1pR1?pR0
is a subquotient of the Jacquet module of L (§([v~"p,v?p]),0). From (7-3) we can now
conclude that L (6([v='p,vp]),v?p) ® o is a subquotient of sy, (L (6([v~'p,12%p]),0)).
This, (7-4) and (7-3) imply s(,) (6([v"'p,v2p]—,0)) = 6([v~'p,v?p]) ® o. This implies
square integrability. [

7.2. Proposition. Suppose m > 3. Then there exists a unique irreducible subquotient
S([v=tp,v™pl_, o) of §([v=1p,v™p]) x o which satisfies following conditions

(7-5) S([v ™™ pl) © 0 < S((mr2yp) (B[ o™ 0], )
(7-6) vp x ([0, V™ p]) ® 0 £ S((mt2)p) (8([v " p, v p—,0)) .

Multiplicity of 6([v=1p,v™p]_,0) in §([v"tp,v™p]) x o is 1. Also §([v=tp,v™p|_,0) ¥
S([vtp,v™pl,0) and s(mtayp) (0([v"2p,v™pl-,0)) = 6(lv~'p,v™p]) ® 0. The representa-
tion 6([v~tp,v™p|_, o) is square integrable.

Proof. We prove the lemma by induction. Write

(1) s (i O 0" ) ) = 37 8( 0. x 8([*p,v™pl) 90

1=—2

Multiplicity of §([v~tp,v™p]) ® o in (7-7) is 2. Now Theorem 6.8 implies that there exists
a unique irreducible subquotient §([v=1p,v™p]_,0) of §([v~1p,v™p]) x o which satisfies
(7-5) and (7-6).

Further, §([v=1p,v™p]) x 0 < v™p x §([v~Lp,v™ 1p]) x 0. We see again easily that the
multiplicity of §([v ™ p,v™p]) @ 0 In $((m2)p) (V™ X 6([v ™ p, ™ 1p]) x o) is 2 since

8.8 (S((my2)p) (V™p X 8([v " p, ™ p]) x o))

m—1

— o vm) x| 3 8 o)) x B )| s
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Now
5([" 9y pl, ) < 0 1 B[, g, ),
S pv™pl) @ 0 < S((mr2yp) (8(Iv 0,0 p),0))
S pv™pl) @ 0 < S((mr2yp) (V0 X SV o, 0)
St pl o) £ 6 p, v ) o)
imply

S(vtp,v™pl - 0) <vmp x §([T ™ p) o).
This, together with the inductive assumption, or the preceding proposition if m = 3,
implies
s(mt2)p) O p,v™pl—,0)) < (WM p+v"p) x §([v T p, v p]) @ 0.

Since §([v™1p,v™p]l_,0) < 6([v™1p,v™p]) x o, we get easily using (7-7)

S((m+2)p) ((5([1/_1p, Vmp]—v O')) < (5([1/_1[), Vmp]) ® o
(here we needed the assumption m > 3). This implies square integrability. Also, obviously

the equality must hold in the above relation. This finishes the proof. [

7.3. Theorem. Let n,m € Z,1 < n < m. Then there exists a unique irreducible subquo-
tient 6([v~"p,v""p|l_,0) of §([v~"p,v™p|) X o which satisfies conditions

(7-8) (v p,v™p]) x 8([vPp, V")) @ 0 < S((nimiyp) (0¥ P ), 0))
(7-9) 5([p, v p]) X 3([vp, " p)) @ 0 £ S((namarp) (O(v P, v™pl-,0)) .

Multiplicity of 6([v="p,v™p|_,0) in 6([v""p,v™p]) x o is 1 and §([v " p,v™"p|_,0) P
S([v="p,v™p|,0o). Further

(7-10) s.5. (S((ntm+1)p) (6([v "0, v™p]—,0))) = Z S([v=p,v™p]) x 6([v"Tp,v"p]) ® 0.

The representation §([v—"p, v p|_, o) is square integrable.

Proof. We shall prove the lemma by induction on n and m. Note that the claim of
the theorem holds if n = 1 or n = m, except that in the later case the representation
([v~"p,v™p]-, o) is not square integrable. First we shall prove the following inequality

(7-11)  S(ntmrnp) (6" v™pl—,0)) < > 6w p,v™p]) x 6([W'Hp,v"p)) @ 0.
i=—1
Write

n+1
(7-12) 8.5, (S((namsnyp) O "pv™p) x0)) = > 6([Vp,v"p)) x5([v~" p,v™p]) @0

1=—m
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Observe that the multiplicity of 6([v=1p, v™p]) x §([%p,v"p]) ® & in (7-12) is 2. Note that
the multiplicity is 2 also when n = m (see the formula (6-3) also). Now Theorem 6.8 implies
that there exists a unique irreducible subquotient §([v="p, v p|_,0) of 6([v™"p,v™p]) X o
satisfying (7-8) and (7-9).

Obviously

(7-13) S([v™"p,v™pl) o < v™p x v p x §([v" T p, ™)) X o

Since n > m > 2, it is easy to see that the multiplicity of §([v=1p,v™p]) x §([?p, v"p]) @ &
N S((ntmityp) (V"0 x v"p x 6([v " p, ™)) 1 o) is 2. Now

S([v™tp, ™)) < 8([v2p, v"p]) @ 0 < S((ntmanyp) (0" p) o))
5[, ™)) X 8([V2p, " p]) @ 0 < S((ntmiryp) (Vo X ([T o, ™) )
5((v~p, 0™ ) x <[u2p, V) © 0 < s(aminy (770 % 6" p, ™)),
Pl 0) <V xvp x S([vT M p, ™)) Mo,
v p 3 (v e, vl o) < v x vp x ST p, ™ ) X,

) ® 0 % S(nrmrnyp) (Vo 3 8o, 0))

5([p, v p]) % 5([1/,0, v p
5([p,v™p]) X 8([vp,v"pl) @ 0 £ S((mim1)p) (VP X (v " p, 0] 0)),

vipx ("
(

]
]
imply that it must be

(7-14) (v p,v™pl— o) <vmp i s([v " p, v ) 0),

(7-15) Sy, @) < 17 p x S p, ] ).

Now in the same way as in the proof of Lemma 6.5, using induction follows the inequality
(7-11). Since on the right hand sides of (7-14) and (7-15) there are no representations

which in the support have only representations of type v*p with a > 0, we get the stronger
inequality

(7-16)  S((ntmeyp) (O "p,v™pl,0)) <Y o[ p,v™pl) x 8(V'Hp, v p) @ 0
i=1
Consider §([v="p,v™p]) x 6([v"F1p,v™p]) x 0. One gets easily that the multiplicity of

5([7/_1/)7 Vmp]) X 5([1/2:07 Vmp]) ® o in S((2m+1)p) (5([1/_”/)7 Vmp]) X 6([1/n—|—1p, Vmﬂ]) s U) 18
2, since the last representation is equal to

m n+1
DL IR [Z 51 p, v p]) x 6((v 1 p, )| @ o

Further
3™, p)) x 8([VPp, v™ p]) @ 0 < s(amyryp) (ST, p)) X ([ p, v p] -, 0))
(10" pl)  6(12p, ™) © 0 < s((ams1y) (01,0 p]) ¢ 8([ ™" p, " )
5[, p]) % 8([vr " p]) © 0 £ $(amy) (B 9y ™)) 31 6(1v " p, ™) )
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One can easily conclude
S p,v™pl-s0) < 8([W" T, p]) 3 ([T p, v ) ).

Using the last relation and §([v=""p,v™p]) ® 0 < s(2m+1)p) (6([v"™p, ™ p]-,0)), one can
in the same way as in the second half of the proof of Lemma 6.7 prove that

5[0, Pl € 0 < Sy (010" p w70, )

Using the inequality (7-16), we see that §([v~"p, " p]) ® o must be a direct summand in
S((ntm+1)p) (O([v™"p, v p]_,0)). Now in the same way as in the first half of the proof of
Lemma 6.7 it follows that the formula in the lemma for s(,4m+1)p) (0([v""p,v™p] -, 0))
holds. This finishes the proof.

7.4. Corollary. The representation 6([v~"p,v™p|_,0) can be characterized as a unique

irreducible subquotient of 6([v~"p,v™p|) x o which satisfies conditions

51" p ™) ©0 < S((msmstg) ("0, p)-10))
5([1/pa Vnp]) X 5([/)7 Vmﬂ]) ®o ﬁ S((n+m+1)p) (5([V_np7 Vmp]—a U)) O

7.5. Theorem. Let n,m € Z , m >n > 0. Then

(i) o([v="p,v™pl,0) and 6([v~"p,v™"p]_, o) are subrepresentations of 6([v="p,v"™p|) % o,
and §([v~"p,v™p|) x o does not contain any other irreducible subrepresentation.

(i) 6([v~"p,v"™pl,0) (resp. 6([v~"p,v™p|]_,0)) is a unique irreducible subrepresentation
of 6(["*p, v p]) x 6([v="p,v"p], 0) (vesp. §([v" 1 p, v p]) }3([v™"p, 1" p]-, 7).

Proof. The proof is a simple modification of the proof of Theorem 4.3. We shall only
outline the proof. Put m = §([v~"p,v™p|,0) (resp. m— = o([v " p,v™"p|_,0)). Again we
conclude from Theorems 6.8 and 7.3, using Theorem 7.3.2 of [C], that §([v"p,v™p]) ® ¢
is a direct summand in sgr(7) and sgr(m—). Therefore, there exist embeddings © —
S([v="p,v™p|) x o and m_ — 6([v""p,v™"p]) x 0. If there is an irreducible subrepresenta-
tion 7’ of §([v~"p,v"™p|) x o different from (images of) m and w_, then 6([v="p,v"p]) @ ¢
would be a quotient of sgr(n’). Therefore, the multiplicity of d([v"p,v™p]) ® o in
sar (0([v~"p,v"™p]) x o) would be at least 3. This contradicts to the fact that multi-
plicity of 6([v="p,v™p]) ® o in sqr (§([v~"p,v™p]) X o) is 2, what one easily prove using
(1-4).

Multiplicity of 8([v="p,v™p]) ® o in sgr, (6([v" T p,v™p]) x 6([v~"p,v"p]) X 0) is 2, in
sar, (31" p,v™p]) x ([ ~"p,07p), ) and s, (5(["™ p, ™ pl) X 8((v " p, 7], 7))
is at least 1. Because of this, the last two multiplicities are both 1. Note that §([p, v p]) %
§([vp,v™p]) @ o is a subquotient of sqr (3([v™ T p,v™p]) x 8([v""p,v"plo))

Now from §([v"p,v™p]) — §([v" p,v™p]) x §([v""p,v"p]) and the above discus-
sion we can conclude that 7 embeds in ([ 1p,v™p]) x §([v""p,v"p|,0), and 7_ in
S([v™tp,v™mp)) x8([v™"p,v"p]_,c). At the end, one gets uniqueness in (ii) in the same
way as in Theorem 4.3, using formulas (5-25) and (5-26). O
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7.6. Proposition. Let n € Z, n > 0 and a € R.

(i) Assume that (p, o) satisfies (C1). Suppose that v*0([p,v"p]) X o contains an irreducible
square integrable subquotient, say m. Then 7 is equivalent either to a representation listed
in Theorem 2.1, or Theorem 6.8 or Theorem 7.3.

(ii) If p 2 p, then v*§([p,v"p]) X o can not contain a square integrable subquotient.

Proof. Now one uses Proposition 3.10 of [J]. O

8. A COMPLETENESS OF SQUARE INTEGRABLE REPRESENTATIONS OF SEGMENT TYPE
We have proved:

8.1. Theorem. Let 7 be an irreducible essentially square integrable representation of
GL(p,F), p>1, and let o be an irreducible cuspidal representation of Sy, ¢ > 0. Suppose
that T X o contains an irreducible square integrable subquotient w. Assume that (C) holds
in general. Then 7 is equivalent to one of the square integrable representations listed in
Theorems 2.1, 3.3, 4.2, 5.2, 5.5, 6.8 and 7.3. [J

To hold the claim of the theorem, we did not need to assume that (C) holds in general.
Write 7 = 6([p, v*p]), where p is an irreducible cuspidal representation of suitable GL(i, F').
It was enough to assume only that (p*, o) satisfies (C).

9. SQUARE INTEGRABLE REPRESENTATIONS CORRESPONDING TO SEVERAL SEGMENTS

For A € M(S(C)) denote A = {j € A;p € A}. We shall say that A is selfdual if A = A.
We say that A is balanced if e(6(A)) = 0. Clearly, a selfdual segment is balanced.

Let X be a set. For a finite multiset © = (z1,..., ) in X, we shall denote by Set(x) =
{z1,..., 2} the subset of X corresponding to x (this is the set which one gets from the
multiset = forgetting multiplicities of elements which enter z). If one considers a finite
multiset  in X as a function z : X — {z € Z;z > 0} with a finite support, then Set(z) is
just the support of the function =x.

In the following proposition we collect some facts about tempered representations that
we need in construction of square integrable representations corresponding to several seg-
ments in irreducible cuspidal representations of general linear groups. Claim (i) in the
following proposition was proved by D. Goldberg in [G]. We present here a different proof
of (i), to have the claim (i) proved also in positive characteristic.

9.1. Proposition. Let o be an irreducible cuspidal representation of S;. Let Ay, ..., A} €
S(C) be a sequence of different selfdual segments. Write A; = [v™™ip;, v™ip;], i =1,...,k,
where p; € C, n; € (1/2)Z. Suppose that (p;, o) satisty (C) and §(A;) x o reduces, for
i=1,...,k. Then

(i) 6(A1) x --- x 6(Ay) x o is a multiplicity one representation of length 2*.

(ii) The multiplicity of §(A1) x -+ x §(Ar) @ ¢ in sgr (§(A1) X -+ x §(AR) x o) is 2F.
(iii) Let T be an irreducible subrepresentation of §(A1) X --- x 6(Ag) x 0. Then the
multiplicity of (A1) X -++ X §(Ag) ® 0 in sgr(T) is one.

(iv) Let T be as in (iii). If w is any irreducible subquotient of s (7) different from
5(A1) X -+ x 6(Ag) ® o, then

(9-1) Set (suppgr (7)) € Ay U---UAy and suppgr(m) # A1+ -+ Ay.
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9.2. Remark. The condition that §(A;) x ¢ reduces is equivalent to the following condi-
tions:

if (ps, o) satisfies (CO), then n; € Z,n; > 0;
(9-2) if (p;, o) satisfies (C1/2), then n; € 1/2 4+ Z,n; > 1/2;
if (p;, o) satisfies (C1), then n; € Z,n; > 1.

This is proved in [T7]. Actually, we have proved in the present paper that conditions (9-2)
imply reducibility. For the purpose of this paper, it would be enough to work directly
with conditions (9-2) in the above proposition. We have chosen rather the conditions that
representations §(4A;) x o reduce, because this is the real meaning of conditions (9-2).
The condition for reducibility can be expressed in a very natural (and simple) way (see
Theorem 9.3).

Recall that if A; is balanced, but not selfdual, then §(A;) x ¢ is irreducible.

Proof. First we prove (ii). Denote 8 = (A1) X --- X §(Ag) ® o (clearly, 3 is irreducible).
Denote

n;+1
(9-3) Mg (0([v M ps v pil)) = Y 5[ pi, v pil) x 8([v T py v i)

J=—n4

The above sum runs over j € n; + Z such that —n; < j < n; 4+ 1 (such convention we shall
also use in the sequel). Then (1-4) implies

(9-4)  ss.(sgr (0(A1) X -+ x §(Ag) ¥ 0)) = Mg (0(A1)) x -+ x ME (0(Ak)) ® 0.

Note that for & = —n; or n; + 1, the term in the sum (9-3) is 6(4;). Therefore multiplying
these terms in (9-4) we get that the multiplicity of £ in sgr (6(A1) X -+ x 6(Ag) x o) is
at least 2F.

Now we shall see that [ can appear as a subquotient of sgr, (6(A1) X -+ X §(Ag) % 0)
only in the above way. We shall discuss when (3 can be obtained as a subquotient of the
product in (9-4). Choose i; such that A;, € A; for i € {1,...,k},i # i1 (this choice is
possible since A;’s are mutually different). If we want to get 3 in the product of the right
hand side of (9-4), then on the i;-place in the product we must take a term in the sum (9-3)
corresponding to —n;, or n;, +1 (since v~"™1 p;, is in suppgr (), and because neither other
terms in the sum except these two, can give v~ p;, in the GL-support, nor other terms
in the product can give v~ p;, in the G L-support, thanks to the condition A;; € A, for
i # 11). This proves that on the i;-th place # can come only from terms corresponding
to k = —n;, or n;;, + 1. Now chose iy € {1,...,k},ia # i1 such that A;, € A, for
i€ {l,...,n}\{i1,i2}. Then repeating the above type of argument with the GL-support
(and v™™2p,,,), we obtain that we can get ( in the product only if on is-th place we take
a term corresponding to —ig or iz + 1 (one needs to work with suppgr(5) — A;,, where
— denotes subtraction between multisets). Choosing i3, iq4, ..., in analogous way and
continuing with above type of argument, we obtain that 3 can appear only in the way that
we have described before. Therefore, the multiplicity of 8 in sgr (§(A1) X -+ X 6(Ag) X o)
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is 2%, This proves (ii). Note that in the proof of (ii) we did not need that (p;, o)’s satisfy
(C).

Now we shall prove (i) by induction (Theorems 4.9, 6.4, 6.5 and 1.9 of [G] imply (i)
when char (F') = 0). Suppose that these claims hold for k. After renumeration we can
assume that Apy 1 € A, for 1 <4 < k. Now (ii) implies for the intertwining algebra

(9-5) dimc (End((ﬁé(Ai)) X a)> < 2kl

Let 7 be any irreducible subrepresentation of (Hle 4] (A,L)) x 0. Using (1-4) and (2-1)
we compute
(9-6)
B (O(Akga) 2 7) = M (D)) 2 (1) = M (310 pra, ™41 pega])) ()

= (m@1)o(~@m")osom™ (6([v™"* prs1, V" prpa])) ¥ p* (1) = (M@ 1) 0 (~ ®M") 05

Nk+1
( 2. S ppy 1, v pp]) @ ([ ppey Va’““ﬂkﬂl)) X pt(T)

ap41=—ngpp1—1
— (m@1)o(~am’)

NEg+1
( 2. S([v ™™ prgr, v+ pg g ]) © S([V ™ pry, Vnk+lpk+1])) Xt (T)

ap4+1=—Ng+1—1

Nk41 Ng+1
N ( > > (v g, v prega]) X S g, 1 p )

ak4+1=—Nk4+1— 1 bp1=ar41

® ([ pry, Vb’““ﬂml])) X (7)

From the above formula we see that multiplicity of 0(Axy1) X 7 in p* (6(Agg1) ¥ 7) is 2,
since §(Ag41) X 7 can come only from terms corresponding to indexes agy1 = —ng11 — 1,
bkt1 = agy1 = —ngy1 — 1, and agr1 = ngs1, b1 = agr1 = ngy1 (consider the term
v ).

Note that the inductive assumption and (9-5) imply that for the proof of (i) it is enough
to prove that §(Ag1)x7 reduces. Suppose that it does not reduce. We know 0(Ag41)Xo =

Uy @ Wy, for irreducible ¥; and Wy. Therefore, 6(Agy1) X 7 < (Hle((S(Ai)) x ¥, for
some ¥ € {Uy,Uy}. First we get in the same way as (9-6)

(97 u*({ﬁé(A»] ) - [QM 6] 2 (@)
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_ [f{ [:sz S o™ ) XS s ™ p )81 P )| o ().

Further we have

N41 Ni41

O NSRRI DI DI (e aeer )

agt1=—nk+1—1bgri1=ars1

x 5([ka+l+1,0k+1, I/nk+1pk+1]) ® 5([Uak+1+1pk+1, ka+1/)k+1]):| X (1 ® O’).

Multiplicity of §(Ag+1) ®0o in (9-8) is 2. Frobenius reciprocity implies that the multiplicity
of 6(Agy1) ® o in sgr(II) is one. Now (9-7), ¥ < 6(Ag+1) % o, (9-8) and the inductive
assumption imply that the multiplicity of §(Agy1) ® 7 in (9-7) is one. This contradicts
to the multiplicity of 6(Ag41) ® o in (9-6) (one gets this easily analyzing when can be
obtained a term of the form &([v "%+ ppiq, V™ 1 ppy1]) ® ... in (9-8)). Thus, (i) holds.

Claim (iii) follows from the fact that (Hle 5(A¢)> ® o must be a quotient of sgr,(7)

(what follows from Frobenius reciprocity and unitarizability of 6(A1) X -+ x §(Ag) % o),
using (i) and (ii).

It remains to prove (iv). The first claim in (iv) follows from (9-4) and (9-3). From the
above considerations it is easy to see that 7 as in (iv) can come from a term (say (') in
product of the right hand side of (9-4), only if at some place ¢’ enters a term corresponding
to —ny < j < ny + 1. Denote (for above (') the set of all such indexes i’ by X (i.e. the set
of all indexes i’ where enters a term corresponding to —n; < j < ny + 1). Choose iy such
that A;, Z A; for any i € X\{ip}. Now it is easy to see that suppgr(m) # A1 + -+ + Ag
(consider multiplicity of v~ ™0 p;, in suppgr(m) and in A; + - -+ + Ag; they are different).

U

The following theorem we do not need in this paper. We mention the theorem because
it gives an additional explanation of background of conditions in the following proposition.

9.3. Theorem ([T7]). Let A = [v¥p,vPp] € S(C), where o, 3 € R, and p is unitarizable.
Assume char (F) = 0. Let o be an irreducible cuspidal representation of S,. Suppose that
(p, o) satisfies (C) if p is selfdual (in particular, this holds if o is non-degenerate). Then
d(A) x o reduces if and only if p’ x o reduces for some p' € A.

9.4. Proposition. Let A; = [v™"ip;,v™ip;] € S(C), i = 1,...,k, where p; are selfdual,
mi,n; € (1/2)7Z, and let o be an irreducible cuspidal representation of S,. Assume that
(pi, o) satisfy (C) fori =1,...,k,. Suppose that the following three conditions hold

(a) m; >n; fori=1,... k.

If (p;, o) satisfies (C1/2), then m;,n; € 1/2+Z, m; > 1/2,n; > —1/2.
(b) If (p;, o) satisfies (C0), then m;,n; € Z, m; > 1,n; > 0.
If (p;, 0) satisfies (C1), then m;,n; € Z, m; > 1,n; > —1 and n; # 0.

(c) If p; = p; for some i # j, the either m; < nj or mj < n,.
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Denote | = card({A; NAy;i = 1,...,n\{0}) = card({i;1 < i < n and n; > 0}). Then:

(i) Multiplicity of (Hle 5(A2~)> ® 0o in sr ((Hle 5(AZ~)) X a) is 2.
(ii) Let T be an irreducible subrepresentation of (Hle I(A; N AZ)> X o. Multiplicity of

<Hf:1 5(Ai)) ® o0 In sgrL ((Hle 5(AZ\AZ)> X T> is one.
(iii) Let T be as in (ii). The representation (HZ LO(ANA; )) X 7 has a unique irreducible

subquotient 7, such that (H].c_l 5(AZ~)> ® o is a subquotient of sgr (m;). Further, multi-

plicity of 7, in <HZ LO(ANA; )) x T is one. We shall denote m, by
5(Ar,... Mg, o)

Multiplicity of (Hle (5(Az~)> ®o in sqr(0(Aq,...,Ag,0);) is one.
(iv) 0(Aq, ..., Ag,0), is a subquotient of §(A1) X -+ X §(Ag) X 0.
(v) If 7w is a subquotient of §(A1) x -+ X §(Ag) X o such that 6(A1) X - X 0(Ag) Qo0 is a
subquotient s (), then 7 is isomorphic to some §(Aq, ..., Ay, 0) .
(vi) If A}, ..., A}, and o’ is some system which satisfies (a) - (c), and 7’ is an irreducible
subrepresentation of (Hf;l (AN A;)) xo', then 6(Aq, ..., A, 0); (A, ..., AL, 0" )
implies {Aq, ..., A} ={A},..., AL} and 0 = o',

Later we shall prove that in (vi) also 7 must be equivalent 7’.

9.5. Remarks. Assume that char (F') = 0. Then conditions on Aq,..., A € S(C) and o
in the last proposition are equivalent to the following conditions
(o) 6(A;) x o reduces for i = 1,..., k.
(B)If 1 <i<kand A;NA; #@ then 5(A; N A;) x o reduces.
(7) e(6(A;)) >0fori=1,...,k.
(0) f A NA; %@forsomel<z;£j<k: then

AZ’UAZ' gAjﬂAj or AjUAj %AlﬂAz

(€) (pi,0) satisfies (C) fori=1,..., k.

If o is non-degenerate, then conditions in the last proposition are equivalent to («) - (9)
only.

Note that condition (/) is almost automatically fulfilled when (a) holds. The only
exception is when (p;, o) satisfies (C1) (i.e. vp x o reduces) and n;=0.

Proof. Assume that Aq,..., A, and o satisfy conditions (a) - (c¢) in the proposition.

The proof of (i) and (11) is similar to the proof of (ii) and (iii) of Proposition 9.1. We
shall modify that proof to the present situation. Denote g = §(A1) X -+ X §(Ag) ® ¢
(condition (c) provides that [ is irreducible) and

m;+1
(9-9) Mg (5([v"" pirv = Y (v ps v i) x 8([V pi, v pil)

]—777'7,
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(the sum is over j € —n; + Z such that —n; < j < m; + 1). Now as before
(9-10) ser (0(A1) X -+ X §(Ag) @ 0o) = MEp (0(A1)) X -+ x Mg (0(Ag)) ® 0.

For j = —n;, the term in the sum (9-9) is 6(4A;). If n; < 0 then this is the only term of the
sum (9-9) where 6(A;) can be a subquotient (all other terms have different support from
the support of 6(A;)). If n; > 0 then —n; < n;+1, and the term for j = n;+1 in the sum is
S([v=™ip;, v™ pi]) x 6([v™ L ps, v™ipg]), which has 6(A;) for a subquotient (the multiplicity
is one). These are the only two terms in the sum where §(A;) can appear as a subquotient
(again, all other terms have different support from the support of §(4A;)). Multiplying
above §(A;)’s in (9-10), we get that multiplicity of 8 in sqr (§(A1) X -+ x 0(Ag) X 0) is
at least 2!,

We shall show that [ can appear as a subquotient of sgr, (0(A1) X --+ X §(Ag) X o)
only in the above way. Now we shall examine when [ can appear in (9-10). Take i; such
that A;, € A; for i € {1,...,k},i # i1 (this choice is possible because of (c) and (a)).
Since v~ ™1 p;, is in suppgr(B), and v%p; is not in the G L-support for any o < —n;, we
see that if we want that § appear as a subquotient of the product on the right hand side
of (9-10), then on the i;-place must be a term corresponding to —n;, or n;, + 1if n; >0
(the choice of i1 and (c) guarantees that no other terms in the product can give v="i1 p;,
in the GL-support). The term corresponding to n;, + 1 we can have only if n;, > —1/2. If
ni;, = —1/2, then —n;, = n;, + 1. This proves that if we want to get (3, then on the i-th
place we need to take a term corresponding to j = —n;, or n;, + 1 (the possibility n;, + 1
can happen only if n;, > —1/2, and if n;, = —1/2, then —n;, =n;, + 1).

Further we chose i € {1,...,k},ia # i1, such that A;, Z A; fori € {1,...,k}\{i1,i2}.
Then repeating the above type of argument with the support, we get that we can get 3
in the product only if on the is-th place we take a term corresponding to —is or ip + 1
(the possibility is + 1 we need to take into account only if n;, > 0, see such discussion for
i1). Actually, one needs to consider now suppgr(3) — A;,. Continuing choosing is, iy, . . .
in a similar way, and repeating the above type of argument, we obtain that we can get 3
only in the way that we have described already above. Therefore, the multiplicity of 3 in
sar (0(A1) x -+ x 6(Ay) x o) is 2!, what is the claim of (i).

If n; > —1/2, denote

mi—i—l
(9-11) Mg (S(™ psv™pl)) = > 6w ps, v p]) < S([W7 ps, v i)
Ji=ni+1
For n; = —1 put
m;+1 . .
(9-12) Mg (8(lvpi,v™ pil)) = Y 6w 7 ps, v pi)) x (V7 pi, v™ pil).
ji=1

Then

(013) s (sGL((f[mi\Ai)) ar)) = (}f{lMaL(Ai\Ai)) < s (r).
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Here x on the right hand side multiplies Hle Mg, (A\A;) with the terms on the left
hand side of ® which show up in sgr(7) (more precisely, of s.s.(sgr(7))). From (iii)
of Proposition 9.1 and (9-12) we get that [ is a subquotient of (9-13). Namely, in the
product of the right hand side of (9-13), one takes in (9-11) term corresponding to j; =
n;+1if n; > —1/2, and j; = 1 if n, = —1, and one takes (Hle (5(AiﬂAi)> Qo
from sqr(7) (see (iii) of Proposition 9.1). In this way one gets (in the Grothendieck
group) (Hle ((5(AZ\A1) X d(A; N AZ)>) X o, which contains [ = (Hle (5(Ai)> ®o asa
subquotient, of multiplicity one.

Now we shall show that # can appear only in this way. Suppose that 3 is a subquotient
of some vy = (Hle (v py, v 1) x 8([v7i ps, l/mipi])) X sqr(7), where n; +1 <
Jji <my+1ifn; > —1/2and 1 < j;, < m; +1if n; = —1. Suppose that for some iy,
(7 +1< jil if Ny > —1/2, or 1< jil if ng, = —1.

Note that beginnings of segments §(A;) are v " p;. If v=Ii1T1p, = v="ip, then p;, = p;
and _jil +1=-n (16 jil =n; + 1)

We shall now show that j;, can not be n; + 1. Suppose that it is.This implies n;, < n;
if n;, > —1/2, and n; +1 > 1 if n;;, = —1. Therefore n;; < n; < m;. Now (c) implies
n;, < m;, <mn; <m;. The choice of j;, implies j;, = n; < m;, + 1. This is a contradiction.

Therefore, [v ™71 p;,, v~ ™17 1p; ] must be possible to link from left with a disjoint seg-
ment in «. Clearly, such segment can not be [/ p;, v™ip;] since m; > 0 (see (a) and (c)).
Suppose that such a segment is [v =71 p;, v~ 1p,]. Then —n; = —j;, +1,1i.e. j;, =ni+1
(and p; = p;, ). We have already seen that this is not possible.

The last possibility is to link with some segment from s, (7). Their ends are v™i p; (see
(9-2) and (9-3)). Therefore n; = —j;, and n; is non-negative (and p; = p;, ). Thus j;; <0.
From the other side, we know j;, > n;, > 1/2if n;;, > —1/2, and j;; > 1 if n;; = —1. This
is a contradiction. Therefore, § must be a subquotient of v = (Hf:1 6(A1\AZ)) X sar (7).

Suppose that 7 is an irreducible subquotient of sgr(7) such that 3 is a subquotient of

<Hf:1 5(A1,\A1,)) X m. Then

k

k
suppar () + Y (AN\A;) = suppar(8) = Z A,

i=1
where we consider sets Ai\Ai and A, as multisets in an obvious way. The above re-
lation uniquely determines suppgyr (7). Since Zle A; N A; satisfies the above relation,
suppgyr(m) = Zle A;NA;. We get = <Hf:1 0(A; N AZ)> ® o from (iv) of Proposition
9.1. This is what we wanted to show. Therefore, this proves that multiplicity of § in
SGL ((Hle 5(A1\A1)> X 7'> is 1, what is the claim of (ii). A direct consequence of (ii) is
(iii).
Write (Hf:1 S(A; NA)) xo = 6912;173- where 7; are irreducible. Then we have the
following relations in the Gorthendieck group:

(iljl(s(m\&)) x (@ilZm) = (iljd(Ai\Ai)) x (}iami mAQ) X o
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:<ﬁ5(Ai\Ai)x5(AiﬂA )><10><f[ )

i=1

Since multiplicity of <Hf:1 6(Ai)) ® o in sqgp, ((Hle 5(A1\Az)> X (@?;17j>) and in
sar ((Hill 6(Ai)> . a) is 2! by (i) and (ii), and (HL (5(Ai)> Mo < (rﬂ;l 5(Ai\Ai)) X
(@?;1@) , (1), (ii), (iii) and Proposition 9.1 imply (iv). Similar argumentation gives (v).
We get (vi) using the fact that if two parabolically induced representations by irreducible

cuspidal representations p’ and p”’ have an irreducible subquotient in common, then p’ and
p"” must be associate (see [C]). O

The main aim of the rest of this section is to prove that representations 6(Aq,..., Ak, 0);
introduced in the last proposition are square integrable. By the way, we shall get a number
of useful and interesting facts about these representations. We shall first prove three
lemmas.

9.6. Lemma. Fix an irreducible cuspidal representation o of S,. Let p € C be selfdual.
Assume that (p, o) satisfies (C). Let n;,m; € (1/2)Z, 1 =1,...,k, such that m; —n; € Z
for any i,j5 € {1,...,k}, and

Ny <mp<ng<mo<ng<mg<--<Mp_1 <N <myg.
Denote A; = [~ p,v™ip|. Suppose:

If (p, o) satisfies (C1/2), then ny € 1/2+ Z and n; > —1/2.
If (p, o) satisfies (C0), then ny € Z and ny > 0.
If (p, o) satisfies (C1), then nq € Z, ny > —1 and nqy # 0.

Let 7 be an irreducible subrepresentation of (H LO(A N A, ;)) x 0. Then:
(i) If k > 2 and ¢' € {1,...,k}, then there eX1sts an irreducible subrepresentation 7’ of

<H1§i§k’i#, (A N Az)> X o such that

5<A1, .. .,Ak,O’)T < (S(Al/) X (S(Al, .. ~5Ai’—17Ai’+1> ce ,Ak,U)T/

(ii) There exists a positive integer ¢, depending on Ay, ..., Ay and o, such that
(9—14) SGL ((5(A1, Ak, ) )
k [7v: | m;+1
<e[11] X D o) < (%, )] o
=1 a;=—n; b;=—n

(iii) If m is and irreducible subquotient of s, (0(A1,...,Ag,0);) which satisfies m %
<Hf:1 5(Ai)> ® o, then suppgr(7) # suppar, <<Hf:1 5(A¢)) ® 0)

9.7. Remark. The product on the right hand side of (9-14) is not contained in a single
R,(S). The inequality (9-14) holds also if one write the right hand side as a sum of
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products, and drop all products for which there does not exist an irreducible subquotient
of the left hand side sgr, (6(A1, ..., Ak, 0),), with the same G L-support (one can use also
sar (0(A1) X -+- x 0(Ag) x o) instead of sgr (6(Aq,...,Ak,0)-)). The formula (9-14) is
convenient for inductive arguments.

Proof. For k = 1 we know from the previous sections (3, 4, 5, 6 and 7) that the lemma
holds. Therefore, we shall suppose that £ > 2.
If ny < 0 define €(A;) = 1. Take otherwise ¢(A;) = 0.

Suppose first nq > 0 or i/ > 1. Proposition 9.1 implies that we can write

~ ok—1—e(Aq)

_ gk—e(Ay)
' H 5(A10A2):| XN o= 5%, T
1<i<k,ii’ =1

G
1<i<k J

where 7; and 7] irreducible. Similarly as in the proof of Proposition 9.4 we get in the
Grothendieck group

(ﬁa(&\&)) X (zkre}fl)n) = <f[16(Ai\Ai)) x (f[l(s(AmAi)) X o

= 5(AN\AY) x 3(Ay NAy) ( 6(Ai\Ai)) X ( 11 6(AimAi)> X o

1<i<k,ii’ 1<i<k,id’

5(A1\Ai)) X ( 1T 5(AmAi)) X o
i’ 1<i<k, i’

zk:flfe(Al)

:5(Aw)><< 11 5(A,~\A,~))>«< ® 7;)

Jj=1
1<i<k,ii’

gk—1—e(A1)

Zé(Az’)X < Z 5(A17-"7Ai’—1;Ai’+1;"‘7Ak:70-)7'§>

Jj=1
gk—1—e(A1)
= (5(A1/) X5(A1>~~7Ai’—1;Ai’+1;--wAk;U)TJ’»
Jj=1

From (1-4), (iii) of Proposition 9.4 and (9-9) follows that the multiplicity of <Hf:1 5(A¢)) ®

o in sqr, (6(Ai/) X 0(Aq,... 7Ai’—1;Ai’+1;Ak70-)TJ’,) is > 2. The above inequalities and
(iii) of Proposition 9.4 imply that the multiplicity is 2. From multiplicities one concludes
that each §(Aq1,..., Ak, 0)r, < 0(Ay) X (A1, oy ANy, Njrgq, ooy Ay, O')T]{ for some 7']’-.
This proves (i) in the case that n; > 0 or ¢/ > 1.

Suppose now n1 < 0 and ¢/ = 1. Write

( IT sain Ai)> X o= < IT sain A») X o= 2;911%'

2<i<k 1<i<k =
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where 7; are irreducible. Then

(}ja@i\&)) x (2e:§17) — 5(A (Ha (ANA, ) x (j§117j>

2k71 2I<; 1
X (Za(AQ,Ag,.. Ay, o ) D 6(A1) x 5(Ag, As, .. A, 0)y,
Jj=1 j=1

Using (1-4), (iii) of Proposition 9.4 and (9-9) we get that multiplicity of (Hle (5(Ai)> ®o in

sar (6(A1) x 8(Ag,As, ..., A, 0)7,) is > 1. The above inequalities and (iii) of Proposition
9.4 imply that the multiplicity is 1. This implies (i) in this case (n; < 0 and i’ = 1). Thus
the proof of (i) is complete.

Using (i), we shall prove (ii) by induction with respect to k. Let k > 2 and suppose
that (ii) holds for ¥’ < k. From (i) we know that

5(A1, R ,Ak,O')T < 5([V_nk,0, I/mkp]) X 5(A1, R 7Ak—170)7’

for some irreducible subquotient 7/ of (Hf;l (A N AZ)> x 0. The inductive assumption
and (1-4) imply

mr—+1
R R W DI G XA B ey

(H( |_Z| m_fjé ) a0 ) ) ) e

Further §(Aq,..., A, 0)r < 8(A1) ¥ §(Ag, ..., Ak, o). for some irreducible subquotient
7" of (Hf:2 (AN Al)> X o, implies

mi1+1
©16) s6n 081 Aua)) < (D0 8 ) 007 g

Ji=—n1
ng m;+1
(H ( Yoo D st v x sV, vmip]))) ® 0.
i=2 Na;=—n; b;=—n;
The above formula shows that v="kp v=metly  p=m=1, are not in suppgyr () for
any irreducible subquotient m of sgr(6(Aq,...,Ak,0);). Therefore, we can sharpen the

estimate (9-15) to the following estimate

ne+1 . .
so1 (A1 ) < (X 3ol <ol o) )

Je=—"ng

xcl(knl( |§:| mil S([tp, v™]) x 6([v1 p, v™ ])))@

a;=—n; bj=—n;
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It is clear that

{ nZ Ol p, v pl) > S(1w . mGp])}

e k—1 |7 m;+1
ol £ 5 eomnesareralor
[II{ ﬁf 73515 vitip " ])X5ﬂvmmvm%®}}®oy
i=1 “tai=—n; b;=—n

for some c. Therefore, to prove (ii), it is enough to prove that if 7 is an irreducible
subquotient of

(9-17) 5[y~ p,v™ p]) x S([W™ p, 1™ p])

(1 > mfé ) < 8 ) ) ) o

=1 a;=—n; bj=—n;

and right hand side of (9-16), then 7 is an irreducible subquotient of the right hand side
of (9-14). Now we write (9-17) in a slightly different way

Sy py v pl) < S([p™Hp, v pl)

In1]  mi+1 N2 ma+1 Nk—1 me_1+1
@15) (XY ¥y ¥ ¥ %
a1=—n1 bj=—nj a2=—n2 bo=—ny ap—1=—Nk—1bp_1=—nk_1
k—1
(519 IT (307 g x (7007 6)) ) @
=1

Now we shall point out some properties of the factors in the line (9-19). Consider segments
AL = [pitlp vnipl A = [VPip,v™ip] for i = 1,...,k — 1, where —n; < a; < n; and
—n; < b; < m; + 1. We consider the following multisets

(9-20) af:(AllaA/{?A/Z?Aga"'? 2;—17 g—l)

(if some A} = 0 or A/ = (), then we omit () from the above definition of a). Let X be a set
of all such multisets. Denote AL = [y p, V"], ALT = [v™Flp, v™ep]. Using conditions
on n; and m; in the lemma one checks directly that the following properties hold:

(1) Ifa € X and b < a, then b € X (it is enough to check this when b < a, and checking

for b < a is direct using n; < m; <ng < mg <ng < ...).

(2) AL AY C Al C A, forany 1<i<k—1.

(3) For any 1 <i <k — 1, neither A} nor A/ is linked with ALT.

(4) Linking AL and ALT one gets Ay.
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Let 7 be a common irreducible subquotient of the right hand side of (9-16) and of (9-17).
Write 7 = L(T'y,...,I';) with I'; € S(C). Because 7 is a subquotient of the right hand side
of (9-17), (1) - (4) directly imply that (I'y,...,I) = a + (AL,ALT) or a + (Ag) for some
a € X. Note that in both cases in the G L-support of 7 is v~ "*p. We shall use now that
m = L(I'y,...,I"t) is a subquotient of the right hand side of (9-16). To get v~ "™*p in the
G L-support, we see from (9-16) that = must be a subquotient of some

(9-21) v =™ p, ™ p]) x 8([7 p, ™ p])

k—1
x (H 5™ p,v™]) x S(Wp, v”“p])) X 3([H p, ™)) x S(l ™ p, ™ p]) @ .
=2

where j1,a; and b; satisfy conditions of (9-16). Note that [v~"™kp, vk p| contains each
segment which enters (9-21). This implies that (I'1,...,I';) = a + (Ag). Without lost
of generality we can assume I'y = Ay. Thus, 7 is a subquotient of 6(I'y) x ...d(Ft—1) X
d(Ag) ® o, where (I'y,...,I'y—1 € X. It is obvious that 6(I'1) x ...d6(I't—1) X §(Ag) ® 0 is
< of the right hand side of (9-14). This finishes the proof of (ii).

We shall prove (iii) by induction. Suppose that (iii) holds for ¥ — 1. Let 7 be an

irreducible subquotient of sgr (6(A1,...,Ag,0);) such that suppgr(m) = 2?21 A; (=
suppar ((Hle 5(Ai)> ® U)). Since v~ "k p is not in supp(7), 7 can appear as a subquo-

tient of the right hand side of (9-14) if 7 < 7, where  is as in (9-21). Since Ay contains
each segment which enters in the definition (9-21) of v, 7 = §(Ag) x 7, where 7’ is an
irreducible representation of some GL(p', F') x S,. Since

(9-22) s.s. (sqr (6(A1, ..., A, 0)r))

ne+1
< ( Z S([v=I Tt p, ™ pl) x 8([v7% p, Vm’“p])) X sar (0(A1,. .., Ap—1,0)7),

Je=—"k
for some 7/,
(9-23) 8(AR) x 7" < 5([v 7 Tp, ™ p]) x §([V7% p, ™ p]) X sqr, (6(A1,...,Ap_1,0)m).

Since v~ p is in the support of the left hand side of (9-23), jx = —ng, i.e. 6(Ag) X
m’ < (S(Ak) X SGL ((5(A1, ey Ak—la 0')7-/) . This implies m’ < SGL ((S(Al, PPN Ak‘—l; 0')7-/> .
Since suppgr(m) = Ay + supper(n’) = Zle A,;, then suppgr(n’) = Zf:_ll A;. Now the
inductive assumption implies 7’/ = (Hi:ll 5(AZ~)> ® o. This finishes the proof of (iii).

Therefore the proof of lemma is complete. [J

Let o/, p"” € C. We shall say that they are are strongly Z-disconnected if there dose not
exist A € §(C) such that p/, p” € A or p/,(p")” € A. For I'1,I'y € S(C) we say that they
are strongly Z-disconnected any p; € I'; is strongly Z-disconnected with any ps € I's.

9.8. Lemma. Let p},...,p.,, p{,...,pL, € C and let o be an irreducible cuspidal repre-
sentation of S,. Suppose:
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(a) Any pj is strongly Z-disconnected with any p’;.

(b) ' is an irreducible subquotient of pj X - - - x p;., X o and 7"’ is an irreducible subquotient
of pfl x -+ x plil,, xo. Write s.s.(sqr(1')) =7 ® 0 and s.5.(sqr(1")) =" ® 0.

(c) m is a representation which satisfies m < pj x -+ X pp, x 7" and w < pf x - x pil, xa’.

Then there exists a positive integer d such that sqr(m) < d(y x " ® o).
Proof. From (1-4) and (b) follows

k/ k”

020 soum) < (T[6h+ 60 2" 0. sawm < (T164+ (40 xo' @0

i=1 j=1

Let 3 be an irreducible subquotient of sg (7). Then (9-24) and (a) imply 8 = o' x¢" ®0 =
o x ¢’ ® o where o’ is an irreducible subquotient of 4/, o is an irredu01ble subquotient
of v, ¢’ is an irreducible subquotient of Hil(pg + (p})7) and ¢" of H] 1([)] + (pf)")-
Obviously supp(¢’) consists only of elements from {p}, ;1 < i < k'}, while supp(¢”)
consists only of elements from {p7, 57;1 < j < k”}. Also supp(a’) consists only of elements
from {p},pj;1 < i < k'} and supp(a”’) consists only of elements from {p7,p7;1 < j <
k"}. Further suppgr(8) = supp(a’) + supp(¢”) = supp(e’) + supp(¢’). Now (a) implies
supp(a’) = supp(¢’) and supp(¢”) = supp(a”).

Now we use the following fact from the representation theory of general linear groups.
Let X1, X5 C C. Suppose that any element of X is strongly Z-disconnected with any any
element of X5 (a weaker condition would be enough for what follows). Let A1, A], A2, A
be irreducible representations of general linear groups such that supp(A;) and supp(\})
consists only of elements from X; and supp(A2) and supp(\)) consists only of elements
from X5. Then A1 x Ao = A| x XS implies Ay =2 A} and Ay = X, (this follows easily from
[Z1], see also [Z2]). The above fact implies o’ = ¢" and ¢” = o”". Therefore § = o/ x o' ®o0.
This implies 5 < (71 X 72) ® . From this follows the claim of the lemma. [

9.9. Lemma. Suppose that Aq,...,Ar,0 and 7T satisfy assumptions of Proposition 9.4.
Then iy
(i) Let 1 < ¢’ < k. There exists an irreducible subrepresentation 7’ of <H,§:1 (AN Az)> X

o such that

5<A17A27" Aka (H6 ) 2+17Ai’+27"'7Ak7U)T’

(note that the order of A;’s is now again arbitrary).
(ii) For some positive integer ¢ holds

SGL (5(A17 <o 7A/€7 U)T)

S(H( 55 mfjla (i pl) x 80 pi ™ ) ) ) 0

=1 a;=—n; b=—n
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(iii) If w is and irreducible subquotient of sgr, (0(Aq,...,Ag,0);) which satisfies m %
(ITZ, 6(20)) @ o, then suppar (r) # X, A
(iv) (Hle (5(Ai)> ® o is a direct summand in sgr, (0(A1,..., Ak, 0)7).

Proof. Denote I; = card({i;i" +1 < i < nand A; N Aijé 0}, lo = card({s;1 < i <
i’ and A;NA; # 0} and | = card({i;1 < i <nand A;NA; # 0}. Then l; + 1y = 1. By

Proposition 9.1 we can write
k 3 l ~ l
( I sain Ai)) xo =&, (H(S(Ai N A¢)> X0 =@ T
i=i' 41 =
Now in the Grothendieck group we have

(}ia(m\&)) X (@?Llrj) X o= (}ié(AAAQ) x (ﬁé(Ai mAi)) X o

=1

= (ﬁé(Ai\Ai)) X (ili[lé(AmAi)) X ( ﬁ 5(A,ﬂAi)) X o

=1 =141

(009 fis) (0
ﬁ 5(A1\Ai)) x (022,7))

=141

> (iljamn) “(
_ (i[la(Ai>) v (@§21 ( ﬁ 6(Ai\Ai)> y T;.>

=141

(ﬁé(m)) x (ia(mﬂ, L Ak,g)ﬁ)

>
=1
1y i/
> <H6(A7’)) Né(A’[;’—f—l)"'?AkHo-)TJ{'
j=1 Ni=1

The multiplicity of (Hk 5(Ai)) ®o in sgr, ((Hle 5(AZ\AZ)> X <6922l:17'i> X a) is 2! by

j=1
(ii) of Proposition 9.4. One gets easily from (ii) of Proposition 9.4 and (1-4) that the
l -/
multiplicity of (H?:l 5(Ai)) ® o in sgr, (Z?;l <H;:1 5(Ai)> XO(Ayy1, .., A, 0')7-]/) is
at least 21122 = 2!, The above inequalities imply that the multiplicity is exactly 2'. Now
we can conclude that (i) holds.
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We prove (ii) by induction. For k = 1, (ii) holds. Let k > 1. If A; N A; # () for all
1 <i<j <k, then Lemma 9.6 implies (ii). Therefore we can suppose that A; N A; = ()
for some 1 < i < j < n. This implies that we can make a partition {Aq,...,Ax} into a
union X UY of two non-empty sets of segments in a such a way that any segment in X
is strongly Z-disconnected with any segment in Y. Now using (i) and applying applying
Lemma 9.8, the inductive assumption implies (ii).

From (iii) of Lemma 9.6, using Lemma 9.8, one easily obtains (iii). We can also prove
(iii) directly in a similar way as we proved (iii) in Lemma 9.6 (after renumeration one can
assume that Ay € A; for ¢« = 1,...,k — 1; after this one proceeds in analogously as in
Lemma 9.6).

At the end, (ii) of Lemma 9.6 and (iii) imply (iv) (use Theorem 7.3.2 of [C]). O

9.10. Theorem. Let Aq,...,Ag,0 and 7 be as in Proposition 9.4. Then
(i) 6(A1q, ..., Ax,0), are square integrable representations.

(ii) If 7 is a subrepresentation of <H,’;:1 5(Ai)) X o, then m = §(Aq, ..., Ay, 0), for some

7. Also, each §(Aq, ..., Ay, 0), is isomorphic to a subrepresentation of (Hle 5(Ai)) X o.
(iii) (6(A1, ..., Ak, 0):) 2 6(A1, ..., Ak, 0)5.

Proof. One gets (i) from (i) of the last lemma using the square integrability criterion (one
needs from [Z1] description of Jacquet modules of the right hand side of the inequality in
(i) of the last lemma).

k

If 7 is an irreducible subrepresentation of (H 0 (Al)> x o, then Frobenius reciprocity

implies (Hle 5(Ai)) ®o < sgr(m). Now (v) of Proposition 9.4 implies that 7 is isomorphic
to some §(Aq,...,Ak,0),. Further, (iii) of Lemma 9.9 and Frobenius reciprocity imply
that each representation §(Aq,...,Ag,0), is a subrepresentation of (Hle (5(Ai)> X o.
This proves (ii).

We shall use now notation analogous to the notation which we have introduced for
general linear groups and groups S,;, with the difference that the lower triangular ma-
trices are fixed to play the role of the standard minimal parabolic subgroup. Then this
new notation will be the same as our standard notation, except that we shall under-
line this new notation. So, we are going to work with X, X, s4;,.... More details re-
garding this notation can be found in section 4 of [T2] and section 6 of [T4]. From
0(A1,. ..., Ak, 0)r — 0(A1) X -+ X §(Ag) x o, Propositions 4.1 of [T2] and 6.1 of [T4], we
get 6(Ay,..., Ak, 0)r — 6(A1) X -+ X6(Ag) xo. Therefore, there exists an epimorphism
Sar (6(A1, ..., Ak, 0);) = 0(A1) X - xX0(Ag)” ® 0. Thus 6(A1)X ..., x0(Ag) @ 6 —
(sar (0(A1,...,Ak,0)7)) . Since (sqp, (0(A1,..., Ak, 0)7)) " Zsar ((0(A1, ..., Ak, 0)7)7)
by Corollary 4.2.5 of [C], and §(A1)X ..., x0(Ar) = 6(A1) x -+ X §(Ag), we get that
d(Aq) X -+- x 6(Ag) ® G is a subrepresentation of sgr, ((0(A1,...,Ak,0)7)7).

Recall that 6(Aq,...,Ag,0), is a subquotient of (Hle (5(A1\AZ)) X 7. Therefore,
(0(Aq,...,Ag,0);)  is asubquotient of (Hle 5(Ai\Ai)~> x 7. The last representation has
the same Jordan-Holder series as (Hle 5(A2\A2)) X 7 (use (1-3)). From the definition of
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0(Aq,..., Ak, 0)7 in Proposition 9.4, we get 6(Aq, ..., Ak, 0)7 =2 (6(Aq,...,Ag,0)-)". O

We end this section with two propositions which give some interesting additional infor-
mation about representations 0(Aq,...,Ag,0),

9.11. Proposition. Suppose that Aq,...,Ar,0 and 7 satisfy the assumptions of Propo-
sition 9.4. Then

(i) Multiplicity of (Hle 5(A2\A2)) ® T in p* <<Hf:1 5(Ai)> X 0'> is one.
(ii) The representation §(Aq, ..., Ay, o), is a subrepresentation of (Hle 5(A1\AZ)> X T.
(111) IfT/ % T”, then (S(Al, ceey Ak, 0')7—/ % 5(A1, e ,Ak, O')T//.

Proof. First we compute
(9-25) M* (8([v=™p,v™ip])) = (Mm@ 1) o (~@m*)osom* (§([v""p,v™ pl))

—meno(vamyos( 3 a i al) o 8 o) )

ai:—ni—l

—mono (e X A @ 60 o )
ai:—ni—l
= DD S v el) x S ps ™)) @ 6([ T ps, v i)
ai:—ni—l bi:ai

By (1-4) we have

o o ((Ipo) o) - ([T $5 8

=1 a;=—n;—1 bi:ai

5([ " iy ™ pi]) x (1 pr, ™ pi]) © 8([ i, ubw))) «(1®0).

Conditions (a) - (¢) in Proposition 9.4 imply that § = <Hf:1 6(AZ\AZ)) ® T is irreducible.

Suppose that 3 is a subquotient of the right hand side of (9-26) Then [ is a subquotient
of some

k
(9-27) (Hfs([”_“"pi, v pi]) < SV ps v pi]) @ 5([V“"+1p¢,vbim])) x(1@o),

1=1

where

(9-28) —n; —1<a; <m; and a; < b; < m;.
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Denote (9-27) by v ® +'. Since f = <Hf:1 (5(A1\Az)) ® 7 is irreducible, and it is a
subquotient of v ® «/, Hle 5(A\A;) is a subquotient of . In particular

k ~
(9-29) supp(7) = supp( T[0(8\80) ).

=1

K K i k
ie. Y ([ pi v il + v p]) =D (AN ( => [, Vmipz'])-

i=1 =1 =1

Now chose i such that A;, € A, for any 1 < i <, 41 # i. Since we have v™i1 1 p; prin 2y,
.., V™ p; in the support of 7, b;, +1 < mn;, +1 (i.e. b;, < ny, ). Since v~"171p; is not in
the support of v, b;, +1 > n,;, +1 (i.e. bj; > n;, ) and —a;, > n;, (i.e. —ny, > a;,) . Thus
a;, = —n;, — 1 (what follows now from (9-28)), and b;;, = n,,.
From (9-29) follows

S (e v + P o v p]) = ) (ANAY).

1<i<k,izis 1<i<k,izi

Chose iy € {1,...,k}\{i1} such that A;, € A, for any i € {1,...,k}\{i1,i2}. Now one
gets in the same way as above that must be a;, = —n;, — 1 and b;, = n;, in (9-27).

Continuing this process we get that (Hle 5(AZ\AZ)> ® T must be a subquotient of

k

( [T (5™ 0, 0™ p]) @ 6([v =™ p, ™1 ) ) % (1®0)

=1

(we have obtained that this is the only term on the right hand side of (9-26) where [ can
be a subquotient). From this and Proposition 9.1 we get (i).
Now we shall list some obvious properties of the segments that we have considered.
(1) Among segments A; N A;, A;\A;, 1 < i < k, the only pairs of linked segments are
A; N A, ANA; when AN\A; # 0 (this follows easily from conditions on segments
A;).
(2) From [Z1] we know 6(A;) — (5(A1\Az) X 0(A; N AZ)
From (1) and (2) we obtain

[f[a(Ai)] xo o {f{ami\&i)l x {f[é(AmAi)} « o {ﬁé(Ai\Ai)] % (@275)

where (Hle I(A; N AZ)) X o = @?l:lTj is the decomposition in the sum of irreducible

representations. Therefore, using (ii) of Theorem 9.10, we get that each §(Aq, ..., Ak, 0),
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is isomorphic to a subrepresentation of some (Hle ) (AZ\AZ)) x 7. Frobenius reciprocity

implies

k
(Hd(Ai\Ai)) @1 < (6(A,. .., Mg, 0)r).

Now 7 = 7; (if not, then the multiplicity of (Hle 5(AZ\AZ)> ®T; in (Hle (A N Az)> X
o would be at least two, which contradicts to (i)). Therefore 6(Aq,...,Ag,0); is (an

irreducible) subrepresentation of (Hle J (AZ\AZ)> x 7, what is the claim of (ii).
At the end, one gets (iii) from (Hle 5(A1\A1)> ®7 < (6(Ar, ..., Ay, 0),). O

9.12. Proposition. Suppose that Aq,...,Ax,0 and T are as in Proposition 9.4. Then
(i) Multiplicity of (Hle 5(Ai\Ai)) ® 7 in p* ((Hle 5(Ai\Ai)> . 7) is one.
(ii) 6(Aq,...,Ag,0), is a unique irreducible subrepresentation of (Hle (5(A1\Al)> X T.

Proof. Denote 8 = [J*_, 6(A\A;) and v = (HL 6(Ai\Ai)) x (Hill 5(A; N Ai)) s
To prove (i), it is enough to prove that multiplicity of § ® 7 in p*(y) is one (note that
£ ® 71 is irreducible). Compute

M* (5([1/”j+1pj, ijpj])) =(m®1l)o(~®@m*)osom” (5([V”j+1pj,ymjpj]))

= (m®1)o(~em’)o 8( Y (Wt g™ p]) @ 6([v" py, Vajpj]))

aj;=n;

_ (m ® 1) o (N ®m*)( Z 5([an+1pja Vajij ® 5([Vaj+1pj,ymjpj])>

a;=n;

= D ) s pi v ) x (WP pg, v ps]) @ 6([v T oy, 1Y 1),
aj=nj bj=a;
M= (6([v™" pis v pi])) = (m @ 1) o (~ @m*) osom™ (3([v™" ps, v™ pi]))

ez

—mono(vemos( 3 A pm ol @ o o) )

al=—mn;—1

g

—me o (vom)( 3 A e pd) @80 )

A
a;=—n;—1

= > D> (v ) x 8([W T ps, v pi]) @ 8([ T p, v p]),

e I
aj=-n;—1b,=a;
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0300w = ( _1i[1<6<[u”j+1pj, ) ) (ilf[lmu-%i, ) 1o

ST 30 30 ot mov o) x 6005 05)

X

STS S s v i) X S i v )

a,=—n;—1b,=a
@6([v" T py, v py]) x S([v* T ps, Vb;m])) ®0
Suppose that 8 ® 7 is a subquotient of some
kook
v ey =111 (5([,/—%-,0]., v pg]) X (W g, ™ py])

j=1i=1

x([v ™% pi, v pi]) X (WO ps, v pi]) @ 8([v% s, v pj]) X 5([1/“”%#”%])) ©o,

where a;,a;,a; and b are as in (9-30). Since § ® 7 is a subquotient of 7' ® 7/, B is a
subquotient of 4'. Then supp(y’) = supp(5).

Chose i1 € {1,...,k} such that A;;, € A; for i € {1,...,k}\{i1}. Then supp(y’) =
supp(f) implies

bi, +1<n;, +1, —n; < —a;y, ny +1<—aj, ny +1<0 +1,

since v™1tp; ... v™i1p; are in supp(B) and v~ "lp,  vEMip,  are not in supp(f).
This implies a;, = n;,,b;, = n4,,a; = —n; —1,b; = n;,. One continues in a similar way
as in the proof of Proposition 9.1, and get that for all 4, a; = b; = n;, a, = —n; —1, b, = n;.
Then 7' ® 4" = (H;C:l 5(A2\Az)> ® (Hle (A N AZ)> X 0. Proposition 9.1 implies that
multiplicity of 8 ® 7 in 4" ® 4" is one. This finishes the proof of (i).

Using Frobenius reciprocity one directly gets (ii) from (i), and from (ii) of Proposition

9.11. O
Note that (i) of the above proposition implies (i) of Proposition 9.11.

9.13. Remark. Theorem 4.3 implies that irreducible square integrable representations
S~ Y2p,0mH12p] o) and 6([v=" "1/ 2p,v™H1/2p] _ &), n < m, considered in sections 3
and 4, in the notation of this section are

(5([V_n—1/2p, um"H/Qp], o) = (5([1/_”_1/2/), Vm+1/2p],0')5([anfl/Qp’l,n+1/2p]’o.),

5<[V—n—1/2p’ Vm+1/2p]_7 o) = 5<[V—n—1/2p7 Vm+1/2p], 0’)5([1}*”*1/2;)71/”"1’1/2;)]770-)
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(tempered representations 6([v ="~/ 2p, v t1/2p], ) and §([v=""1/2p, v t1/2p] _ o) are de-
fined in Theorem 3.2). Similarly, by Theorem 5.8 representations é([v~"p, v pl,,, o) con-
sidered in the fifth section are

5([V_npv Vmp]n'v 0) = 5([V_npa Vmﬂ]) U)é([u*"pw”p]” ,0)
(tempered representations 6([v~"p, v"p|,,, o) are defined in Theorem 5.4). Representations

([v="p,v™p|,0) and §([v~"p,v™p|-,0) considered in sections 6 and 7 are by Theorem
7.5

([V_np, Vmp]a 0-)5([”_"97'/”/3]70)’

(™"pv™pl, 0)s((=mp0mp) o)

o([v"p,v"pl,0) =

J
(v ™"p,v"p|l_,0) =9

(tempered representations 6([v~"p,v"pl, o) and §([v~"p,v"p]—, o) are defined in Theorem
6.3).
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